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PREFACE. 


T is a remarkable fact in the hiſtory of ſcience, 

that the oldeſt book of Elementary Geometry 
is ſtill conſidered as the beſt, and that the wri- 
tings of EvucLiv, at the diſtance of two thouſand 
years, continue to form the moſt approved intro- 
duction to the mathematical ſciences. This pe- 
culiar diſtinction the Greek geometer owes to 
the elegance and correctneſs of his demonſtrations, 
added to an arrangement moſt happily contrived 
for the purpoſes of inſtruction; advantages which, 
when they reach a certain eminence, ſecure the 
works of an author from being forgotten, more 
effectually than even originality of invention. In 
paſſing, however, through the hands of the an- 
cient editors, during the decline of ſcience, the 
excellence of his writings had been conſiderably 
obſcured, and much ſkill and learning have been 
employed by the modern mathematicians to deli- 
yer them from blemiſhes, with which, it is certain, 
that they were not originally marked. Of theſe 
G 2 _ mathematicians, 


1+ 


iv | PREFACE, 


mathematicians, Dr S1mson, as he may be. ac- 
counted the laſt, has alſo been the moſt. ſucceſsfpl, 
and has left very little room for the ingenuity of 
future editors to be exerciſed in, either by amend- 
ing the text of EUCLID, or by improving the 
tranſlations from it. 


Such being the merits of Dr 81 MsoN's edition, 


and the reception it has met with having been 


every way ſuited to them, the work now offered 
to the public will perhaps appear unneceſlary, 
And indeed, if that geometer, had written with 
a view of accommodating the Elements of Eu- 
CLID to the preſent ſtate of the mathemaii- 
cal ſciences, it is not likely that any thing new 
in Elementary Geometry would have been ſoon 
atten*pted, But his deſign was different; it 
was his object to reſtore the writings of Eu- 
clip to their original perfection, : and to give them 
to modern Europe as nearly as poſſible in the 
ſtate wherein they made their firſt appearance in 
ancient Greece. For this undertaking no body 
could be better qualified than Dr Siusox; who, 
to an accurate knowledge of the learned languages; 
and a moſt indefatigable ſpirit of reſearch, added 
a profound {kill in the ancient Geometry, and an 
admiration of it almoſt enthuſiaſtic. According- 


ly, he not only reſtored the text of EucLid where- 


ever it had been corrupted, but in ſome caſes 
removed imperfections that probably belonged 
| | Y to 
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to the original work; though his extreme par- 
tiality for his author never permitted him to 
ſuppoſe, that this was an honour that could fall 
to the ſhare either of himſelf, or of any other of 
the moderns. 
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ition, But, after all this was accompliſhed, ſomething 
been still remained to be done, ſince, notwithſtanding 
Tered the acknowledged excellence of Euclip's Ele- 
ſſary. ments, it could not be doubted, that ſome altera- 
with tions might be made upon them, that would ac- 
Eu- commodate them better to a ſtate of the mathe- 


matical ſciences, ſo much more improved and 
extended than at any former period. This ac- 
cordingly is the object of the edition now of- 


2 ſoon 
it; it fered to the public, which is intended not ſo much 
Eu- to give to the writings of Euclid the form which 


they originally: had, as that which may at FEET 
render them moſt uſeful, | 


ce in 
body One of the alterations that has been made with 
| who, his view, reſpects the Doctrine of Proportion, the 


nethod of treating which, as it is laid down in 
Phe fifth of EvcLip, has great advantages, accom- 
Wpanied with conſiderable defects; of which, how- 
D ver, it muſt be obſerved, / that the advantages 
5 5 re eſſential to it, and the defects only accidental. 
Jo explain the nature of the former, requires a 
gnore minute examination than is ſuited to this 
place, and which muſt, therefore, be reſerved for 
a 3 the 


from which their properties can be deduced by 
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ne will be wn in NN the pro- 
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the notes; and, in the mean time, it may be ſuf. 
ficient to remark, that no definition of proportion- 
als, except that of EvcL1p, has ever been given, 


reaſonings, which, at the ſame time that they are 
perfectly rigorous, are alſo ſimple and direct. 
As to the defects, on the other hand, the prolix- 
neſs and obſcurity, that have ſo often been com- 
plained of in this book, they ſeem to ariſe entire- | 
ly from the nature of the language; for, in 
mathematics, common language can ſeldom be 
applied, without much tediouſneſs and circum- 
locution, in reafoning about the relations of fuch 
things as cannot be repreſented by means of dia- 
grams, which happens here, where the ſubject 
treated of is magnitude in general. It is plain, 
therefore, that the conciſe language of Algebra 
is directly calculated to remedy this inconveni- 
ence; and ſuch a one I have, accordingly; endea- 
voured to introduce, in the ſimpleſt form, and 
without changing at all the nature of the reaſon- 
ing, or departing in any thing from the rigour of 
geometrical demonſtration. By this 'contrivance 
the ſteps of the reaſoning which were before ſo 
far ſeparated, are brought near to one another, 
and the force of the whole is ſo clearly and di- 
realy perceived, that I am perſuaded no more dif- 
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e ſuf- 


1 poſitions of the fifth Book, than of any other of. 
Ttion- ; the Elements, | 
given, DET | 5 
ed by A few changes have alſo been made in the 
ey are WT enunciations of this book, chiefly in thoſe of the 
direct. 5 ſubſidiary propoſitions which EvcLip introduced 
rrolix- for the ſake of the reſt ; they are expreſſed here 
com- 7 in the manner that ſeemed beſt en to the 
>ntire- . new notation. 
or, in | X | wy 
m be Tze alterations above mentioned are the moſt 
rcam- material that have been attempted on the books of 
f fuch Euclip. There are, however, a few others, which, 
of dia- though leſs conſiderable, it is hoped, may in ſome 
ſubject degree facilitate the underſtanding of them. Such 
plain, are thoſe made on the definitions in the firſt Book, 
lgebra and particularly on that of a ſtraight line, A 
nveni- WH pew Axiom is alſo introduced in the room of the 
endea- 12th, for the purpoſe of demonſtrating more eaſi- 
n, and ly ſome of the properties of parallel lines. In 
reuſon- the third Book, the remarks concerning the angles 


made by a ſtraight line, and the circumference 
of a cirele, are left out, as tending to perplex one 


our of 
r1Vance 


fore-ifo who has advanced no farther than the elements 
nother, of the ſcience. The 27th, 28th and 29th of the 
md dis 6th are changed for eaſier and more ſimple pro- 
"re dif- Poſitions, which do not materially differ from 


them, and which anſwer exactly the ſame pur- 
poſe. - Some propoſitions alſo have been added ; 
but, for a fuller detail concerning theſe clanges, 

| 8 ONES | I 


le pro- 
oſitions 
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I muſt refer to the notes, in which ſeveral of the 
more difficult, or more intereſting ſubjects of Ele- 
mentary Geometry are treated at conſiderable 
* 


Thus much for the part of the Elements that 
treats of Plane Figures. With reſpect to the Geo- 
metry of Solids, I have departed from Euc lip al- 
together, with a view of rendering it both ſhort- 
er and more comprehenſive. This, however, 1s 
not attempted by introducing a mode of reaſon- 
ing looſer or leſs rigorous than that of the Greek 
geometer ; for this would be to pay too dear even 
for the time that might thereby be ſaved ; but it 
is done chiefly by laying aſide a certain rule, 
which, though it be not eſſential to the accuracy 
of demonſtration, Euc ip has thought it proper, 
as much as poſſible, to obſerve. 


The rule referred to, is one which regulates the 


arrangement of EvucLid's propoſitions through 
the whole of the Elements, viz. That in the 
demonſtration | of a theorem he never ſuppoſes, 
any thing to be done, as any line to be drawn, or 
any figure to be conſtructed, the manner of do- 


ing which he has not previouſly explained. Now, 
the only uſe of this rule is to prevent the admiſ- 


ſion of impoſſible or contradictory ſuppoſitions, 
which no doubt might lead into error; and it 
is a rule well calculated to anſwer that end; as 
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it does not allow the exiſtence of' any thing to be 
W ſuppoſed, unleſs the thing itſelf be actually ex- 
W hibited. But it is not always neceſſary to make 
uſe of this defence, for the exiſtence of many 
things is obviouſly poſſible, and far enough from 
implying a contradiction, where the method of 
actually exhibiting them may be altogether un- 


1 known. Thus, it is plain, that on any given fi- 
gure as a baſe, a ſolid may be conſtituted, or con- 


ceived to exiſt, equal to a given ſolid, (becauſe a 
ſolid, whatever be its baſe, as its height may be 
indefinitely. varied, is capable of all degrees of 
magnitude, from nothing upwards), and yet, it 
may in many caſes be a problem of extreme dif- 
ficulty to aſſign the height of ſuch a ſolid, and 
actually to exhibit it. Now, this very ſuppoſi- 
tion is one of thoſe, by the introduction of 
which, tHe Geometry of Solids is much .ſhort- 
ened, while all the real accuracy of the demon- 
ſtrations is preſerved ; and therefore, to follow, 
as EucLip has done, the rule that excludes this, 
and ſuch like hypotheſes, is to create artificial 
diſhculties, and to embarraſs geometrical inveſtiga- 
tion with more obſtacles than the nature of things 
has thrown in its way. It is a rule, too, which 
cannot always be followed, and from which even 
EvucLid himſelf has been forced to depart, in 
more than one inſtance. | 


In the two Books, therefore, on the Properties 
of-Solids, that I now offer to the public, though 
| wa 
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I have followed Eucrin very cloſely in the ſimpler 


parts, I have no where ſought to ſubject the de- 
monſtrations to ſuch a law as the foregoing, and 
have never hefitated to admit the exiſtence of ſuch 
ſolids,or ſuch lines as are evidently poſſible, though 
the manner of actually deſcribing them may not 
have been explained. In this way alſo, I have been 
enabled to offer that very refined artifice in geo- 
metrical reaſoning, to which we give the name of 
the Method of Exhauſtions, under a much fimpler 
form than it appears in the 12th of Evcirp; 
and the ſpirit of it may, I think, be beſt learned 
when it is diſengaged from every thing not. eſ- 
ſential to it. That this method may be the bet- 
ter underſtood, and becauſe the demonſtrations 


that require 1t are, no doubt, the moſt difficult in 


the Elements, they are all conducted as nearly as 
poſſible in the ſame way through the different ſo- 
lids, from the pyramid to the ſphere. The com- 
pariſon of this laſt ſolid with the cylinder con- 
cludes the eight Book, and is a propoſition that 
may not improperly be conſidered as terminating 
the elementary part of Mah 


In the beginning of the Book juſt teme 
I have treated pretty fully of the reQification 
and quadrature of the Circle, ſubjects that are of- 
ten omitted altogether in works of this kind. They 
are omitted, however, as I conceive, without any 


good reaſon, becauſe, to meaſure the length of 
the ſimpleſt of all the curves which Geometry 


treats 
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WW xreeats of, and the ſpace contained within it, are 


problems that certainly belong to the elements 


of the ſcience, eſpecially as they are not more 
WW 4ifficult than other-propoſitions where the method 


of exhauſtions is employed. When I ſpeak of 
the rectification of the circle, or of meaſuring the 
length of the circumference, I muſt not be ſup- 
poſed to mean, that a ſtraight line is to be made 
equal to the | circumference exactly, a problem 
which, as is well known, Geometry has never been 
able to reſolve : All that is propoſed is, to deter- 
mine two ſtraight lines that differ very little from 
one another, not more, for inſtance, than the four 
hundred and nintty-ſeventh part of the diameter 
of the circle, and of which the one is demonſtrated 
to be greater than the circumference of that 
circle, and the other to be leſs. In the ſame man- 


ner, the quadrature of the circle is performed, 


only by approximation, or by finding two rect- 
angles, neatly equal to one another, the one of 
them greater, and the other leſs un the ſpace 


The Data of 8 * been annexed to ſe- 
veral editions of the Elements, and particularly to 
Dr Simson's, but in this it is omitted altogether. 
It is omitted, however, not from any opinion of its 
being in itſelf uſeleſs, but becauſe it does not be- 


long to this place, and is not often read by begin- 
ners. It contains the rudiments of what is properly 


\ 


* 5 called 
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called the Geometrical Analyſis, and has itſelf an 


analytical form; and, for theſe reaſons, I would 


willingly reſerve it, or rather a compend of it, 
for a work on that analyſis, which I have long 


meditated. 


Plane and Spherical Trigonometry, on the 
other hand, make a part of this volume, becauſe, 
in every courſe of mathematical ſtudies, that is di- 
rected toward uſeful purpoſes, theſe two branches 
neceſſarily come after the Elements. In ex- 
plaining the elements of ſueh ſciences, there is 
not much new that can be attempted, or that will 
be expected by the intelligent reader. Except, 
perhaps, ſome new demonſtrations, and ſome 
changes in the arrangement, theſe: two treatiſes 
have, accordingly, no novelty to boaſt of, - 'The 
Plane Trigonometry, though pretty full, is ſo di- 
vided, that the part of it that is barely ſufficient 
for the reſolution of Triangles, may be eafily 
taught by itſelf. In a ſcholium the method of con- 


ſtructing the trigonometrical Tables is explained, 


and a demonſtration is added of the properties 


of the fines and co-fines of the ſums and differ- 


ences of arches, which. are the foundation of thoſe 
new applications of 'Trigonometry that have been 


introduced with ſo much advantage into the high» 


er Geometry. 
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In the Spherical Trigonometry, the rules for 


ig preventing the ambiguity of the ſolutions, where- 
ever it can be prevented, have been particularly 
attended to; and I have availed myſelf as much 
as poſſible of that excellent abſtract of the rules 


of this ſcience, which Dr MaskELVNE has pre- 


0 fixed to the new tables of Logarithms. 


It has been objected to many of the writers 


125 on Elementary Geometry, and particularly to 
=s EuciiD, that they have been at great pains to 


prove the truth of many ſimple propoſitions, 
which every body is ready to admit, without any 
demonſtration, and thus take up the time, and 
fatigue the attention of the ſtudent, to no purpoſe. 
To this objection alſo, if there be any force in it, 
the preſent treatiſe is certainly as much expo- 
fed as any other, for, of all the alterations that 
may be made in the Elements, the laſt I ſhould 

think of, is to conſider any thing as ſelf-evident 
that admits of demonſtration. Indeed, thoſe who 
make the objection juſt ſtated, do not ſeem to 
have reflected ſufficiently on the end of Mathema- 
tical Demonſtration, which is not only to prove 
the truth of a certain propoſition, but to ſhew 


: its neceſſary connection with other propoſitions, 
Wand its dependence on them. 


NY Geometry are all neceſſarily connected with one 


The truths of 


another, and the ſyſtem of ſuch truths can never 
be 
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be rightly explained, unleſs that connection be 
accurately traced, whereyer it exiſts, It is upon 
this that the beauty and peculiar excellence of 
the mathematical ſciences depend ; it is this that 
prevents any one truth from being ſingle and in- 
ſulated, and connects the different parts ſo firm- 
ly, that they muſt all ſtand, or all fall together, 
The demonſtration, therefore, even of an obvious 
propoſition, anſwers the purpoſe of connecting 
that propoſition with others, and aſcertaining its 
place in the general ſyſtem of mathematical truth. 
If, for example, it be alleged, that it is needleſs 


to demonſtrate that any two ſides of a triangle are 


greater than the third ; it may be replied, that this 
is no doubt a truth, which, without proof, moſt 


men will be jnclined to admit; but, are we for 


that reaſon to account it of no conſequenee to 
know what the propoſitions are, which would ceaſe 
to be true if this propoſition were ſuppoſed to be 
falſe? Is it not uſeful to know, that unleſs it be true, 
that any two ſides of a triangle are greater than 
the third, neither could it be true, that the great- 
er ſide of every triangle is oppoſite to the greater 
angle, nor that the equal ſides are oppoſite to equal 
angles, nor, laſtly, that things equal to the ſame 
thing are equal to one another? By a ſcientific 
mind this information will not be thought lightly 
of; and it is exactly that which we receive from 
EucL1D' s demonſtration, | 


To 
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Io all this it may be added, that the mind, 
WE cſpecially when beginning to ſtudy the art of 
reaſoning, cannot be employed to greater ad- 
vantage than in analyſing thoſe judgments, 
ET which, though they appear ſimple, are in rea- 
lity complex, and capable of being diſtinguiſh- 
1 ed into parts. No progreſs in aſcending higher 
can be expected till a regular habit of demon- 
a ration is thus acquired; and I ſhould great- 
ly ſuſpect, that he who has declined the trouble 
of tracing the connection between the propo- 
ſition already quoted, and thoſe that are be- 
lo it, would never be very expert in tracing its 
connection with thoſe that are above it; and that, 
as he had not been careful in laying the founda- 
tion, he would never be ſucceſsful in raiſing the 
| ſuperſtructure. 
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_ 1 DEFINITIONS. 
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Point is that which has poſition, but not maſa: See Notes. 
tude.” 


A II. 


A line is length without breadth. an 901 Dort 
« CoROLLARY. - The extremities, of A line are * 1 
6 hs ne of one lin with another a are : alfo points.“ 


| III, 
« Lines which cannot coincide in two points, without coin- 
«* ciding altogether, are called ſtraight lines, 


Con. Hence two ſtraight lines cannot incloſe a ſpace. Nei- 
ther can two ſtraight lines have a common ſegment ; ; 


+ that is, they cannot coincide i in part, without coinciding 
. hopper,” IE, q 


„I. 
A ſuperſices is ch t which hath: 5 length ad breadth. 


« Cor. The extremities of a "Tape rficies are lines; and the 
— 9 of one aN with another are alſo lines.“ 


B V. 


l * 


Book I. 


A. plane ſaperkicies i is chat in which any two points being ta- 9 A 
| ken, the ſtraight line between them lies wholly in that ſu- = 


A. plane rectilineal angle is the inclination of two ſtrai ght 1 
lines to one another, which meet er, but are not in Wl 
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vhich the ſtraight lines that contain the angle meet 
other, 1 is put between the other two letters, and one 


ELEMENTS 
V. 


perficies. 
VI. 


the ſame ſtraight line. | : 
A 


D | 


_ © = 

N. B. When feveral angles are at one point B, any one 
of them is expreſſed by three letters, of which the letter 
that is at the vertex of the angle, that is, at the point in 
e an- 
theſe 
two is ſomewhere upon one of thoſe ſtraight lines, and the 
other upon the other line : Thus the angle which is con- 
tained by the ſtraight lines AB, CB, is named the angle 
ABC, or CBA; that which is contained by AB, BD 2 75 
named the angle ARD, or DBA; and that which is con- 
tained by BD CB is called the angle DBC, or CBD ; but, 
if there be only one angle at a point, it may be expreſſed 


d by, «latter placed at that point; as the angle at E.“ 


VII. 
When a ſtraight line ſtanding on an- 1 
other ſtrai L 4% line makes the adja- 4 


cent an 1 — equal to one another, 4 
each of the angles is called a right | 
angle; and the ſtraight line which 
ſtands on the other i 1s called a per- 
 Pendicular to it, 
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VIII. 


ing ta. bu obtuſe angle is that, which is greater than a right angle. 
hat ſu- X id 6471 
3 1 | 
A 8Y: i 1 IT 
trai ght 7 4 F 15 
not in 1 N 
7 a f % 30s 
acute angle is chat which i 1s less than a right ; angle: Ore 
| X. 
| Ie is that which is  inclaſed by one or more boundaries. 
016177 84 8 29110 Des, 1 


circle is a plane figure contained b. 7 one Une, which is 
called the circumference, and is ſuch that all ſtraight lines 


drawn from a certain, point within the Wu? x to the circum- 


ny one - 
erence, are * to one another. 


> letter 
oint in 

e an- 

theſe 
ind the 
is con- 
e angle 
BD is 
is con- 
; but, 
preſſed 


d this point is called the centre of the circle, 


XIII. 

diameter of a circle is a ſtraight line drawn through the 
eentre, and terminated both ways by the circumference. 

4 XIV. 

ſemicircle is the figure contained by a diameter and the 
part of the circumference cut off by the diameter. : 


5 2 


XV. 
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XV. 
— 
Rectili neal figures are thoſe which are cbntained by Reaight 
lines. 
/ XVI. 
Trilateral figures, or triangles, by three ſtraight lines. 
XVII. ; 'F: 5 
Quadtilateral, by four ſtraight lineswn - 8 
XVII. 1 
M ultilateral figures, or polygons, by 1 more chan four grade. 
1 159 cd on (ii 10 5 I. f | 


Of three ſided figures, an cate trian . is that which 
e three e . 3 

F | it e NN. n 72 ot þ 

An oſceles trian * is that which has only t two ſides equal. 


no 
has 


F 


FAST af > 


F — 
— 2 
— = ; 


— 


rhe 


A ſcalene triangle, is that which has three unequal ſides. 2 
A right angled triangle, is that which has a right angle. 
X * III. Ef \ rho 
of x ano 


An obtuſe angled triangle, is that which has an obuſe angle. 
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= - XXIV. Book I. 
feaight 2 acute pagied triangle, is that which has three acute angles. 
5 r une 


1 four ſided figures, a ſquare is that which has all its ſides 
equal, and all its angles right W 


4 I 
ſtraight | 
A 1 
it which XXV. 


n oblong, is that which has all its angles right angles, but 
I bas not all its fides equal. | 


equal. XXVI. 


X rhombas, is that which has all its ſides equal, but i its angles 


are not right angles. Fa Ro 


A | XXVIII. 

womboid, is that which has its oppofite fides equal to one 
mother, but all its fides are not * nor its angles > 

angle. F _ . 


P y 
1410 PS: 


XXIxX. 
\ en four Hed, igures belies ade, are called be. 


peziums. 


. 
«, * " K f X 
d ee ee „ „ * % 8 — " - . * 46 = - % uw * < > #7 
'. S © - »# * 9 1 — Ls . n *% b, - ”. 4 3 + 4.4 d , > & +2 © : * . , 11 XX. 
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4 # 5 


— XXX. 4 
— —[— 8 

Parallel ftrai ght lines, © are ſuch as art in the Nn plane, aca "$9 WT hit 
which, bell produced ever fo far both ways, do not meet. 


_” 


—— 


POSTULATES. 
I. 
ET it be granted that a ſtraight line Ty be drawn from | 
any one point to any other point. 


. 


That a Saad Arkight line may be aroduced' to un 10 hl 
in a ſtraight line. TP 


66 


* 


III. 


And that à circle may be deſcribed from ay centte, at any 
diſtance from that centre. 


\ A N. I O M 8. 
\ \ I. \ 
HINGS which. are Aqual to the ſame thing uns equal 
to one another. 
| 4 IW 
gb be. «df werner Fholes are rn 0 
3 4 3 246 JOM::, H. le T IOST :; 
It _ be taken from qu, the remainders are aj.” "1 
4 IV 
If -chuals be added to-uneqiuils, the holes ate unequal. 


* x 
V. 
If equals be taken from unequals, the remainders are unequal 


vil 


. 
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„ VI. | Book I. 
is, And g a Things which are double of the ſame, are equal to one another. 
t meet. ne F909 (14 113 Oi | | > 
1 ings which are halves of the ſame, are equal to one another. 
N. „ 3 290 

5 agnitudes which coincide with one another, that 18, whac 
exactly fill the ſame ſpace, are equal to one another. 


IX. 

e whole is greater than its part. 
X. 

right angles are equal to one another. 


XI. 
* Two ſtraight lines cannot be drawn through the ſame point, 
parallel to the ſame ſtraight line, without coinciding with 


© one another, 


,. ff 
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eig 

1 
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y length g 5 
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ut any 
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2 3. Poſtu- 
late. 


b r. Poſt. 


equal to AB; but things which are equal to the fame are 


ELEMENTS 


PROPOSITION I. PROBLEM. 


O deſcribe an equilateral WARS upon a given 
finite ſtraight line. 


Let AB be the given ſtrai ght line; it 15 required to deſcribe 
an —— trian gle upon it. 


From the centre A, at 
the diſtance AB, de- 
{cribe a the circle BCD, 
and from the centre B, at 
the diſtance BA, deſcribe 
the circle ACE; and 
from the point C, in 
which the circles cut one 
another, draw the ſtraight 
lines b CA, CB to the 
points A, B: ABC ſhall 
be an equilateral triangle. 

Becauſe the point A. is the centre of the circle BCD, AC 
is equal to AB; and becauſe the point B is the centre of the 
circle ACE, BC is equal to BA : But it has been proved that 
CA 1s equal to AB; therefore CA, CB are each of them 


equal to one another d; therefore CA is equal to CB; where- 
fore CA, AB, BC are | equal to one another; and the triangle 
ABC is therefore equilateral, and it is deſcribed upon the gi- 
ven ſtraight line AB. Which was s required to be done, 


PROP. II. PROB. 


ROM a given point to draw a ſtraight line equal 
to a given ftraight line, ng 


Let A be the given point, and BC the given ſtraight line; 


it » Lak to draw from the point A. a 3 line equal 
to 


From 


given 


ſcribe 


„AC 


of the 


d that 
them 
Ne are 
vhere- 
langle 


1e gi- 


qual 


line ; 


equal 


From 


OF GEOMETRY. R 


. 77" the point A to B drawa Book I 
L 1 he ſtraight line AB; and upon it por 
ſcribe b the equilateral triangle 7 b 1. 1. 
DAB, and produce e the ſtraight 2 . Poſt 
y Ines DA, DB, to E and F; from 
e centre B, at the diſtance BC, 
Weſcribe'd the circle CGI, ad 4 5. Poſh 
om the centre D, at the diltance 7 | 
DG, deſcribe the circle | GKL. 
AL hall be equal to BC, 35 4 E 
| Becauſe the point B is the centre * | 
3 WE the circle CGH, BC is equal e F e 11. Def, 


= BG; and becauſe D is the 
entre of the circle GKL, DL is equal to DG, and DA, DB, 
arts of them, are equal; therefore the remainder AL is equal 
Wo the remainder f BG: But it has been ſhewn, that BC is f 3. A. 
qual to BG; wherefore AL and BC are each of them equal 
to BG ; and things that are equal to the ſame are equal to one 
fe other ; therefore the ſtraight line AL is equal to BC. 
; herefore from the given point A a ſtrai RE. 1 AL has 
Veen drawn equal to the given ſtraight line BU. Which was 
to be done. 


PROP. III. 'PROB. 


ROM the greater of two given ſtraight lines to 
; F cut off a part Sun to the leſs. | 
Let AB and C be the two gi- 
en ſtraight lines, whereof AB 
Ws the greater. It is required to 
Nut off from AB, the greater, a 
art equal to C, the leſs. 


From che point A draw © the 4 2. 
aight line AD equal to C; | 
ad from the centre A, and at \ LY 

ie diſtance AD, deſcribe d the b 3. Poſt, 


; eircle, DEF; and becauſe A is | 

W the cenxre of he circle DEF, 1 0 ſhall be 1 to AD, but 

W the ſtraight, line” C is likewiſe equal to AD; | whence AE 

| 190 C. are each of them equal to AD; wherefore the 
ſtraight. line HE 1 equal 90 c is and from AB, the be CI. Ax. 

of tw wo ſtraight lines, a part AE has been cut off eq 

the les, Which was to be done. 


PROP. 
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1 Book T. -PROP. IV. THEOREM. 


| F two triangles have two ſides of the one S to 
1 two ſides of the other, each to each; and have V 0 


. | likewiſe the angles. contained by thoſe fides equal to a | 
by one another; their baſes, or third ſides, ſhall be 
4 equal; and the two triangles ſhall be equal; and 
; their other angles ſhall be equal, each to each, viz. 

l thoſe to which the equal ſides are opponre.” | 3 


| \ Let ABC, DEF be two triangles which have the two fides 
1. AB, AC equal to the two ſides DE, DF, each to each, viz. 5 

AB to DE, and AC A D ba 
4 to DF; and the angle | 
ll BAC e qual to the | 
. angle EDF. the baſe 
Be ſhall be equal to 
the baſe EF; and the 
triangle ABC to the 
triangle DEF; and 


_— 


the — angles, to B C ; | 
which the equal ſides are oppoſite, ſhall be equal, each to each, 
viz. the angle ABC to the angle DEF, and the angle ACB 
to DFE. . 

For, if the triangle ABC be applied to the triangle DEF, 
ſo. that the point A Rn A on D, and the firatght line AB 


upon DE; the po ſhall coincide with the point E, 
becauſe AB 1s — to DE; and AB coinciding with DE, 
AC ſhall coincide with DF, becauſe the angle BAC is equal to 
the angle EDF ; wherefore alſo the point C ſhall coincide with 
the point F, becauſe AC is equal to DF: But the point B 
coincides with the point E; | wherefore the baſe BC ſhall co- 
3 cor. def. 3. incide with the baſe EF a, and ſhall be equal to it. Therefore 
alſo the whole triangle ABC ſhall coincide with the whole 
triangle DEF, and be equal to it; and the 1 angles 
of the one ſhall. coincide with the remainin les of che other, 1 
and be e r eee e A 0 e an a DEF. be 
e. the angle ACB to the angle Irs Therefore, if two tri: 
gles have two fides of the one equal to two ſides o the 
oe each to each, and have likewiſe the angles contail ned by 


| thoſe ſides equal to one Pr. War hates all wal ial, 4 5 


q* Mw 


$. 


40) 
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. ie triangles ſhall be equal, and their other angles, to which Book I. 
qual to % 


e. equal fides are oppoſite, thall be equal, each to each. 
gon! to 1 PROF. V THE OR. 


I; and HE angles at the baſe of an Iſoſceles triangle 
u, viz. are equal to one another; and, if the equal 
ſides be produced, the angles upon the other ſide of 
te baſe ſhall alſo be equal. 
wo ſide - 3 3 . 
ich, viz. Let ABC be an iſoſceles triangle, of which the fide AB is 
equal to AC, and let the ſtraight lines AB, AC be produced 
to D and E, the angle ABC ſhall be equal to the angle ACB, 
and the angle CBD to the angle BGE. | oY 
= In BD take any point F, and from AE the greater cut off 
AG equal a to AF, the leſs, and join FC, GB. a3. 1. 
5 Becauſe AF is equal to AG, and AB to AC, the two ſides 

= FA; AC are equal to the two GA, AB, each to each; and 

W they contain the angle FAG 
common to the two triangles, 
AFC, AGB; therefore the 
baſe FC is equal b to the baſe 
GB, and the triangle AFC to 
the triangle AGB; and the re- 
maining angles of the one are 
equal b to the remaining an- 
gles of the other, each to eachßß/⸗p/7/ 
to which the equal ſides are op- a 
polite, viz. the angle ACF too 
the angle ABG, and the angle 'Þ/ aich 21.24 
AFC to the angle AGB: And 05 | 
We becauſe the whole AF is equal to the whole AG, and the 
part AB to the part AC; the remainder BF ſhall be e- 
aal eto che remainder CG; and FC was proved to be equal c 5. Ax. 
re GB, therefore the two fides BF, FC are equal to the two 

= CG, GB, each to each; but the angle BFC is equal to the 
angie CCB; wherefore the triangles BFC, CG are equal b, 

and their remaining angles are equal, to which the equal ſides 
are oppoſite; therefore the angle FBC is equal to the angle 
GCB, and the angle BCF to the angle CBG. Now; fince it has 
been demonſtrated, that the whole angle ABG is equal to the 

whale 


wel. 
; 
1 
i 'S 
If 
* 
„ 
17 
4 
10 
N 
hot 
zo 


> 


Book I. whole ACF, and the part CBG to the part BCF, the re- 


k 3. 1. 


Þ 4. 1 


ELEMENTS. 


maining angle ABC is therefore equal to the remaining 
angle ACB, which are the angles at the baſe of the triangle 
ABC: And it has alſo been proved that the angle FBC is 
equal to the angle GCB, which are the angles upon the o- 
ther ſide of the baſe. Therefore the angles at the baſe, &c. 


Q. E. D. 
CoRoLLARY. Hence every equilatetal 142 is alſo equi- 


angular. 


PROP. VI. THE OR. 


F two angles of a triangle be equalto one another; 
the ſides which fubtend, or are oppoſite to, thoſe 
angles, ſhall alſo be equal to one another. 


Let ABC be a triangle having the angle ABC equal to the 
angle ACB; the fide AB is alſo equal to the fide A. 
or, if AB be not equal to AC, one of them 1s greater than 
the other: Let AB be the greater, and from it cut a oft DB e 
qual to AC, the leſs, and join DC; there- rt art 
fore, becauſe in the triangles DBC, 'ACB, 
DB is equal to AC, and BC common to 
both, the two ſides DB, BC are equal to 
the two AC, CB, each to each; but the 
angle DBC is alſo equal to the angle ACB ; 
therefore the baſe DC is equal to the baſe 
AB, and the triangle DBC is equal to the 
triangle b ACB, Se leſs to the greater; 
which is abſurd. Therefore AB is not XN 
unequal to AC, that is, it is equal to it. B N * 
Wherefore, if two angles, &c. Q. E. D. | 
d Hence 985 eee . 15: allo b eh 


— 


lor 


8 b 1 * {1 -=S5 f tt 
1 Aerea 903 03 Lupe? 121 2098 n pan „ue 
F , 


% . F * r Pa 4 , 5 i * 
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' PROP. VII. TH E OR. | Book I. 
— 


| TPON the ſame baſe, and on the ſame ſide of it, see N. 
| p there cannot be two triangles that have their 


it 
* 

A 
4 
7 
2 
75 


* 
. 
„ : 


a f. 1. 


fides which are terminated in one extremity of the 
vaſe equal to one another, and likewiſe thoſe which 
Care terminated in the other extremity, equal to one 
another. 

If it be pofftble, let there be two triagles ACB, ADB, 
upon the ſame baſe AB, and upon the ſame fide of it, which 
"I ive their ſides CA, DA, terminated in LA > to one an- 

other, and likewiſe their ſides | | 
CB, DB, terminated in 1B, equal 
01 to one another." 95 ; 
Join CD; 2 in the caſe 
in which che vertex of each of 
the triangles is without the other 
triangle, becauſs AC is equal to 
AD, the angle ACD is equala 
to the angle ADC: But the 
angle ACD is greater than 
the angle BCD; therefore the 
angle ADC 1s greater alſo than 
BCD; much more then is the angle BDC greater than the 
angle BCD. Again, becauſe CB is equal to DB, the angle 
BDC is equal a to the angle BCD; but it has been demon- 
ſtrated to be greater than it which is impoſſible. | 
But if one of the vertices, as D, be within the other tri- 
2 ACB; produce AC, AD to E 
therefore, becauſe. AC is e- 

qual to AD in the trian gle ACD, 

the angles ECD, DC upon he 

other ſide of the baſe CD are e- 

qual * to one another, but the angle 

ECD s greater than the angle 

BCD; wherefore the angle FDC 

is likewiſe greater than BCD; 

much more th is heAngle BDC. 

greater than the angle BCD. A- 

gain, becauſe CB is equal to DB, ATI 

the angle BDC is ** 2 to the angle BCD; but BDC has 
7 been. 
| 1 
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Book I. been proved to be greater than the ſame BCD; which is im- 

— 3 The caſe in which the vertex of one triangle ls 
upon a ſide of the other; needs no demonſtration. .” © 7 

Therefore, upon the ſame baſe, and on the ſame fide of i it, 

there cannot be two triangles that bave their ſides which” are 

terminated in one extremity of the baſe equal to one another, 

and likewiſe thoſe which are terminated in the other extre- 

mity. Q. E. D. 


* © 4 
1 7 z 8 x 
” & % 


* iir 


PROP. VII. TRE OR. 


F two ; diebe have'two fides of the one equal to 
P two ſides of the other, each to each, and have 
likewiſe their baſes equal ; the angle which is con- 
tained by the two ſides of the one ſhall be equal to 
the angle contained by the two ſides of the other. 


| R Let ABC, DEF be two triangles ring the two Gdes AB, 
itt | AC, equal to the two ſides DE, DF, each to each, viz. AB 
10 0D. to DE, OF IE IE ANI ROO ala the dein BG: equal tothe 


baſe EF. The 8 angle BAC i is equal to > Wee an gle EDF. 
For, if the triangle ABC be on applied to the . DEF, 
fo that the L be on E, and the ſtraight line BC up- 
on EF; the point C ſhall alſo coincide with the point E, 
becauſe BC is equal to EF: therefore BC coinciding with 
EF, BA and AC ſhall coincide with ED and DF; for, if 
BA, and CA do not coincide with ED, and FD, but have 2 
different ſituation as EG and FG; then, upon the ſame 
baſe EF; and upon the ſame fide of it, there can be 
two triangles EDF, EGF, that have their ſides which 
are 


3 
29 — 
— — 
— 
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is im- Ire terminated in one extremity of the baſe equal to one Book L 
gle is 5 other, and likewiſe their ſides terminated in the other 
rremity: But this is impoſſible a; therefore, if the baſe BC a 5. f. 
of it, Poincides with the baſe EF, the ſides BA, AC cannot but 


. 


ch are 3 gvincide with the fides ED, DE; wherefore likewiſe. the 


other, gle BAC coincides with the angle EDF, and is equal b to b 8. As. 
extre- Therefore if two ranges, A &c. k E. D. fb 
=_ PROP. IX. PROB. 
21 to 1 Yo biſct a given rectilineal angle, that is, to di- 
have fe a vide it into two equal angles. 
hr 14 Let BAC be the given rectilineal 2 it 18 _— to 
al to 1 & it. 471 
ex. Take any point D in AB, and from AC cut a off AE e- a 3-2, 


| * al to AD; join DE, and upon it 3 V4 
eſcribe b an eue rns“ | 
EF; then join AF; the ftraight 
ne AF biſeQs the angle BAC. 

W Becauſe AD is equal to AE, and 
: F is common to the two triangles 
6 DAF, EAF; the two ſides DA, 
F, are equal to the two ſides EA, 
I F, each to each; but the baſe DF 
* allo equal to the baſe EF; there- 
re the angle DAF is equal e to the 
ile EAF; wherefore the given 
1 ctilineal angle BAC is biſected by B | 
e ſtraight line AF. Which was to he done, 


bl. 1. 


6. 1. 


PROP. X. PROB. 


O biſect a given ſinite ſtraight line, that Is, to 
divide it into two equal —_ 4 

; Let AB be the given f icht line; it is kee to Avid 

= into two equal parts. | 

Deſcribe à upon it an Equilatera! trian e ABC, and biſe& a x, x. 


the angle ACB by the ſtraight line CD. AB is cut into bg. 1. 
vo equal parts in the point D. * 
= . Becauſe 
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Book I. Becauſe AC is equal to CB, and CD c 
common to the two triangles ACD, X 
BCD : the two ſides AC, CD are equal 
to the two BC, CD, each to each; but 
the angle AC is alſo equal to the angle | 
©4+7- BCD; therfeore the baſe AD is equal 
to the baſe e DB, and the ſtraight line 
AB is divided into two equal parts in /_. 
the point D. Which was to be done, A. . D 


PROP. XI. PROB. 


4 a 
0 draw a ſtraight line at right angles to a given * 


7 ſtraight line, from a given point in the ſame. d £1 
14 3 ee di 
5 1 
fr Let AB be a given ſtraight line, and C a point given in it; 

" it 15 required to draw a ſtraight line from the point C at right 3 

bt angles to AB. | 


23.1 Take any point Din AC, and a make CE equal to CD, 
b 1. 1. and upon DE deſcribe b the 


equilateral triangle DF E, 
19 and join FC; the ſtrai ght 
. line FC, drawn from 4 gi- 
| | ven point C, is at right an- 
gles to the given ON line. 
AB. 2 OR ASD 
Becauſe CER TY 24g | T 
CE, and FC 1 the RA D E BUY 
two triangles DCF, ECF, the two ſides Dc, CF, are equal 
to the two EC, CF, each to each; but the baſe DF ; is alſo equal 
<8.1. to the baſe EF; therefore the angle DCF is equal < to the 
angle ECF; and they are adjacent angles. But, when the Wil 
adjacent angles which one ſtraight line makes with another 
ſtraight line are equal to nne another, each of them is called a 
47 def. right d angle; therefore each of the angles DCF, ECF, is 2 
right angle. Wherefore, from the given point C, in the gi- Wi 


ven ſtraight line AB, FC has OE" 5 at ri * an les 1 
Ah. Which was to be dene. , 0 
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O draw a ſtraight line perpendicular to a given 
1 ſtraight line of an unlimited length, from a gi- 
n point without it. 


_ PROP. XII. PROB. . Book I. 


j Let AB be the given ſtraight line, which may be produced 
any length both ways, and let C be a point without it. It 
required to draw a 
eight line perpendicu- 


= to AB from the point E 
„ 
Take any point D up- 
given i the other fide of AB, & 4 5 
lame. ad from the centre C, at 
| ee diſtance CD, deſcribe a D a 3. Poſt, . 
. . e circle EGF meeting AB in F, G; and biſect b FG in b 18. 1. 
en m iti. and join CF, CH, CG ; the ſtraight line CH, drawn from 
at right e given point C, is perpendicular to the given ftraight line 


. 
| to CD, oF Becauſe FH is equal to HG, and HC common to the two 
tangles FHC, GHO, the two fides FH, HC are equal to 
ee two GH, HC, each to each; now the baſe CF is alſo equale © = Def. 
Wo the baſe CG; therefore the angle CHF is equal d to the 4 8. ;. 
nile CHG; and they are adjacent angles; but when a 
Wraight line ſtanding on a ſtraight line makes the adjacent 
gles equal to one another, each of them wa right angle, 

d the ſtraight line which ſtands upon the other is called a 

E "BR Merpendicular to it; therefore from the given point C a per- 
endicular CH has been drawn to the given ſtraight line AB. 

re equal WV hich was to be done. | | 

Ifo equal 

to the 

vhen the 


. 


P R O P. XIII. T H E OR. 


OR” 1 EE angles which one ſtraight line makes with 
2F, is af another upon the one fide of it, are either 
n the gi- wo right angles, or are together equal to two right 


ogles to ingles. * 49 


W Let the ſtraight line AB make with CD} upon one fide of 
f t, the angles CBA, ABD; theſe are eicher two right angles, 
ere together equal to.two right angles. h 

i 30 8 For 


\ 4 


'ROP. 


18 E LE ME N 1 8 
Book I. For, if the angle CBA bs equal to ABD, each of them l 
D B. £4 + D 7520 9 
a def. 7. a right angle a; but, if not, from the point B draw BE "Y Nen 
b 11. 1. right angles bo CD; therefore the angles CBE, EBD are. N 
two right angles; and becauſe CBE is equal to the roo * 
angles CBA, ABE together, add the angle EBD to each oi 
e 2. Ax. theſe equals ; therefore the angles CBE, EBD are equal c 
the three angles CBA, ABE, EBD. Again, becauſe thn F t 
angle DBA is equal to the two angles DBE, EBA, add u o, 
theſe equals the angle ABC; therefore the angles DBA re. 
ABC are equal to the three angles DBE, EBA, ABC; but doint 
the angles CBE, EBD have been demonſtrated to be equal tl q 7 
the ſame three angles; and things that are equal to the ſam 
4 r. Ax. are equal to one another; therefore the angles CBE, EBD For 


fine AB, let the two ſtraight 


are equal to the angles DBA, ABC; but CBE, EBD are tu 
right angles; therefore DBA, ABC are together equal to 
0 *. angles. ne when a ſtraight line, & 


PROP. XIV. THEOR. 


of af a point in a firaight line, two other Rraight 4 
lines, upon the oppoſite ſides of it, make the ad 
jacent angles together equal to two right angles q 
theſe two ſtraight lines ſhalt be in one and the ſam 
ſtraight line. J 


At the point B inthe ſtraight 


lines BC, BD u upon the oppo- 

ſite ſides of AB, make the ad- | 
jancent angles ABC, ABD e- *# 
qual together to two right | 
angles. BD is in the fame is 
ſtraight tine with CB.. ; 

For, if BD be not in the K 

"ame ſtraight line with CB, 


3 
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them i et BE be in the ſame ſtraight line with it; therefore, be- Book I. 
auſe the ſtraight line AB makes angles with the ſtraight VT 
ne CBE, upon one fide of it, the angles ABC, ABE are 
gether equal = to two right angles; but the angles ABC, a 13. r. 


gbd are likewiſe together equal to two right angles; there- 
Pre the angles CBA, ABE are equal to the angles CBA, 
BD: Take away the common angle ABC, and the remaining 
Sngle ABE is equal b to the remaining angle ABD, the leſs Þ 3. Ax. 
che greater, which is impoſſible ; therefore BE is not in 


= 4 
Ol » — 


W Y Mc ſame ſtraight line with BC. And, in like manner, it 
„ BE 55 ay be demonſtrated, that no other can be in the ſame ſtraight 
BD Ie with it but BD, which therefore is in the ſame ſtaight 
7 = ee with CB. Wherefore, if at a point, &c. Q. E. D. 
. — 1 PROP. XV. THE OR.. 
auſe the F two ſtraight lines cut one another, the vertical, 
, add u or oppoſite angles ſhall he equal. 
3 by * Let the two ſtraight lines AB, CD cut one another in the 
hg q Point E; the angle AEC ſhall be equal to the angle DEB, 
\ end CEB to AED. a4 
E, EBDS For the angles CEA, C 
are tw AED, which the ſtraight ; 
equal to ine AE makes with the | 
ne, &cMtraight line CD, are to- 1 + 
Wether equal à to two | 11 2. 
Wight angles : and the 
Ingles AE D, DEB, which b ä 
N Hie ſtraight line D E makes D 
traight ich the ſtraight line AB, FR. 
he ade alſo together equal a to two Tight angles; therefore the 
angles o angles CEA, AED are equal to the two AED, DEB. 
p = 1 ake away the common angle AED, and the remaining 


gle CEA is equal b to the remaining angle DEB. In „ 
e ſame manner it can be demonſtrated that the angles CEB, 35 Ax. 
; : 2D 85 equal. Therefore, if two ſtraight lines, &c. 

= Cos. 1. From this it is manifeſt, that, if two ſtraight lines 
Hat one another, the angles which they make at the point of 
We interſection, are together equal to fbr right angles. 
Cox. 2. And hence, all the angles made by any number of 


| = meeting in cne point, are together equal to four right 
angles. | 


a PROP. 


rs 
D 
le 
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— PROP. XVI. THE OR. 


IF one fide of a triangle be produced, the exterior! : 
angle 1s greater then either of the interior oppo·. 
fite angles. 


Let ABC be a triangle, and let its ſides BC be 6 
to D, the exterior angle AC is greater than either of the 
interior oppoſite an gles CBA, F 
BAC. A. 

1 10. 1. Biſect a AC in E,; join BE 
and produce it to F, and 
make EF equal to BE; join 
alſo FC, and produce AC to 
G 


Becauſe AE 1s equal to EC, 
and BE to EF; AE, EB are 
equal to CE, EF, each to — 
each; and the angle AEB is B C 

p15. I. equal b to the angle CEF, be- 
cauſe they are oppoſite verti- 
cal angles ; therefore the baſe 
C 4. Is . 4 to the baſe CF, 
and the triangle AEB to the G | 
triangle EF. and the remaining angles to the remaining 
angles, each to each, to which the equal fides are op * * 
wherefore the angle BAE is equal to the angle EC A 
the angle ECD 1s greater than the angle ECF ; Waal; 0 1 
angle ECD, that is AC, is greater than BAE : In the fan 5 
manner, if the fide BC be N may be demonſtrateſſ 
615 . that the angle BCG, that is d, the angle ACD, is greater tha 3 
the angle ABC. Therefore, if one fie &c. Q. E. D. 


' 
PROP. XVII. THEOR. 


» 
. 
W 
'T; 
: - 
1 
. . 
(1146 
F * 
#41 
! 
"» 
U 
"ll 
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NY two ängles of a triangle are together 2 * 
than ou right angles. : 


- — 
= i = A * 
F. 
p = — — 
* —_—— vw >= —_— : = 


7 
4 11 
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by 
r. C be triangle; Book 1. 
3 N t AB any g 7 A mn ea 
xteriot 
oppo- 
roduced 2 16. 1, 


* 


angles ACD, ACB are greater than the angles ABC, 
WE: but ACD, ACB are together equal b to two right b 13. k. 
les; therefore the angles ABC, BCA are leſs than two 

1 it angles. In like manner, it may be demonſtrated, that 


c, ACB, as alſo CAB, ABC, are leſs than two right 
N les. Therefore, any two angles, &c. Q. E. D. 


/ - the angle ACB; therefore B _ 8 D 


1 
\ 
\ 
— — 


1 6 PROP. XVIII. T HE OR. 


HE greater fide of every triangle has the great - 
er angle oppoſite to it. 8 


Let ABC be a triangle, of 
ich the fide AC is greater 
the fide AB; the angle ABC 
alſo greater than the angle 
* | | 
Becauſe AC. is greater than 
B, make a AD equal to. AB, | 
d join BD; and becauſe ADB is the exterior angle of the 
angle BDC, it is greater b than the interior and oppoſite b 16. 1. 
| ple DCB ; but ADB is equal e to ABD, becauſe the fide e 5. 1. 
_ 5 <qual to the fide AD; therefore the angle ABD is 
cw :e greater than the angle ACB; wherefore much more 
Ec angle ABC greater than ACB. Therefore. the great- 
her le 4 hide, &c, Q. E. D. FF | 


Wei C 


a 3. I. 


« X * 5 
1 4 * 
"= 
. W * 


e 
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Book I. 1 
CA PROP. XVI THEOR. * 
F one fide of a triangle be produced, the exterior xr hey 

angle is greater then either of the interior oppo- Proc 

fite angles. becauſe 

angle o 


Let ABC be a triangle, and let its ſides BC be produced ACD 
to D, the exterior angle AC is greater than either of the MW interioi 


interior oppoſite angles CBA, Þ ABC; 
BAC. A. the an; 
4 10. 14. Biſect a AC in E, join BE | the ang 
and produce it to F, and ACB; 
make EF equal to BE ; join : angles ; 
alſo FC, and produce AC to a right at 
G. BAC, 
Becauſe AE is equal to EC, angles. 
and BE to EF; AE, EB are 
equal to CE, EF, each to — 
each; and the angle AEB 1s B C D 
b 15.1. equal b to the angle CEF, be- 
— cauſe they are oppoſite verti- H 
cal angles; therefore the baſe l 


04. 1. AB is equal e to the baſe CF, 
and the triangle AEB to the 6 Let 
triangle CEF, and the remaining angles to the remaining d hich 
angles, each to each, to which the equal ſides are oppoſite; hun eh, 
wherefore the angle BAE is equal to the angle ECF; but: 1c 
the angle ECD is greater than the angle ECF; therefore the BCA 
angle ECD, that is ACD, is greater than BAE: In the fame "II 
manner, if the fide BC be biſected, it may be demonſtrated AB. m 
415 I. that the angle BCG, that is d, the angle ACD, is greater than and ole 
the angle ABC. Therefore, if one fide, &c. Q. E. D. auge 


angle L 
PROP. XVII. THE OR. . 


= I i , | iz th 
A NY two angles of a triangle are together leſi., gqe, 


1 than two right angles. 


Let 
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Let ABC be any triangle; Book I, 
any two of its angles toge- A ry ——_ 
ther are leſs than two right 
angles. 

Produce BC to D; and 
becauſe ACD 1s the exterior 
angle of the triangle ABC, 

ACD is greater ® than the £26. £ 


interior and oppoſite angle | 

ABC; to each ' of theſe add ako a 

the angle ACB; therefore B 9 

the angles ACD, ACB are greater than the angles ABC, 
ACB; but ACD, ACB are together equal Þ to two right Þ 13. 1. 
angles; therefore the angles ABC, BCA are leſs than two 

right angles. In like manner, it may be demonſtrated, that 

BAC, ACB, as alſo CAB, ABC, are leſs than two right 
angles. Therefore, any two angles, &c. Q. E. D. 


PROP. XVIII. THE OR. 


HE greater ſide of every triangle has the great - 
er angle oppoſite to it. | 


Let ABC be a triangle, of A 
which the fide AC is greater 
than the fide AB; the angle ABC 
is alſo greater than the angle 
BCA. | 

Becauſe AC. is greater than 
AB, make a AD equal to. AB, "'C a3 r 
and join BD ; and becauſe ADB is the exterior angle of the 
triangle BDC, it is greater b than the interior and oppoſite b 26. 1. 
angle DCB ; but ADB is equal e to ABD, becauſe the fide c 5. 1. 
AB is equal to the fide AD; therefore the angle ABD is 
likewiſe greater than the angle ACB; wherefore much more 


iz the angle ABC greater than ACB. Therefore the great- 
er fide, &c, Q. E. D. | | 


| C 3 PROP. 
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Book I. 1 angle 
0 i PROP. XIX. THE OR. —＋ 
DB is 


HE greater angle of every triangle is ſubtend- n 
ed by the greater ſide, or has the greater fide 7 th 
oppoſite to it. CA 8 


Let ABC be a ads, of which the angle ABC is great- 
er than the angle BCA ; the fide AC is likewiſe greater than 
the {ide AB. | 

For, if it be not greater, AC 


| mult either be equal to AB, or F fr 
| leſs than it; it is not equal, be- dr. 
cauſe then the angle ABC would triang 
a5.1., be equal à to the angle AGB; two f 
but it is not; 1 AC W...- 8 8 
| not equal to AB; neither is it 32 C e 
| leſs; becauſe then the angle | 1 


| a ABC would be leſs b than the angle ACB; but it is not; th 
therefore the fide AC 1s not leſs than AB; and it has been ar”; os 


ſhewn that it is not equal to AB; therefore AC is _—_ AC of 
than AB. Wherefore the greater angle, &c. Q. E. D 0 


the an 

Prod 
PROP. XX. ＋ H E O R. | Con 
therefe 


ANY two ſides of a triangle are together Feet qroete: 
than the third fide, becanſ 


of the 

Let ABC be a triangle; any two ſides of it together are ¶ than ( 
greater than the third — viz. the ſides BA, AC greater ¶ theſe ; 
than the fide BC; and AB, BC greater than AC; and BC, FEB ar 


CA greater than AB. but it 


Produce BA to the point AC a 
 3-T- D, and make» AD equal much 
to "AT; and j join DC. greate! 
Becauſe DA is equal to Ag: 

AC, the angle ADC is like- than tl 

b F. 1. wiſe equal b to ACD; but of the 
the angle BCD is greater ſon, tl 


than the angle ACDs there- * *. x. 
fore the angle BCD is greater than the angle ADC; and be- 
cauſe 


tend- 


reater 


ler Are 
greater 


d BC, 
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cauſe the angle BCD of the triangle DCB. is greater than its: 
angle BDC, and that the greater c fide is oppoſite to the greater 
angle; therefore the fide DB is greater than the fide BC; but 
DB is equal to BA and AC; therefore the ſides BA, AC are 
reater than BC. In the ſame manner it may be demonſtra- 
ted, that the ſides AB, BC are greater than CA, and BC, 
CA greater than AB. Therefore any two ſides, &c. 


PROP. XXI. T HE OR. 


F from the ends of the ſide of a triangle, there be 

drawn two ſtraight lines to a point within the 
triangle, theſe two lines ſhall be I-is than the other 
two ſides of the triangle, but ſhall contain a great- 
er angle. | 


Let the two ſtraight lines BD, CD be drawn from B, C, 
the ends of the fide BC of the triangle ARC, tg the point D 
within it; BD and DC are leſs than the other two hides RA, 
AC of the triangle, but contain an angle BD greater than 
the angle BAC. | | . 

Produce BD to E; and becauſe two ſides of a triangle are 
greater than the third ſide, the two ſides BA, AE of che tri- 
angle ABE are greater than BE. To each of theſe add EC; 
therefore the ſides BA, AC are SES Ds 
greater than BE, EC: Again, 
becauſe the two fides CE, ED 
of the triangle CED are greater 
than CD, add DB to each of 
theſe; therefore the ſides CE, 
EB are greater than CD, DB; 
but it has been ſhewn that BA, 
AC are greater than BE, EC; 
much more then are BA, AC * 
greater than BD, DC. B C 

Again, becauſe the exterior angle of a triangle is greater 
than the interior and oppoſite angle, the exterior angle BDC 
of the triangle CDE is greater than CED; for the — rea- 
ſon, the exterior angle CEB of the triangle ABE is greater 
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C 19. I. 


Sec N. 


than BAC; and it has been demonitrated that the un le 


C4 BDC 


* 
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Book I. BDC is greater than the angle CEB; much more then is the 


$33.1. 


I 3. 1. 


b 3. Poſt, 


e 1:1, Def. 


an le BDC greater than the angle BAC. Therefore, if from 
the ends of, &c. QE. D. 


PROP. XXII. PRO B. 


. make a triangle of which the ſides ſhall be 
equal to three given ſtraight lines; but any two 


whatever of theſe lines muſt be greater than the 
third a. 


Let A, B, C be che three given ſtraight lines, of which 
any two whatever are greater than the third, viz. A. and B 
greater than C; A and C greater than B; and-B and C than 
A. Its required to make a triangle of which the ſides ſhall 
be equal to A, B, C, each to each. 

Take a ſtraight line DE terminated at the — D, but 
unlimited towards E, 
and make a DF equal 
to A, FG to B, and 
GH equal toC; and 
from the centre F, at 
the diſtance FD, 4 D 
ſcribed the circle DKL; — 
and from the centre G, 
at the diſtance GH, 
deſcribe b another cir- 
cle HLK; and join 


12 


KF, KG; the triangle 

KFG has its ſides equal | C 
to the three ſtraight 

lines, A, B, C. 


Becauſe the point F is the centre of the circle DKL, FD is 
equal c to FK; but FD is equal to the ſtraight line A; there- 
fore FK is equal to A: Again, becauſe G is the centre of the 
circle LKH, GH is equal to GK; but GH is equal to C; 
therefore alſo GK 15 equal to C; and FG is equal to B; there- 
fore the three ſtraight lines KF, FG, GK, are equal to the 
thiee A,B, C; And therefore the triangle KFG has its three 
ſides KF, FG, GK equal to the three given ſtraight lines, A, 
B, C. Which was to be done, | 


PROP, 


OF. GEOMETRY. 


PROP. XXIII. PROB. 
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— — 


Ar a given point in a given ſtraight line, to 
make a rectilineal angle equal to a given recti- 
lineal angle. 


Let AB be the given ſtraight line, and A the given point 


in it, and DCE the given rectilineal angle; it is required to 


make an angle at the 
given point A in the C 
given ſtraight line AB, 
that ſhall be equal to the 
given reQilineal angle 


DC E 
Take in CD, CE any E 
points D, E, and join 


DE; and make a the tri- D 
angle AFG, che ſides of 

which ſhall be equal to 

the three ſtraight lines | 
CD, DE, CE, ſo that CD be e 
DE to FG; and becauſe DC, CE are equal to FA, AG, 
each to each, and the baſe DE to the baſe FG; the angle 
DCE is equal Þ to the angle FAG. Therefore, at the given 


point A in the given ſtraight line AB, the angle FAG is 


made equal to the given rectilineal angle DCE, Which was 
to be done. | | | 


PROP. XXIV. THEOR. 


F two triangles have two ſides of the one equal to 
two fides of the other, each to each, but the 
angle contained by the two ſides of one of them 
greater than the angle contained by the two ſides 


equal to them, of the other; the baſe of that which. 
has the greater angle ſhall be greater than the baſe 


of the other. 


Let ABC, DEF be two triangles which have the two ſides 


AB, AC equal to the two DE, DF, each to each, viz. AD 
| ＋ 


to AF, CE to AG, and 


a 22. 1. 


„ 
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equal to DE, and AC to DF; but the angle BAC greater 


— than the angle EDF; the baſe BC is alſo greater than the 


a 25.1. 


6 4. 


6.6. ©. 


E. 19. 1. | 


baſe EF. | 
Of the two fides DE, DF, let DE be the fide which is not 
greater than the other, and at the point D, in the ſtraight line 


DE, make a the angle EDG equal to the angle BAC; and 


make DG equal b to AC or DF, and join EG, GF. 
Becauſe AB is equal to DE, and AC to DG, the two ſides 


BA, AC are equal to the two ED, DG, each to each, and the, 


angle BAC is e- Aa 
qual to the angle 
EDG; therefore 
the baſe BC 1s e- 
qual © to the baſe 
EG; and becauſe 
DG is equal to 
DF, the angle 
DFC is equal d to 

the angle DGF; B 
but the angle 

DGF is greater | 11 1 by 
than the angle EGF ; therefore the angle DEG is greater 
than EGF;; and much more is the angle EFG greater than 


the angle EGF; and becauſe the angle EFG of the triangle 
EFG is greater than its angle EGF, and that the greater e 


fide is oppoſite: to the greater angle; the fide EG is therefore 
greater than the fide EF; but EG is equal to BC; and there- 


fore alſo BC is greater than EF. Therefore, if two triangles, 8 


&c. Q. E. D. 
e 
F two triangles have two ſides of the one equal to 
two ſides of the other, each to each, but the baſe 
of the one greater than the baſe of the other; the 
angle contained by the ſides of that which has the 
greater baſe, ſhall be greater than the angle con- 
tained by the ſides equal to them, of the other. 


| Let ABC, DEF be two triangles which have the two ſides 
AB, AC equal to the two fides DE DF, each to each, viz. 
— AR 


each to each; and alſo the third angle of the one to 
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AB equal to DE, and AC to DF; but the baſe CB is greater Book I. 
than the baſe EF,; the angle BAC is likewiſe greater than 
the angle EDF. 

For, if it be not greater, it muſt either be equal to it, or leſs; 
but the angle BAC is not equal to the wg EDF, becauſe 
then the baſe BC D 
would be equal a to | 
EF; but it is not; 
therefore the angle 
BAC is not equal to 
the angle EDF; 
neither is it leſs; be- 
cauſe then the baſe 
BC would be leſs b B C H 
than the baſe EF; but it is not; therefore the mich BAC 
is not leſs than the angle EDF; and it was ſhewn that it is 
not equal to it; therefore the angle BAC is greater than the 
angle EDF. Wherefore, if two triangles, &c. Q. E. D. 


ad4.1. 


b 24. 1. 


PROP. XXVI. T H E O R. 


F two triangles have two angles of the one equal to 
two angles of the other, each to each; and one 
ſide equal to one ſide, viz. either the ſides adjacent 
to the equal angles, or the ſides oppoſite to the equal 
angles in each; then ſhall the other ſides be equal, 


the third angle of the other. 


Let ABC, DEF be A D 
two triangles which 
have the angles ABC, 
BCA equal to the G 
angles DEF, EFD, 
viz. ABC to DEF, 
and BCA to EFD; 
alſo one fide equal to | 
2 - and rn let '4 | 
thoſe ſides be equal — | 
whach are * to B E F 
the angles that are 1 in the two triangles, viz. BC to EF; 

che 


a 4. 1. 


ELEMENTS 


the other ſides ſhall be equal, each to each, viz. AB to DE, 
— ana "*n to DF; and the third angle BAC to the third angle 

For, if AB be not eq ul te DE. one of them muſt be the 
greater. Let AB be — eater. of the two, and make BG 
equal to DE, and join GE; therefore, becauſe BG 1s equal 
to DE. and BG to EF, the two ſides GB, BC are equal to 
the two DE, EF, each to each; and the angle GBC is equal 
to the angle DEF ; therefore the baſe GC is equal a to the 
baſe DF, and the triangle GBC to the triangle DEF, and 
the other an gles to the other angles, each to each, to which 
the equal fides are oppoſite ; therefore the. angle GCB is e- 
qual to the angle DFE ; but DFE is, by the hypotheſis, e- 
qual to the gte BCA; wherefore alſo the angle BCG is 
equal to the angle BCA, the leſs to the greater, which is im- 
poſſible ; 22 AB is not unequal to DE, that, is, it is 
equal to it; and BC is equal to EF; cherefore the two AB, 
BC are e jual to the two -DE, EF, each to each ; and the 
angle ABC 1s equal to the angle DEF ; the baſe therefore 
AC is equal 2 to the baſe DF, and the third angle BAC to 
the third angle EDE. 


Next, let the ſides A D 
which are oppolite to x 30-2113 20 
equal angles in each 
triangle be equal to 
one another, viz. AB 
to DE; likewiſe in 
this dale! the other 
ſides ſhall be equal, 
AC to DF, ng BC 
to EF; and allo the | — 
third angle BAC toB ; H C E 
the third EDF. 

For, if BC be not equal to EF, let BC be the greater of 
them, and make BH equal to EF, and join AH; and becauſe 
BH is equal to EF, and AB to DE; 8 two AB, BH are 
equal to the two DE, EF, each to each; and chey contain 
equal angles; therefore the baſe AH is equal to the baſe DF, 
and the triangle ABH to the triangle DEF, and the other 
angles ſhall be equal, each to each, to which the equal fides 
are oppakite 3 therefore the angle BHA is equal to the ang le 

E 


F 


* 


ter of 
cauſe 
J are 
ntain 
DF, 
other 
| fides 
angle 
FD; 


ſo far, are parallel b to one another. AB therefore is parallel b 30. Def. 
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EFD; but EFD is equal to the angle BCA; therefore alſo Book I. 
the angle BHA is equal to the angle BCA, chat is, the exte- 


rior angle BHA of the triangle AHC is equal to its interior” 


and oppoſite angle BCA; which is impoſſibleb; wherefore b 16. f. 
BC is not unequal to EF, that is, it is equal to it; and AB 

is equal to DE ; therefore the two AB, BC, are equal to the 

two DE, EF, each to each; and they contain equal angles ; 
wherefore the baſe AC 1s equal to the baſe DF, and the third 

angle BAC to the third angle EDF. Therefore, if two tri- 
angles, &c. Q. E. D. 


FO AEVIL THEUK 


F a ftraight line falling upon two other ſtraight 
lines makes the alternate angles equal to one 
another, theſe two ſtraight lines ſhall be parallel. 


Let the ſtraight line EF, which falls upon the two ſtraight 
lines AB, CD make the alternate angles AEF, EFD equal 
to one another; AB 1s parallel to CD 


For, if it be not parallel, AB and CD being produced: ſhall 
meet either towards B, D, or towards A, C; let them be pro- 


duced and meet towards E, D in the point G; therefore GEF 
is a triangle, and its exterior angle AEF is greater than the a 16. . 
interior and oppoſite | 
angle EFG; but it is 
alſo equal to it, which A. 6 

. 
duced, do not meet to- 
wards B, D. In like C 7 I D 
manner it may be de- | 
monſtrated that they do not meet towards A, C; but thoſe 
ſtraight lines which meet neither way, though produced eve? 


is impoſlible; . therefore, 
AB and CD being pro- 


to CD. Wheretore, if a ſtraight line, &c. Q. E. D. 


P ROB 


415. 1. 


b 27. I. 
c By Hyp. 
d 13. 1. 


See N. 


ELEMENTS 


PRO P. XXVIII. THE OR. : 
F a ſtraight line falling upon two other ſtraight 
lines makes the exterior angle equal to the in- 
terior and oppoſite upon the ſame ſide of the line; 
or makes the interior angles upon the ſame fide to- 
gether equal to two right angles ; the two ſtraight 
lines ſhall be parallel to one another. 


Let the ſtraight line EF, which falls upon the two ſtraight 
lines AB, CD, make the exterior angle EGB equal to the 1n- 
terior and oppoſite angle 
GHD upon the ſame fide ; 
or make the interior angles 
on the ſame fide BGH, 
GHD together equal to two 
Tight angles; AB 1s parallel 
to CD. #2 

Becauſe the angle EGB 
15 equal to the angle GHD, C _—_ D 
and the angle EGB equal a FF 
to the angle AGH, the 
angle AGH is equal to the angle GHD; and they 
are the alternate angles; therefore AB is eld to 
CD. Again, becauſe the angles BGH, GHD are equal e to 
two right angles; and that AGH, BGH, are alſo equal d to 
two right angles; the angles AGH, BGH are equal to the 
angles BGH, GHD: Take away the common angle BGH; 
therefore the remaining angle AGH is equal to the remainin 
angle GHD; and they are alternate angles; therefore AB is 


parallel to CD. Wherefore, if a ſtraight line, &c. Q. E. D. 


PROP. R. Ao 


F a ſtraight line fall upon two parallel ſtraight 
lines, it makes the alternate angles equal to one 
another; and the exterior angle equal to the interi- 
or and oppoſite upon the ſame ſide; and likewiſe 
the two interior angles upon the ſame ſide together 
equal to two right angles. 


Let 


traight 
the 1n- 
e line; 
ide to- 
traight 


ſtraight 


o the in- 


wy | 


nd they 
Mel b to 
equal e to 
equal d to 
al to the 
le BGH; 
emaining 
me AB is 


Q. E. D. 


ſtraight 
1 to one 


e interi- 
likewiſe 
together 


Let 


fore two 


ſame point G, parallel G b D 

to CD, and, yet not . *N. 

coinciding.” with one 

another, which is im- 

poſſible b. The angles F 514 
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Let the ſtraight line EF fall upon che parallel ſtraight lines Book I. 
AB, CD; the alternate angles AGH, GHD are equal to one 
another; and the exterior angle EGB is equal to the interior 
and oppoſite, upon the ſame fide, GHD; and the two interior 
angles BGH, HD upon the ſame fide are together equal to 


two right angles. | 
For if AGH be not equal to GHD, let KG be drawn 


making the angle KGH equal to GHD, and produce 
KG to L; then KL. E 
will be parallel to 


CDa; but AB is alſo 

parallel to CDy there- | 
— — * 
are drawn through the K 


AGH, GHD therefore are not unequal, that is, they 
are equal to one another. Now, the angle EGB is equal to 
AGH<c; and AGH is proved to be equal to GHD; there- 1. x. 
fore EGB is likewiſe equal to GHD; add to each of theſe 
the angle BGH; therefore the angles EGB, BGH are equal 
to the angles BGH, GHD; but EGB, BGH are equald to a 13. 1. 
two right angles; therefore alſo BGH, GHD are equal to two 
right angles. Wherefore, if a ſtraight line, &c. Q. E. D. 
Cor. If two lines KL and CD make, with EF, the two angles 

KGH, GHC together 1-fs than two right angles, KG and GH 
will meet on the fide of EF on which the two angles are that 
are leſs than two right angles. | i 

For, if not, RL and CD are either parallel. or they meet 
on the other fide of EF; but they are not parallel; for the 
angles KGH, GHC would then be equal to two right angles. 
Neither do they meet toward the points L and D; for the 
angles LGH, GHD would then be two angles of a triangle, 
and leſs than two right angles; but this is impoſſible; for the 
four angles KGH, HGL, CHG, GHD are together equal to 
four right angles d, of which the two KGH, CHG are by ſup- 
poſition leſs than two right angles; therefore the other two, 
HGL, GHD are greater than two right angles. Therefore, 
ſince KL and CD are not parallel, and do not meet towards 
L and D, they will meet if produced towards K and C. 


& PROP: 


a 29. 1. 


a 23. 1. 


Book I. 


ELEMENTS 


PROP. XXX, THEOR. 


TrarcuT lines which are parallel to the ſame 
ſtraight line are parallel to one another. 


Let AB, CD be ad det EF; AB is alſo 
parallel to CD. 

Let the ſtraight line GHK cut AB, EF, CD; nd becauſe 
GHK cuts the parallel ſtraight 
lines AB, EF, the angle Ye 
AGH is equal a to the an 1 
GHE. a. , becauſe he A._ G 
ſtraight line > GK cuts the 
* ſtraight lines EF, 
CD, the angle GHF is equal 
a to the angle GKD; and it 
was ſhewn that the angle 
ACK is equal to the angle 
GHF; therefore alſo AGK 
15 equal to GKD; and, they are alternate angles; therefore 


2 parallel b to CD. "Wherefore ſtrai ght lines, &c. Q. 


B 


F 


PROP. XXXI. PROB. 


6 hy draw a ftraight line through a given point 
parallel to a given ſtraight line. 


* 


Let A be the given point, and BC the given ſtraight itie ; 


it is required to draw a 


ftraight line through the E —— F 
point A, parallel to the 
ſtraight line BC. 

In BC take any point 5 D s 7 


D, and join AD; and at 
the point A, in the ſtraight line AD make a the angle DAE 
equal to the angle ADC; and produce the ſtraight line EA 
to F. 

Becauſe the ſtraight line AD, which meets the two ſtraight 


lines BC, EF, makes the alternate angles EAD, ADC equal 
27+ f. to one another, EF is parallel b to BC. Therefore the ſtraight 
5 | lane 


2 


a =5 


line E 


given! 


F a 
an, 
angles 
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line EAF i drawn chrough the given point A parallel to the Book I. 
given ſtraight line BC. hich was to be done. W han 


PROP. XXXII. THE OR. 


be lt F a ſide of any triangle be produced, the exterior 

angle is equal to the two interior and oppoſite 

ecauſe angles; and the three interior angles of every tri- 
angle are equal to two right angles. 


Let ABC be a triangle, and let one of its ſides BC be pro- 
duced to D; the exterior angle ACD is equal to the two in- 
terior and oppoſite angles CAB, ABC and the three interior 
angles of the triangle, viz. ABC, BCA, CAB, are together 
qual to two right angles. 

Through the point C | 
draw CE parallel a to A 
he firaight line AB; 
ind becauſe AB is pa- 
allel to CE and AC 
eets them, the al- | 
ernate angles. BAC, B C JD 
ACE are equalb. Again, becauſe AB is parallel to CE, and b 29. x. 
D falls upon them, the exterior angle ECD is equal to the 
nterior and oppofite angle ABC; but the angle ACE was 
hown to be equal to the an le BAC; therefore the whole ex- 
erior angle ACD is equ 75 the two interior and oppoſite 
ngles CAB, ABC; to theſe angles add the angle ACB, and 
he angles ACD, ACB are equal to the three angles CBA, 
AC, "ACB; but the angles ACD, AC; are equal to two c 13 x, 
ight angles; therefore alſo the angles CBA, BAC, ACB are 
qual 2 2 two right angles. Wherefore, if a fide of a triangle, 
E. D. 

Ges! I. All the interior angles D 

any rectilineal figure, together 
th four right angles, are equal 
twice as many right angles as C 
E figure has ſides. K E F 

For any rectilineal figure 
BCDE can be divided into as 
any triangles as the figure has 
les, by drawing ſtraight lines 
om a point F within the figure ' A 5 

each of its angles. _ by the preceding propoſition, 
all 


\ 


34 


Book I. all the angles of theſe triangles are equal to twice as many 


a 2. Cor, 


18. f. 


b r3. 1. 


a 29. 1. 
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right angles as there are triangles, that is, as there are ſides d 
the figure; and the ſame angles are equal to the angles 0 
the figure together with the angles at the point F, which i 
the common vertex of the triangles : that 1s a, together with 
four right angles. Therefore all the angles of the figure, tc 
gether with four right angles, are equal to twice as many right 
angles as the figure has ſides. | 2 
Cor. 2. All the exterior angles of any rectilineal figure are 
together equal to four right angles. 
ecauſe every in- 
terior angle ABC, 
with its adjacent ex- 
terior ABD, is equal b 
to two right angles; 
therefore all the inte- 
rior, together with all 
the exterior angles of 
the figure, are equal 
to twice as many right D B D 
angles as there are | 
fades of the figure; / 
that is by the forego- 


ing corollary, they are equal to all the interior angles of th 


figure, together with four right angles; therefore all the ex 
terior angles are equal to four right angles. 


PROP. XXXIII. THEOR. 


2 ſtraight lines which join the extremities 0 

two equal and parallel ſtraight lines, toward 
” = parts, are allo themſelves equal and pa 
rallel. 


Let AB, CD be equal and A. B 


parallel ſtraight lines, and joined \ 


towards the ſame parts. by the 
ſtraight lines AC, BD; AC, BD 
are alſo equal and parallel. ; 
Join BC; and becauſe AB is bow 
parallel to CD, and BC meets x 
them, the alternate angles ABC, BCD. are equal; and bt 
| 4 


cauſe 

angles 
two D 
theref 
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poſite 
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to one 
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cauſe AB is to CD, and BC common to the two tri- Book I. 
angles ABC, DC, the two ſides AB, BC are equal to the 
two DC, CB; and the angle ABC is equal to the angle BCD; 
therefore the baſe AC is equalÞ to the baſe BD, and the tri- 
angle ABC to the triangle BCD, and the other angles to the 
other angles b, each to each, to which the equal ſides are op- 
poſite; therefore the angle ACB is equal to the angle CBD; 
and becauſe the ſtraight line BC meets the two ſtraight lines 
AC, BD, and makes the alternate angles ACB, CBD equal 
to one another, AC is parallel e to BD; and it was ſhewn to 
be equal to it. Therefore, ſtraight lines, &c. Q. E. D. 


b 4. 1. 


e 27. 1. 


PR O P. XXXIV. THE OR. 


F oppoſite ſides and angles of parallelograms 
are equal to one another, and the diameter 
biſects them, that is, divides them in two equal 
parts, 


N. B. A parallelogram is a four fided figure, of | 
which the oppoſite fides are parallel; and the diame- | 
ter is the ſtraight line ' Joining two of its oppoſite 
angles. | 


Let ACDB be a parallelogram, of which BC is a diame- 
ter; the oppoſite ſides and angles of the figure are equal to 
one another; and the diameter BC biſects tt. 

Becauſe AB is parallel to CD, 
and BC meets them, the adn 
nate angles ABC, BCD are e- 

ual a to one another; and be- 
cauſe AC is parallel ro BD, and 
BC meets them, the alternate C | D 
angles ACB, CBD are equal a 
to one r ; Wherefore the two triangles ABC, CBD 
havetwo an ABC, BCA in one, equal to two angles 
BCD, CBD in the har each to each, and one ſide BC com- 
mon to the two triangles, which is adjacent to their equal 
2 angles; 


| B „ I. angles; therefore their other ſides ſhall be equal, each to 


b 26. 1. 


C 4.1. 


See the 2d 
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each, and the third angle of the one to the third angle of the- 
other b, vg. the fide AB to the fide CD, and AC to BD, 
and the angle BAC equal to the angle BDC: And becauſe 
the angle ABC is. equal to the angle BCD, and the angle 
CBD to the angle ACB, the whole angle ABD is equal to 
the whole angle ACD: And the angle BAC has been 
ſhown to be equal to the angle BDC ; therefore the oppoſite 
ſides and angles of parallelograms are equal to one another: 
alſo, their diameter biſects them; for AB being equal to CD, 
and BC common, the two AB, BC are equal to the two DC, 
CB, each to each; and the angle ABC is equal to the angle 
BCD; therefore the triangle ABC is equal © to the triangle 
BCD, and the diameter BC divides the parallelogram ACDE 


into two equal parts. Q. E. D. 


PROP. XXXV. THE OR. 
ARALLELOGRAMS upon the ſame baſe and be- 


tween the ſame parallels, are equal to one a- 
nother, 


Let the parallelograms ABCD, EBCF be upon the ſame 


r BC, and between the ſame parallels AF, BC; the pa- 


gures. 


a 34. I. 


4 ABCD {ſhall be equal to the parallelogram 
CF. | 

If the ſides AD, DF of the A D | 1 
parallelograms ABCD, DBCF / 
oppoſite to the baſe BC be ter- 
minated in the fame point D; 
it is plain that. each of the pa- 
rallelograms is double à of the 'B 8 
triangle BDC; and they are 
therefore equal to one. another. 


But, if the fides AD, EF, oppoſite to the baſe BC of the 


parallelograms ABCD, EBCF, be not terminated in the 
{ame p.int ; then, becauſe ABCD is a parallelo „AD is 


gram 
equal a to BC; for the ſame reaſon EF is equal to BC. where- 

b 1. A. fore AD is equal b to EF; and DE is common; therefore. 
2 ** the whole, or the remainder, AE is equal e to the whole, or 
| = 


ach to 
of the- 
J BD, 
ecauſe 
angle 
ual to 
; been 
»poſite 
other: 
o CD, 
DC, 
angle 
1angle 


CB 
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the remainder DF; AB alſo is equal to DC; and the two Book . 


EA, AB are therefore equal to the two FD, DC, each to 

each; and the exterior angle FDC is equal d to the interior d 19. 1. 
EAB, therefore the baſe EB is equa! to the baſe FC, and the 
triangle EAB equal e to the triangle FDC; take the tri- e 4. 1. 
angle FDC from the trapezium A.BCF, and from the fame 
trapezium take the triangle EAB ; the remainders therefore 

are equal f, that is, the parallelogram ABCD is equal to the 3. Ax. 
parallelo EBCF. Therefore, parallelograms upon the 

ſame baſe, &c. Q. E. D. | 


PROP. XXXVI THE OK. 


ARALLELOGRAMS upon equal baſes, and be- 
tween the ſame parallels, are equal to one ano- 
ther. 


Let ABCD, EFGH A D FE. 11 
be parallelograms upon | 

equal baſes BC, FG, 
and between the ſame 
parallels AH, BG; the 
parallelogram ABCD 
is equal to EFGH. 


Join BE, CH; and B 1 6 


becauſe BC is equal to FG, and FG toa EH, BC is equal to a 34. 1. 
EH; and they are parallels, and joined towards the ſame 
parts by the ſtraight lines BE, CH: But ſtraight lines which 
join equal and parallei ſtraight lines towards the fame parts, 
are themſelves equal and p:rallel » ; therefore EB, CH are b 33. 1. 
both equal and parallel, nd 1-BCH is a parallelogram; and 
it is equal e to ABC D, bec ae it is upon the fame baſe BC, c 35. 1. 

D 3 5 and 


35 
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and between the ſame parallels BC, AD : For the like rea. 
ſon, the parallelogram EFGH is equal to the fame EBCH : 
Therefore alſo the parallelogram ABCD is equal to EFGH,. 


Wherefore parallelograms, &c. Q. E. D. 


PROP. XXXVII. THE OR. 


"P BravorEs upon the ſame baſe, and between 
1 the ſame parallels, are equal to one another. 


Let the triangles ABC, DBC be upon the ſame baſe BC 
and between the ſame paral- I 1 
lels AD, BC : The triangle T 3 
ABC is equal to the tri- 
angle DBC. | 
Produce AD both ways 
to the points E, F, and 
through B draw = BE pa- B 3 
rallel to CA; and through 
C draw CF parallel to BD : Therefore, each of the figures 


' EBCA, DBCF is a parallelogram ; and EBCA is equal b to 


DBCF, becauſe they are upon the ſame baſe BC, and be- 
tween the ſame parallels BC, EF; and the triangle ABC is 
the half of the parallelogram EBCA, becauſe the diameter 
AB biſects e it; and the triangle DBC is the half of the paral- 
lelogram DBCE, becauſe the diameter DC biſects it: But the 
halves of equal things are equal d; therefore the triangle 
ABC is equal to the triangle DBC. Wherefore triangles, 
&c. Q. E. D. 


PROP. XXXVIII. THE OR. 


RIAN ILESs upon equal baſes, and between the 
L fame parallels, are equal to one another. 


Let the triangles ABC, DEF be upon equal baſes BC, 
EF, and between the ſame parallels BF, AD : The triangle 
ABC is equal to the triangle DEF. | 


Produce 


ke rea. 
EBCH: 
EF GH. 


tween 
ther. 


aſe BC 


figures 
ual b to 
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rallel to ED: Then g A D H 
each of the figures 

GBCA, DEFH is 
a parallelogram ; and 
they are equal to b 
one another, be- 
cauſe they are upon 
equal baſes BC, EF, B C E 1 

and between the ſame parallels BF, GH; and the triangle 


ABC is the half of the parallelogram GBC A, becauſe the 5+ *: 


diameter AB biſeQs it; and the triangle DEF is the half c of 
the parallelogram DEFH, becauſe the diameter DF biſects 


it : But the halves of equal things are equal d 4 therefore the . Ax. 


triangle ABC is equal to the triangle DEF. Wherefore 
triangles, &c. Q. E. D. 


PRO P. XXIX. THEO. 


QUAL triangles upon the ſame baſe, and up- 
on the ſame fide of it, are between the ſame 
parallels. 


Let the equal triangles ABC, DBC be upon the ſame baſe 
BC, and upon the ſame fide of it; they are bet een the ſame 
parallels. _ - wy 

Join AD; AD is parallel to BC ; for, if it is not, through 
the point A draw = AE 


on the ſame baſe BC, and between \ D 
the ſame parallels BC, AE : But the = | 
triangle ABC is equal to the triangle 
BDC; therefore alſo the triangle 
BDC is equal to the triangle EBC, 
the greater to the leſs, which is im- 
poſſible : Therefore AE is not paral- | 
lel to BC. In the ſame manner, it B C 
can be demonſtrated that no other line but AD is parallel to 
BC , AD 1s therefore parallel to it. Wherefore equal tri- 
angles upon, &c, E.. 

F Sh 2 D 4 PROP. 


1 Book I. 
Produce AD bcth ways to the points G, H, and through 
B draw BG parallel = to CA, and through F draw FH 1a- a i. x, 


b 36. 1. 


to BC, and join EC: The 31. 1. 
triangle ABC is equal b to the triangle EBC, becauſe it is up- b 37. x. 


Book L 


a 31. 1. 


b 38. 1. 
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Lor een. 


* 


UAL triangles upon equal baſes, in the ſame 


; N 7 * line, and towards the ſame parts, are 


between the ſame parallels. 


BC, EF, in the ſame 


Let the equal triangles ABC, 8 be upon equal baſes 
D 


ſtraight line BF, and to- 
wards the ſame parts; 
they are between the 
ſame parallels. 


Join AD; 
rallel to BC : For, if it B 


AD is pa- 


is not, through A draw a 


AG parallel to BF, and join GF. The triangle ABC is 
equal b to the the triangle GEF, becauſe they are upon equal 
baſes BC, EF, and between the fame parallels BF, AG: But 
the triangle ABC is equal to the triangle DEF ; therefore 
alſo the triangle DEF is equal to the triangle GEF, the great- 


er to the leſs, which is impoſſible: 


oP F 


Therefore AG is not pa- 


rallel to BF : And in the ſame manner it can be demonſtra- 


ted that there 1s no other 


parallel to it but AD; AD is 


therefore parallel to BF. Wherefore equal triangles, &c, 


Q. E. D. 


F a parallelogram and a triangle be upon the ſame 
baſe, and between the ſame parallels; the pa- 


KRAFT. 


HE OR. 


rallelogram ſhall be double of the triangle. 


Let the parallelogra 


m ABCD and the triangle EBC be 


upon the ſame baſe "BC, and between the ſame parallels BC, 


1 


2 


AE; t 
double 
Join 
ABC 
EBC, 
ſame b 
ſame 
0 
of the 
diamet 


ABCI 
paralle 
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F 


BC is 
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AE ; the parallelogram ABCD 1s 
double of the triangle EBC. 

Jom AC; then the triangle 
ABC is equal to the triangle 
EBC, becauſe they are upon the 
ſame baſe BC, and between the 
ſame parallels BC, AE. But the 
parallelogram ABCD is double b 
of the triangle ABC, becauſe the B C 
diameter AC divides it into two equal parts; wherefore 
ABCD is alſo double of the triangle EBC. . Therefore, if a 
parallelogram, &c. Q. E. D. 


ren., P'RDEB. 


O deſcribe a parallelogram that ſhall be equal 


to a given triangle, and have one of its angles 
equal to a given rectilineal angle, 


Let ABC be the given triangle, and D the given rectili- 
neal angle. It is required to deſeribe a parallelogram that 
ſhall be equal to the given triangle ABC, and have one of 
its angles equal to D. 

Biſect a BC in E, join AE, and at the point E in the 
ſtraight line EC make b the angle CEF equal to D; and 
through A draw e AG parallel to EC, and through C draw 
CGe parallel to EF: There- | 
fore FECG is a parallelo- .\. I G 
gram : And becauſe BE is 
equal to. EC, the triangle 
ABE is likewiſe equal d to * 
the triangle AEC, ſince 
they are upon equal baſes 
BE, EC, and between the D 
ſame parallels BC, AG; . 0 | 
therefore the triangle ABU 1 
is double of the triangle AEC. And the parallelogram FECG 
is likewiſe double e of the triangle AEC, becauſe it is up- 
on the ſame baſe, and between the ſame parallels: Therefore 
the parallelogram FEC G is equal to the triangle ABC, and 
it has one of its angles CEF equal to the given angle D: 

Wherefore 


a 37. I. 


a 10. I. 
b 23. 1. 
e 31. 1. 


d 38. 1. 


e 41. 1. 
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Wherefore there has been deſcribed a parallelogram FECG 


equal to a given triangle ABC, having one of it angles CEF 
equal to the given angle D. Which was to be done. 


PROP. XLII. THE OR. 


HE complements of the parallelograms which Lei 
are about the diameter of any parallelogram, angle 
are equal to one another. | apply 


Let ABCD be a parallelogram, of which the diameter is Ma 
AC ; let EH, FG the KD, about . that is, thro' 


which AC paſſes, and BK, KD D 

the other parallelograms which 

make up the whole figure l K | 6 
ABCD, which are therefore BY 


called the complements : The 
complement BK is equal to the 
complement KD. | 

Becauſe ABCD is a Py | 
lelogram, and AC its diameter, | 
the triangle ABC is equal ® to B 2 C and h 
the triangle ADC: And, becauſe EKHA is a parallelogram, WW be in 
the diameter of which 1s AK, the triangle AEK is equal to and t 
the triangle AHK: For the fame reaſon, the triangle KGG HB. 
is equal to the triangle KFC. Then, becauſe the triangle W rallel: 
AEK is equal to the triangle AHK, and the triangle KGC to tw 
to KFC; the triangle AEK, together with the triangle KGC IW are le 
is equal to the triangle AHK together with the triangle KFC: anoth 
But the whole triangle ABC is equal to the whole ADC; fide 
therefore the remaining complement BK is equal to the re- enovg 

complement KD. Wherefore the eomplements, &c. MW them 


Q. E. Q. E. B. FH,: 
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PROP. XIV. PROB. ng 


O a given ſtraight line to apply a parallelo- 
£ which ſhall be equal to a given triangle, 
and have one of its angles equal to a given recti- 
lineal angle. 


Let AB be the given ſtraight line, and C the given tri- 
angle, and D the given rectilineal angle. It is required to 
apply to the ſtraight line AB a parallelogram equal to the 
triangle C, and having an * equal to D. 


Make a the parallelogram BEFG equal to the triangle C, 4 42. r. 
| F 3 K 
G | N 
1 
Ne IEC EL EQIT 


and having the angle EBG equal to the angle D, fo that BE 
be in the ſame ſtraight line with AB, and produce FG to H; 
and through A draw Þ AH parallel to BG or EF, and join b 31. 1. 
HB. Then becauſe the ſtraight line HF falls upon the pa- 
rallels AH, EF, the angles AHF, HFE, are together equal © © 79 7+ 
to two right angles; wherefore the angles BHF, HFE 
are leſs than two right angles: But ſtraight lines which with 
another ſtraight line make the interior angles upon the ſame 
fide leſs than two right angles, do meet if produced far 
enough : Therefore HB, FE ſhall meet, if produced ; let 
them meet in K, and through K draw KL parallel to EA or 
FH, and produce HA, GB to the points L, M: Then HLKF 
is a parallelogram, of which the diameter is HK, and AG, 
ME are the parallelograms about HK ; and LB, BF are the 
complements ; therefore LB is equal d to BF: But BF is e- d 43. 1. 
qual to the triangle C; wherefore LB is equal to the triangle 
C; and e the angle GBE is equal e to the angle © 25. 1. 
ABM, and likewiſe to the angle D; the angle ABM 
is equal to the angle D: Therefore the F 
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a 42. 1. 


b 44. I» 


C 29.1, 


4 14. 1. 
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LB is applied to the ſtraight line AB, is equal to the triangle 
C, and has the angle ABM equaito the angle D: Which 
was to be done. 


PROP. XLV. PROB. 


O deſcribe a parallelogram equal to a given 
rectilineal figure, and having an angle equal 
to a given rectilineal angle. 


Let ABCD be the given rectilineal figure, and E the gi. 
ven rectilineal angle. It is required to deſcribe a parallelo- 
gram equal to ABCD, and having an angle equal to E. o apply 

Join DB, and deſcribe a the parallelogram FH equal to thek. given 
triangle ADB, and having the angle HKF equal to the angle Hineal fi 
E; and to the ſtraight line GH b apply the parallelogram 
GM equal to the triangle DBC, having the angle GHM e- 
qual to the angle E. And becauſe the angle E is equal to 
each of the angles FKH, GHM, the angle FKH is equal to 
GHM.:; add to each of theſe the angle KHG; therefore the 
angles FRH, KHG are equal to the angles KHG, GHM,; 
but FKH, KHG are equal c to two right angles; there- 


D 283 L IOS 
2 


A. =” H M 


fore alſo KHG, GHM are equal to two right angles: and be- 
cauſe at the point H in the ſtraight line GH, the two ſtraight 
lines KH, HM, upon the oppoſite ſides of GH, make the adjacent 
angles equal to two right angles, KH is in the ſame {ſtraight 
line d with HM. And becauſe the ſtraight line HG meets the 
parallels KM, FG, the alternate angles MHG, HCF are e- 
qual ©; add to each of theſe the angle HGL; therefare 
the angles MHG, HGL, are equal to the angles HGF, _s * | 

ut 


4 ngle EC 


iples ; 
herefor 


ow the 
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But the angles MHG, HGL are equal © to two right angles; 
herefore alſo the angles HGF, HGL are equal to two right 
angles, and FG is therefore in the ſame ſtraight line with 

k. And becauſe KF is parallel to HG, and HG to ML, 
KF is parallel e to ML; but KM, FL are parallels; where- 
fore KFLM is a parallelogram. And becauſe the triangle 
ABD is equal to the parallelogram HF, and the triangle DBC 
o the parallelogram GM, the whole rectilineal figure 
\ BCD is equal to the whole parallelogram KFLM ; there- 
ore the parallelo KFLM has been deſcribed equal to the 
given rectilineal figure ABCD, having the angle FKM equal 


the gi. No the given angle E. Which was to be done. 

arallelo- Cor. From this it is manifeſt how to a given ſtraight line 
E. o apply a parallelogram, which ſhall have an angle equal to 
u to thei. given rectilineal angle, and ſhall be equal to a given recti- 
1e angle {Mineal figure, viz. by applying Þ to the given firaight line a 
elogram Wparallelogram equal to the firit triangle ABD, and having an 
HM e- ngle equal to the given angle. 

qual to 


PROP. XLVI. PRO B. 


O deſcribe a ſquare upon a given ſtraight line. 


Let AB be the given ſtraight line; it is required to de- 
cribe a ſquare upon AB. 
From the point A draw = AC at right angles to AB; and 
ake b AD equal to AB, and through the point D draw 
DE parallel e to AB, and through B draw BE parallel to 
D; therefore ADEB is a parallelogram : Whence AB is 
qual d to DE, and AD to BE: But C 
BA is equal to AD; therefore the 
our ſtraight lines BA, AD, DE, EB | 
re equal to one another, and the pa- E 
allelogram ADEB is equilateral : 
t is hkewiſe rectangular; for the 
raight line AD meeting the pa- 
allels AB, DE, makes the angles 
AD, ADE equal © to two right 
igles; but BAD is a right angle; 


and be- 
ſtraight 
adjacent 
ſtraight 
1eets the 
are e- 
herefore 
„HGL: 
But 


ow the oppoſite angles of parallelo- 


herefore alſo ADE is a right angle; A B 
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d 34. 1. 
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BookT. grams are equal d; therefore each of the oppoſite angles 
ARE, BED is a right angle; wherefore the figure ADER 
is rectangular, and it has been demonſtrated that it is equila- 
teral ; it is therefore a ſquare, and it is deſcribed upon the gi. 
ven ſtraight line AB: Which was to be done. 
Cor. Hence every parallelogram that has one right angle 
has all its angles right angles. a 


PROP. XLVII. THE OR. 


N any right angled triangle, the ſquare which is 

deſcribed upon the ſide ſubtending the right an- 

gle, is equal to the ſquares deſcribed upon the ſides 
which contain the right angle. 


Let ABC be a right angled triangle having the right angle 
BAC; the ſquare deſcribed upon the fide BC is equal to the 
ſquares deſcribed upon BA, AC. 

On BC deſcribe à the ſquare BDEC, and on BA, AC the 
ſquares GB, HC ; and through A draw b AL parallel to BD 
or CE, and join AD, FC; then, becauſe each of the angles 
BAC, BAG is a right 
c 30. def. angle e, the two ſtraight 

lines AC, AG upon the 

oppoſite fides of AB, 

make with 1t at the point 

A the adjacent angles e- 

qual to two right angles; 

therefore CA is in the 

ſame ſtraight line d with 

AG ; for the ſame reaſon, 

AB and AH are in the 

ſame ſtraight line; and be- 

cauſe che angle DBC is e- 

qual to the angle FBA, | 

each of them being a — — 
right angle, add to each D L | 

e 2. Ax, the angle ABC, and the whole angle DBA is equal e to tlic 

whole FBC; and becauſe the two ſides AB, BD are equal to 

the two FB, BC, each to each, and the angle DBA equal Fs 

| e 


a 46. 1, 
b 31. 1. 


d 14. 1. 


F. 
ti 


* the c 


theſe 


If | 
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BA, 

Fre 
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equal 
fore, t 


ich is 
ht an- 
e ſides 


OF GEOMETRY. 


47 


the angle FBC; therefore the baſe AD is equal f to the baſe Book I. 


FC, and the triangle ABD to the triangle FBC : Now the 
parallelogram 3L is double g of the triangle A BD, becauſe 
they are upon the ſame baſe BD, and between the ſame pa- 
rallels, BD, AL; and the ſquare GB is double of the tri- 
ang e FBC, becauſe theſe alſo are upon the ſame baſe FB, and 
between the ſame parallels FB, GC. But the doubles of e- 
quals are equal h to one another; therefore the parallelogram 
BL is eq al to the ſquare GB: And, in the ſame manner, by 
joining AE, BK, it is demonſtrated that the parallelogram 
CL is equal to the ſquare HC. Therefore the whole ſquare 
BDEC is equal to the two ſquares GB, HC; and the 
ſquare BDEC is deſcribed upon the ſtraight line BC, and the 
ſquares GB, HC upon BA, AC: Wherefore the ſquare upon 
the fide BC is equal to the ſquares upon the fides BA, AC. 
Therefore, in any right angled triangle, &c. Q. E. D. 


PROP. XLVIII. THE OR. 


F the ſquare deſcribed upon one of the ſides of a 
triangle, be equal to the ſquares deſcribed upon 


the other two fides of it; the angle contained by 


theſe two ſides is a right angle. 


If the ſquare deſcribed upon BC, one of the ſides of the 
triangle ABC, be equal to the ſquares upon the other fides 
BA, AC, the angle BAC is a right angle. 

From the point A draw * AD at right angles to AC, and 
make AD equal to BA, and join DC : Then, becauſe DA. 1s 
equal to AB, the ſquare of DA is equal D 
to the ſquare of AB: To each of theſe 
add-the ſquare of AC; therefore the 
ſquares of DA, AC, are equal to the 
{quares of BA, AC: But the ſquare of 
DC is equal b to the ſquares of DA, 
AC, becauſe DAC is a right angle; 
and the ſquare of BC, by hypotheſis, is 
equal to the ſquares of BA, AC; there- B 0 


fore, the ſ f DC is equal z and 
ore, the ſquare o in eqn to the ſquare of * H 


4. 
3 K. 1. 


h 6 Ax, 


4 11. I. 


b 47. 1. 


— 9 — — — —— — 
= a- - — 
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Book I. therefore alſo the fide DC is equal to the fide BC. And be- 
cauſe the fide DA. 1s equal to AB, and AC common to the 
two triangles DAC, BAC, and the baſe DC likewiſe equal 

e8. 1. to the baſe BC, the angle DAC is equal c to the angle 
BAC: But DAC is a right angle; therefore alſo BAC is 
a right angle. Therefore, if the ſquare, &c. Q. E. D. 
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BOOK II. 
LE 3 
DEFINITIONS. 

4 1. 


VERY right angled parallelogram, or retangle, is ſaid to 
be contained by any two of the ſtraight lines which con- 
ain one of the right angles. 


4 II. 

n every parallelogram, any of the an about 2 
diameter, together with the A E D 
two complements, is cal- | * 
led a Gnomon. Thus ; 
* the parallelogram HG, 


* together with the com- 
* plements AF, FC, is 
the gnomon, which is H. | K 
more briefly expreſſed | | 
by the letters AGK, or — 8 
„EHC, which are at tte B 6 5 


. « oppoſite angles of the parallelograms which make che 
gnomon. 
E PROP. 


| 
f 
* 
I 
1 


1. make BG equal b to A; and G 3. 


ELEMENTS 


PROP. Il THEOR. 


I there be two ſtraight lines, one of which is di. 
vided into any number of parts; the rectangle 
contained by the two ſtraight lines, is equal to the 
reQangles contained by the undivided line, and the 
ſeveral parts of the divided line. 


Let A and BC be two ſtraight lmes ; and let BC he di. 
vided into any parts in the points D, E; the rectangle con. 


tained by the ſtraight lines A, BC is equal to the rectangle A 15 C 
contained by A, BD, toge- | z an 
ther with that contained by B D EK L B: th 
A, DE, and that contained der witl 
by A, EC. there! 


From the point B draw a 
BF at right angles to BC, and 


through G draw © GH paral- 
lel to BC; and through D, _ 4 

E, C, draw e DK, EL, CH F A 

parallel to BG; then the rectangle BH is equal to the rect. 
angles BK, DL, EH; and BH is contained by A, BC, for 
it is contained by GB, BC, and GB is equal to A; and BK 
is contained by A, BD, for it is contained by GB, BD, of 
which GB 1s equal to A; and DL is contained by A, DE, 
becauſe DK, that is, 4 BG, is equal to A; and in like man- 
ner the rectangle EH is contained by A, EC: Therefore the 
rectangle contained by A, BC is equal to the ſeveral rec 
angles contained by A, BD, and by A, DE, and alſo by 
A, EC. Therefore, if there be two ſtraight lines, &c. 


PROP. H. THE OR. 


F a ſtraight line be divided into any two parts, 
| the rectangles contained by the whole and each 
of the parts, are together equal to the ſquare of the 
whole line, | ID 
pron le cont 
N 


Let 


h ht line AB be divided into any two Book II. 
Let the ſtraig e ivided 1 y parts in 


e point C; the rectangle contained 8 5 

1 is di AB, BC, together with the rect- — 

1 1s dee AB, AC, ſhall be equal to | 

angle ſquare of AB. 

to the Upon AB deſcribe à the ſquare a 46. 1. 

nd the DEB, and through C draw b CF, | b 31. 1. 
arallel to AD or BE : then AE is 
ual to the rectangles AF, CE; and | 

be di. is the ſquare of AB; and AF w- 1 

zle con. che rectangle contained by BA, AG; 

ectangle 


or it is contained by DA, AC, of which AD is equal to 
B; and CE is contained by AB, BC, for BE is equal to 
B: therefore the rectan Wy contained by AB, AC toge- 
der with the rectangle AB, BC, is equal to * ſquare of AB. 0 
therefore a ſtraight line, Kc. Q. E. Þ. : | 


ö 
' 
| 
| 


"PROP. III. T H E OR. 


F a ſtraight line be divided into any two parts, 

the rectangle contained by the whole and one 
the parts, is equal to the rectangle contained by 
je two parts, together with the ſquare of the fore- 
id part. . | | 


he rect- 
BC, for 
and BR 


BD, of Let the ſtraight line AB be divided into two parts in the 
A, DE, int C; the reftangle AB, BC is equal to the redangle AC, 
ve man- B, 3, together with the fquare of BC. 
fore the Upon BC deſcribe 2 the a 46. 1. 
al rect. Nuare CDEB, and produce A B 
alſo by D to F, and through A | 


nes, &c. Maw b AF parallel to CD b 3t. 1. 
BE; then the rectangle 
Eis equal to the rectangles 
D, CE. Now AE is the 
angle contained by AB, 
| for it is contained b | — 

egen. , BE, of which BE A F 1 
d Es al to BC; and AD is contained by AC, CB, for CD is 
of the an I equal 

N. B. To avoid repeating the word contained too frequently, the rect- 


Let le contained by two ſtraight lines AB, AC is ſometimes ſiinply called the 
angie AB, AC. 


$3 ELEMENTS 
Book II equal to CB; and DB is the ſquare of BC: therefore th 


—v— rectangle AB. BC is equal to the rectangle AC, CB togethelii 88 
5 6. G 


uare O1 
quares 

Vherefc 
Cos. 
allelogr 
Juares. 


with the ſquare of BC. If tierefore a ſtraight, &c. Q. 


PROP. IV. THE OR. 


F a ſtraight line be divided into any two part 
| the ſquare of the whole line is equal to th 
ſquares of the two parts, together with twice the 
rectangle contained by the parts. 3 


1 7 CF al 
Let the ſtraight line AB be divided into any two parts i anc 
C; the ſquare of AB is equal to the ſquares of AC, CB, aaW,ntair 
to twice the rectangle contained by AC, CB. uare 
2 46.1. Upon AB deſcribe a the ſquare ADEB, and join BD, ani k Ut 
b 31. 1 through C draw b CGF parallel to AD or BE, and througęff Aua 
G draw HK parallel to AB or DE. And becauſe CF is pa "Ye 
rallel to AD, and BD falls upon them, the exterior ang, bc 
c 29.1. BG is equal © to the interior and oppoſite angle ADB; bu Ar 
d 5 1. ADB is equal d to the angle ABD, becauſe BA is equal EIS 


AD, being fides of a ſquare ; wherefore the angle CGB | 
e 6. 1. equal to the angle GBC; and therefore the fide BC is equal: 
f 34- 1. to the fide CG: but CB is equal f Pg 0 5 
alſo to GK, and CG to BK; where- C 
fore the figure CGKB is equilater- | 
al. It 1s Fikewiſe rectangular; for " 
the angle CBK being a right angle, FS TI. 
the other angles of the parallelo- 
g Cor. 46.1, gram CGKg are alſo right angles sz. 5 
Wherefore CGK is a ſquare, and 
it is upon che ſide CB. For the 5 — 
ſame reaſon HF alſo is a ſquare, 5 ; 
and 1t 15 upon the fide HG, which is equal to AC; there 
fore HF, CK are the ſquares of AC, CB. And becauſe th! 
h 43. 1. complement AG is equalh to the complement GE, an 
becauſe AG is the rectangle contained by AC, CG, tha 
is, by AC, CB; GE is alſo equal to the rectangle AC, CB 
wherefore AG, GE are equal to twice the rectangle AC 
CB. And HF, CK are the ſquares of AC, CB; wherefore the 
four figures HF, CK, AG, GE are equal to the ſquares , 


OF GEOMETRY. 53 
c, CB, and to twice the rectangle AC, CB: But HF, CK, Book IL 
togethal G, GE make up the whole . AD EB, which is the 
| uare of AB: Therefore the ſquare of AB is equal to the 
quares of AC, CB, and twice the rectangle AC, CB. 
Vherefore if a ſlraight line, &c. Q E. D. 
Cos. From the demonſtration, it is manifeſt that the pa- 


allelograms about the diameter of a ſquare are likewiſe 
quaress 


PFEOP v. THEOR. 


F a ſtraight line be divided into two equal parts, 
and allo into two unequal parts; the reQangle 
ontained by the unequal parts, together with the 
quare of the line between the points of ſection, 1s 


—_ qual to the ſquare of half the line. 
7a 1 Let the ſtraight line AB be divided into two equal parts in 
5 e point C, and into two unequal parts at the point D; the 


ectangle AD, DB, together with the ſquare of CD, is equal 

o the ſquare of CB. | | 

is eu Upon CB deſcribe à the ſquare CEFB, join BE, and 2 46-1. | 
* hrough D draw b I HG parallel to CE or BF; and through b 31. 1. | 
draw KLM parallel to CB or EF; and alſo through A | 

iraw AK parallel to CL or BM: And becauſe the comple- 

ent CH is equal © to the complement HF, to each of theſe c 43: 1- 

add DM; therefore the whole CM is equal to the whole DF; 


but CM 1s equal 4 to AL, d 36. I. 
| {Wccauſe AC is equal to A © RS: | Ss | 
B; therefore alſo AL is | | 
. qual to DF. To each of {| a M 
Theſe add CH, and the H 
ich hole AH is equal to DF 
WE and CH: but AH is the | | 
le "Wectangle contained by AD, 1 | | 
8 * DB, for DH is equal e to e Cor 4. 2. | 
yy A DB; and DF together with CH is the gnomon CMG; 
1 as erefore the gnomon CMG is equal to the rectangle AD, 
gle Ag. To cach of theſe add LG, which is e ual e to the | 
retore th ſquare of CD; therefore the gnomon CMG, together with 
Bang LG, is equal to the rectangle AD, DB, together with the 


E 3 ſquare 
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ſquare of CD: But the gnomon CMG and LG make y 


the whole figure CEFB, which is the ſquare of CB : There. 


fore the rectangle AD, DB, together with the ſquare of CDF 
is equal to the ſquare of CB. Wherefore, it a ſtraight line 


&c. Q. E. D. 

From this propoſition it is manifeſt, that the difference 0 
the ſquares of two unequal lines AC, CD, is equal to th 
rectangle contained by their ſam and difference. 


P NOT. VL. 1 8,0: 


IF a ſtraight line be biſected, and produced to any 

point; the rectangle contained by the whole 
line thus produced, and the part of it produced, to. 
gether with the ſquare of half the line biſeRed, iz 
equal to the ſquare of the ftraight line which i; 
made up of the half and the part produced. 


Let the ſtraight line AB be biſected in C, and produced to 
the point D; the rectangle AD, DB, together with the 
ſquare of CB, is equal to the ſquare of CD. | 

Upon CD deſcribe a the ſquare CEFD, join DE, and 
through B draw b BHG parallel to CE or DF, and through 
H draw KLM parallel to AD or EF, and alſo through A 
draw AK parallel to CL or DM : and becauſe AC is equal 


to CB, the rectangle AL A G 8 
is equal e to CH; but | ND Sb: 

CH is equal d to HF; S 5 

therefore alſo AL is equal R 1, 2 H IM 


to HF: To each of theſe 
add CM; therefore the 
whole AM is equal to 
the gnomon CMG. Now 
AM is the red angle con- 1E G F 
tained by AD, DB, for DM is equal e to DB: therefore 
the gnomon CMC is equal to the rectangle AD, DB; add 
to each of tneſe LG, which is equal to the ſquare of CB, 


therefore the rectangle 2D, DB, together with the ſquare of 


CB, is equal to the gnomon CMG, together with LG : But the 
gnomon CMG together with LG makes up the whole figure 
ps , 8 r : CE D, 

2 


A 


erefore 
erefore 


K: Bu 
\KF tog 


erefore 
er with 
AK. ] 
C is all 


uare of 
uares ( 
K, whit 
uares o 
, tog 


aight I 


— 


4 EFD, which is the ſquare of CD; therefore the rectangle Book It. 
of CHD, DB, together with the ſquare of CB, is equal ro the TY 
ht line Hare of CD. Wherefore, if a ftraight line, &c. Q. E. D. 


rence o 
1 to the 


F.3a.U.P.NH £4 4.0K 
F a ſtraight line be divided into any two parts, 
che ſquares of the whole line, and of one of 
he parts, are equal to twice the rectangle contain- 
d by the whole and that part, together with the 
uare of the other part. 


to any 
whole 
ed, to- 
ted, i: 
aich is 


Let the ſtraight line AB be divided into any two parts in 

e point C; the ſquares of AB, BC are equal to twice the 
tangle AB, BC together with the ſquare of AC. 

Upon AB deſcribe à the ſquare ADEB, and conſtruct the , 46. 1. 
gure as in the preceding propofitions : And becauſe AG is 

qual b to GE, add to each of them CK; the whole AK is b 43: 1, 
erefore equal to the whole CE; A C B 

erefore AK, CE, are double of | 7 


laced to 
1th the 


E, and K : But AK, CE are the gnomon 
through KF together with the ſquare CK; H GL KE 
ugh A erefore the gnomon AKF, toge- 
is equal er with the ſquare CK, is double 


3 DAK. But twice the rectangle AB, 


C is alſo double of AK, for BK 


omon AK F, together with the 
juare CK, is equal to twice the rectangle AB, BC. To 
ach of theſe equals add HF, which is equal to the ſquare of 
C; therefore the gnomon AK, together with the ſquares 
K, HF, is equal to twice the rectangle AB, BC and the 
uare of AC: now the gnomon ARF, together with the 
uares CK, HF, makes up the whole figure ADEB and 
K, which are the ſquares of AB and BC: Therefore the 
uares of AB and BC are equal to twice the rectangle AB, 


H IM 
3 
1 
\erefore 


B; add 
of CB, 


uare of together with the ſquare of AC. Wherefore, if a 
But the raight line, &c. Q. E.. D. | 

> figure "I 

EF, 


E 4 Otherwiſe, 


* 
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equal c to BC: therefore the D F Er. 2. 


Px 8 


36 
Book I. 
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2 4. 2. 
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ELEMENTS 
Otherwiſe, 


“ Becauſe the ſquare of AB is equal to the ſquares of AC 
« and CB, a together with twice 
« the rectangle ACB, if the A av 8 B 
« ſquare of CB be added to both, 
„the ſquares of AB and CB are equal to the ſquare of 
« AC together with twice the ſquare of CB and twice the 
rectangle ACB. But the ſquare of CB together with the 

* rectangle ACB is equal to the b rectangle ABC; and 
“ therefore twice the ſquare of CB, to —— with twice the 
c rectangle A.CB, * to twice the 2 le ABC. Where 
« fore the ſquares of AB and CB are 3 to twice the rect. 
angle ACB, together with the ſquare of AC. Q. E. D. 
« CoR. Hence, the ſum of the ſquares of any two lines i 
* equal to twice the rectangle contained by the lines together 
« with the ſquare of the difference of the lines.” 


PROF. V. 1 HE OR. 


F a ſtraight line be divided into any two parts, 
four times the rectangle contained by the whole 
line, and one of the parts, together with the ſquare 
of the other part, is equal to the ſquare of the 


ſtraight line which is made up of the whole and the 
firſt mentioned part. 


Let the ſtraight line AB be divided into any two parts in 
the point C; four times the rectangle AB, BC, together 
with the ſquare of AC, is equal to the ſquare of the ſtraight 
line made up of AB and BC together. 

Produce AB to D, ſo that BD be equal to CB, and upon 
AD deſcribe the ſquare AEFD ; and conſtruct two figures 
ſuch as in the preceding. Becauſe CB is equal to BD, and 


that CB is equal to GK, and BD to KN ; therefore GK i 1s 


equal to KN: For the ſame reaſon, PR is equal to RO; and 
becauſe CB is equal to BD, and GK to KN, the rectangle 
CK is equal Þ to BN, and GR to RN : But CK is _ to 
XN, becauſe they are the complements of the parallelo 

Co; therefore alſo BN is equal to GR; and the four def. 
angles BN, CK, GR, RN are therefore equal to one another, 


and 


parts in 
ogether 
ſtraight 


d upon 
figures 
. 5 
GK 5 
O; and 
xCtangle 
ual c to 
logram 
ir _rect- 
mother, 


and 
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ſ uadruple of f them, CK. Again, becauſe Book IL 
and ſo are q ple of one o | gain, becauſe | 


CB is equal to BD, and BD 


equal d to BK, that is, to CG; . C WELL 


and CB equal to GK, that d is, ol x 
to GP; therefore CG is equal to M N 
GP; 5 ind becauſe CG 1s equal p R 
to GP, and PR to RO, the rect X 

angle AG 1s equal to MP, and 


PL to RF: But MP is equal e to W e 43. 1. 


PL, becauſe they are the comple- 9 1 
ments of the parallelogram ML; © 4 ONE: TR 
wherefore AG 1s equal Bal alſo to E T 

RF : Therefore the four rectangles AG, MP, PL, RF are e- 
qual to one another, and ſo are quadruple of one of them, 
AG. And it was demonftrated, that the four CK, BN, GR, 
and RN are quadruple of CK : therefore the ei ight rect- 
angles which make up the gnomon AOH, are quadruple of 
AK. And becauſe AK is the rectangle contained by AB, 
BC, for BK is equal to BC, four times the rectangle AB, BC, 

18 quadruple of AK : But the gnomon AOH was demon- 
ſtrated to be quadruple of AK ; therefore four times the 
rectangle AB, BC, is equal to the gnomon AOH. To each 


of theſe add XH, which is equal d to the ſquare of AC ; d Cor. 4. 2. 


therefore four times the rectangle AB, BC together with 
the ſquare of AC, 1s equal to the gnomon AOH and the ſquare 
XH: But the gnomon AOH and the ſquare XH make up the 
figure AEFD, which is the ſquare of AD : Therefore four 
timęs the rectangle AB, BC, together with the ſquare of AC, 
is equal to the ſquare of AD, that 1s, of AB be BC added 
together in one ſtraight line. Wherefore, if a ſtraight hae, 
&c. Q. E. D. | 

« Co. 1. Hence, becauſe AD is the ſum, and AC the dif- 
« ference of the lines AB and BC, four times the rectangle 
contained by any two lines together with the ſquare "of 
„their difference, 1 is equal to the ore of the ſum of the 
lines. 
Con. 2. From the . it is manifeſt, that ſince 
the ſquare of CD is quadruple of the ſquare of CB, the 


&* ſquare of any line is | ns A of the ſquare of half that 
* | 


earn PROP. 


/ 
| 


4 
' 
; 
| 


2 47. 1. 
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PROP. IX. THEOR. 


F a ſtraight line be divided into two equal, and 

| alſo into two unequal parts; the ſquares of the 
two unequal parts are together double of the fquare 
of half the line, and of the ſquare of the line be- 
tween the points of ſection. | 


Let the ſtraight line AB be divided at the point C into two 
equal, and at D into two un parts: The —_— of AD, 
DB are together double of the ſquares of AC, CD. | 

From the point C draw * CE at right angles to AB, and 
make it equal to AC or CB, and join EA, EB; through D 
draw b DF parallel to CE, and through F draw FG parallel 
to AB; and join AF: Then, becauſe AC is equal to CE, the 


. angle EAC is equal e to the angle AEC; and becauſe the 


angle ACE is a right angle, the two others AEC, EAC to- 
gether make one right angle d; and they are equal to one ano- 
other; each of them therefore 


is half of a right angle. For E. 
the ſame reaſon each of the 
angles CEB, EBC is half a G 


right angle; and therefore the 
whole AEB is a right angle: 
And becauſe the angle GEF is L | 
half a right angle, = EGF a A r 

right angle, for it is equal e to the interior and oppoſite an ale 
ECB, the remaining angle EFG is half a right angle; there- 
fore the angle GE is equal to the angle EFG, and the fide 


EG equal f to the fide &: Again, becauſe the angle at B is 


half a right angle and FDB a right angle, for it is equal e to 
the interior and oppoſite angle ECB, theremaining angle BFD 
is half a right angle; therefore the angle at B is equal to 
the angle BFD, and the fide DF to f the fide DB. Now be- 
cauſe AC is equal to CE, the ſquare of AC is equal to the 
ſquare of CE; therefore the ſquares of AC, CE, are double 
of the ſquare of AC: But the ſquare of EA is equal s to the 
ſquares of AC, CE, becauſe ACE is a right angle; therefore 
the ſquare of EA 1s double of the ſquare of AC Aga n, be- 
cauſe EG is equal to G, the ſquare of EG is equal to the 
quare of GF; therefore the ſquares of EG, GF are double of 

the 
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the ſquare of GF; but the ſquare of EF is eq ual to the ſ nes 22D, 
of EG, GF; therefore the ſquare of EF is double of the 1 quare — 

GF; and GF is equal h to CD; therefore the ſquare of EF i is h 34. 1 | 
double of the ſquare of CD : But the ſquare of AE is likewiſe | 
double of the ſquare of AC; therefore the ſquares of AE, EF | N 
are double of 2. ſquares of AC, CD: And the ſquare = AF | 
is equal i to the ſquares of AE, EF, becauſe AEF is a right i 47. 1. 
angle; therefore the ſquare of AF is double of the ſquares of 1 
AC, CD: But the ſquares of AD, DF are equal to the ſquare | 
of AF, becauſe the angle ADF is a right angle; therefore | 
the ſquares of AD, DF are double of the ſquares of AC, CD: h 
And DF is equal to DB; therefore the ſquares of AD, DB | 
are double of the ſquares of AC, CD. OY a ſtraight { 


line, &c. Q. E. D. * 


W. it 
LS, 
" 


PROP. X. THEEOK 


F a ſtraight line be biſected, and produced to any 

point, the ſquare 'of the whole line thus pro- 
duced, and the ſquare of the part of it produced, 
are together douWte of the ſquare of half the line 
biſected, and of the {ſquare of the line made up of 
the half and the part produced. 


Let the ſtraight line A; be biſected in C, and produced to 
the point D; the ſquares of AD, DB are double of the ſquares 
of AC, CD. 

From the point C draw a CE. at Hake angles to AB: And a xr. 1. 
make it equal to AC or CB, and join AE, EB; through E 
draw b EF parallel to AB, and through D draw DF — 5 b 31. r. 
to CE: And becauſe the ſtraicht line EF meets the parallels 
EC, FD, the angles CEF, EFD are equal e to two right e 29. 1. 
angles; and therefore the angles BEF, EFD are leſs than two 
right angles: But ſtraight Lnes, which with another ſtraight 
line make the interior angles upon the ſame fide leſs than two 
right angles, do meet d if produced far enough: Therefore dCor.2g.z. 
EB, FD ſhall meet, if produced towards B, D; let them meet 
in G, and join AG: Then, becauſe AQ is equal to CE, the 
angle CEA. is equal e to the angle EAC; and the angle ACE s. 


5 a right angle; therefore each of the angles CLA, EAC is 
| half 
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Book II. half a right angle f: For che ſame reaſon, each of the angles 


— — 


132. 1. 


k 47. 1. 


CEB, EBC is half a right angle; therefore AEB is a right 
angle: And becauſe EBC is half a right angle, DBG is alſo 


& half a right angle, for they are vertically oppoſite; but 


BDG is a right angle, becauſe it is equal to the alternate 
angle DCE ; therefore the remaining angle DGB is half a 
right angle, and is therefore equal to the angle DBG; where- 
fore alſo the fide DB is equal h to the fide DG: Again, be- 
cauſe EGF is half a right . E K 
angle, and that the angle at | 
F is a right angle, becauſe | 
it is equal i to the oppoſite 
angle ECDy the remaining b | 
angle FEG is half a gight * C D 
angle, and equal Who DTT 
angle EGF ; wherefore alſo 
— fide GF is equal b to the | Wires. | 
ſide FE. And becauſe EC is equal to CA, the ſquare of EC 
is equal to the ſquare of CA ; therefore the ſquares of EC, 
CA are double of the ſquare of CA: But the ſquare of EA 
is equal | to the ſquares of EC, CA; therefore the ſquare of 
EA. 1s double of the ſquare of AC: Again, becauſe GF is 
equal to FE, the ſquare of GF is equal to the ſquare of FE; 
and therefore the ſquares of GF, FE are double of the ſquare 
of EF: But the ſquare of EG is equal k to the ſquares of GF, 
FE ; therefore the ſquare of EG is double of the ſquare of 
EF; and EF 1s equalto CD; whefefore the ſquare of EG is 
double of the ſquare of CD; but it was demonſtrated, that 
the ſquare of EA is double of the ſquare of AC; therefore 
the ſquares of AE, EG are double of the ſquares of AC, CD: 
And the ſquare of AG is equal k to the ſquares of AE, EG; 
therefore the ſquare of AG is double of the ſquares of AC, 
CD : But the ſquares ef AD, DG are equal * to the ſquare of 
AG ; therefore the ſquares of AD, DG are double of the 
ſquares of AC, CD: But DG is equal to DB; therefore the 
ſquares of AD, DB are double of the ſquares of AC, CD: 
herefore, if a ſtraight line, &c. Q. E. D. 


PROP. 


D 


G 
of EC 
f EC, 
f EA 
uare of 
F is 
Ff F E; 
ſquare 
of GF, 
uare of 
EG is 
d, that 
erefore 
„, CD: 
„EG; 
f AC, 
uare of 
of the 
ore the 


„ CD: 


.. 
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. N | Book II. 
7 PROP. x1. PROB. 


£ ih divide a given iraight line into two parts, ſo 
that the rectangle contained by the whole, and 
one of the parts, ſhall be nn to the (quare of the 
other part. 45 11 3 T 


Let AB be the given ſtraight line; it is required to divide 
it into two parts, ſo that the rectangle contained by the whole, 
and one of the parts, man be equal to che N of the other 


* AB deſcribe a the air ABD C; viſe&t bACinE, 1 4 
and join BE; produce CA to F, and make e EF equal to . 
EB, and upon AF deſcribe a the ſquare FCH; AB is di- 
vided in H, ſo chat the rectangle AB, BH is equal to che 
ſquare of AH. 5 

Produce GH to K: Becauſe the ſtraight line AC is biſected 
in E, and produced to the point F, the rectangle CF, FA, to- | 
gether with the ſquare of AE, 18 equal d to the ſquare of EF: 46:2. 
But EF is equal to EB; therefore the rectangle CF, FA, 
together with the ſquare of AE, is equal to the ſquare of EB: 
And the ſquares of BA, AE are. G 
equal © to the ſquarc of EB, be- F a 
cauſe the angle EAB is a right | Ca 
angle; therefore the rectangle CF, We 2s 
FA, together with the ſquare of 7 JN TINS > 
AE, is equal to the ſquares o BA, ” 6 
AE: take away the ſquare of 
AE, which is common to both, 
merefore the remaining redangle 
CF, FA. is equal to the ſquare of | 
AB. Now the figure FK is the Ef 
rectangle contained by CF, FA, * Ea 
for AF is equal to FG: and AD | | 
is the ſquarèe of AB; therefore | Wy” 
FK is equal to AD: take away LL 
the common part AK, and the re- 
mainder FH is equal to the remainder HD: And HD is the 
rectangle contained by AB, BH, for AB is equal to BD; and 
FH is the ſquare of AH ; therefore the rectangle AB, BH 


e 47. 1. 
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Book II. half a right angle f: For the ſame reaſon, each of the angles 
— — 


132. 1. 


g 15. I. 
e 29. 1. 


h 6. 1. 


Kk 47. 1. 


s half a right angle, for they are vertically oppoſite; but 
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CEB, EBC is half a right angle; therefore AEB is a right 
angle: And becauſe EBC is half a right angle, DBG is alſo 


BDG is a right angle, becauſe it is equal to the alternate 
angle DCE; therefore the remaining angle DGB 1s half a 
right angle, and is therefore equal to the angle DBG; where- 
fore alſo the fide DB is equal h to the fide DG: Again, be- 


cauſe EGF 1s half a right 4 F r 380. 
angle, and chat the angle at Nas 
F is a right angle, becauſe | it into 
it is equal i to the oppoſite and oi 
angle ECD, the remaining ; part. 
angle FEC is half a zight , 0 & Ups 
angle, and equal to the D and j. 
angle EGF; wherefore alſo — EB, ; 
the fide GF is equal to the | G vided 
ſide FE. And becauſe EC is equal to CA, the ſquare of EC ſquare 
is equal to the ſquare of CA ; therefore the ſquares of EC, F Ero 
CA are double of the ſquare of CA: But the ſquare of EA in E, 
is equal! to the ſquares of EC, CA; therefore the ſquare of gether 
EA is double of the ſquare of AC: Again, becauſe GF is But! 
equal to FE, the ſquare of GF is equal to the ſquare of FE; togetl 
and therefore the ſquares of GF, FE are double of the ſquare And 
of EF : But the ſquare of EG is equal * to the ſquares of GF, equal 
FE ; therefore the ſquare of EG is double of the ſquare of cauſe 
EF; and EF is equal to CD; whefefore the ſquare of EG is angle 
double of the ſquare of CD; but it was demonſtrated, that FA, 
the ſquare of KA is double of the ſquare of AC; therefore AE, 
the ſquares of AE, EG are double of the ſquares of AC, CD: AE : 
And the ſquare of AG is equal * to the ſquares of AE, EG; AE, 
therefore the ſquare of AG is double of the ſquares of AC, ere 
CD : But the ſquares ef AD, DG are equal * to the ſquare of CF, 
AG; therefore the ſquares of AD, DG are double of the AB. 
ſquares of AC, CD: But DG is equal to DB; therefore the II rectar 
ſquares of AD, DB are double of the ſquares of AC, CD - ar . 
. . = { 
herefore, if a ſtraight line, &c. Q. E. D. | FR & 
the ce 
main 


PROP. 
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angles un 2 9012 Mn e | Book II. 
right P. RO P. XI. PRO B. 

is alſo ; per . 

2; but 1 hn divide a given ſtraight line into two parts, ſo 

r that the rectangle contained by the whole, and 

where. one of the parts, ſhall be N to the ſquare of the 


in, be- other part. oj 3 710 ir 


Let AB be the given ſtraight line ; it is required to divide 

it into two parts, ſo that the rectangle contained by the whole, 

and one of the Parts, ſhall be equal to the AE, of the other 
1 AB diſcribe a the Srodre ABDC; biſect bACin E, a 46. 1. 
and join BE; produce: CA to F, and make EF equal to 1 — 
EB, and upon AF deſcribe a the ſquare FGHAj; AB is di- 

vided in H, ſo that the rectangle AB, BH is equal to che 

ſquare of AH. 

Produce GH to K: Becauſe the ſtraight line AC is biſected 

in E, and produced to the point F, the rectangle CF, FA, to- 

gether with the ſquare of AE, is equal d to the ſquare of EF: 4 6. 2. 
GF is But EF is equal to EB; therefore the rectangle CF, FA, 

FE: together with the ſquare of AE, is equal to the ſquare of EB: 
And the ſquares of BA, AE are _._ 8 
equal e to the ſquarc of EB, be- F. | e 47.1, 
cauſe the angle EAB is a right 1 os. it 

EG is angle; therefore the rectangle CF, 1 
I. chat FA, together with the ſquare 98 ob " IV 


he AE, is equal to the ſquares D 3 
2 7 77 AE: take away the ſquare of A n — 
77 CD: - 3. I; IN 
„EG; AE, which is common to both, 7515 


therefore the remaining rectan le 
f AC, S 
CF, FA, is equal to the ſquare of |, _ 
af the AB. Now the figure FK is the K Þ be 
rectangle contained by CF, FA, | 1 
CD - por AF is equal to FG: and AD : by 
. e is the ſquare of AB; therefore [ 0 e 
FK is equal to AD: take away p 
the common part AK, and the re- 
mainder FH is equal to the remainder HD: And HD is the 
O P. angle contained by AB, BH, for AB is equal to BD; and 
FH i is the ſquare of AH; therefore the 2 AB, ** 
2 


ELEMENTS: 


Book II. is equal to the ſquare of AH: Wherefore the firaight line 
Az is divided in H ſo, that the rectangle AB, BH is Said to 


the ſquare of AH. Which was to be done. 


PROP, XII. 'THEOR. 


N abuſe angled nn en if a perpendicular be 
drawn from any of the acute angles to the oppo- 
ſite ſide produced, the ſquare of the ſide ſubtending 
the obtuſe angle is greater than the ſquares of the 
ſides containing the obtuſe angle, by twice the rect- 
angle contained by the fide upon which, when pro- 
duced, the perpendicular falls, and the ſtraight line 
intercepted without the triangle between the per- 
pendicular and as obtuſe _ 


Let ABC. 'be an obtuſe angled trian le, having the obtuſe 


a 1. 1. angle ACB, and from the point A let AD be drawn a perpen- 


e 47. 1. rectangle BC, ED: But the 


| dicular to BC produced: The ſquare of AR is greater than the 
ſquares of AC, CB, by twice the reftangle BC, CP). 
Becauſe the raight line BD is divided into two parts in the 
point C, the ſquare of BD is e- 
ual b to the ſquares of BC, 
* ih, and twice the rectan gle , 
BC, CD: to each of theſe e- | 
quals add the ſquare of DA; 
and the fquares of DB, DA 3 
are equal to the ſquares . 
BC; CD, DA, and twice the _ 


| SF 
ſquare of A is equal © to the 0 BD, DA, be- 
cauſe the angle at D is a Tight angle; and the ſquare 
of CA is equal © to the ſquares of CD, DA: Therefore 
the ſquare of BA is equal to the ſquares of BC, CA, and 
twice the reftangle BC, CD; that is, the ſquare of BA is 
eater than the quares of BC, CA, by twice the rectangle 
G, 12 Therefore, in obtuſe angled acts &c. 


Er 5 


| 


PROP. 
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| | Book II. 
PROP. XIII. THE OR. 3 


ht line 
qual to 


Fay every triangle, the ſquare of the fide ſubtend- 
I ing any of the acute angles, 1s leſs than the | 
ſquares of the ſides containing that angle, by twice 


lar be the rectangle contained by either of theſe ſides, and 
oppo- the ſtraight line intercepted between the perpendi- 
ndine (cular let fall upon it from the oppoſite angle, and 
95 * the acute angle. | | 


Let ABC be any triangle, and the angle at B one of its a- | 
ute angles, and upon BC, one of the fides containing it, let | 
fall the perpendicular » AD, from the, oppoſite angle: The 212. r. 
Equare of AC, oppoſite to the angle B, is leſs than the ſquares 
Jof CB, BA by twice the rectangle CB, BD. Þ 
Firſt, Let AD fall within the triangle ABC; and becauſe 


„ = 


he ſtraight line CB is divided in- A | 
2erpen- eo two parts in the point D, the | 
1an the quares of CB, BD are equal b to b 7. 2. 


wice the rectangle contained by | 
CB, BD, and the ſquare of DO! | q | 
To each of theſe equals add the 
quare of AD; therefore the = | | 
quares of CB; BD, DA are equal 6 © | 
o twice the rectangle CB, BD, &-<— n \ 
and the ſquares of AD, DC: But 
he ſquare of AB is equal e to the ſquares of BD, DA, becauſe c 47. 1. 
e angle BDA is a right angle; and the ſquare of AC is 
qual to the ſquares of AD, DC: Therefore the ſquares; of 
B, BA are equal to the ſquare of AC, and :wice the rect- 
ngle CB, BD, that is, the ſquare of AC alone is leſs than the 
quares of CB, BA by twice the rectangle CB, BD. 
Secondly, Let AD fall without the triangle ABC: 
Then, becauſe the angle at D is a right angle, the angle 
CB is greater d than a right angle; and therefore the q 16 1. 
uare of , AB is equal © to the ſquares of AC, CB, and e 12. 2. 
Nice the rectangle BC, CD: To theſe equals add the ſquare 
BC, and the ſquares of AB, BC are equal to the ſquare of 
C, and twice the ſquare of BC, and twice the Cn 
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3. 2. 


g 47-7. 


Bock U. CD: But becauſe BD is divided into two parts in C, the red. 


acute angle at B; and it is manifeſt that 


1 45. f. 


fore, becauſe che ſtraight line BF is divided into two 


b 5. 2. equal b to the ſquare 0 


ELEMENTS 


angle DB, BC is equal f to 
the rectangle BC, CD and 
the ſquare of BC: And the 
doubles of theſe are equal: 
Therefore the ſquares of AB, 

BC are equal to the ſquare 
of AC, and twice the rect- 
angle DB, BC: Therefore the 
ſquare of AC alone is - leſs, B 


A 


D 
_ the ſquares of AB, BC by twice the gs; 'DB, 
C 
Laſtly, Let the fide AC be perpen- 
dicular to BC; then is BC the ſtraight - 
line between the perpendicular and the 


the ſquares of AB, BC are equals to 
the —.— of AC, and twice the ſquare 
of BC: Therefore, in every triangle, &c. 


Q. E. D. 


WF. z 
1 : ' # 4 


/ PROP. xIV. RO B. 


"0 deſcribe a has that ſhall be e to a 
given rectilineal figure. . 


( 1 3 


Let A be the given rectilineal OP ; it is 5 required to 94 
ſcribe a ſquare that ſhall be equal to A. 

| Deſcribe a the rectangular Perlen BC DE equal to 
the rectilineal iigure A. If then the ſides of it BE, ED are 
equal to one another, it is a ſquare, and what was required is 
done; but if they are not equal, produce one of them BE 
to F, and make EF equal to ED, Lol biſect BF in G: and 


| esd the centre G, at the diſtance GB, or GF, deſcribe the 
ſemicircle BHF, and produce DE to H, and j join GH. There- 
equal 2 


parts in the point G, and into two unequal in the point , 
the rectangle BE, EF, together with the ſquare of EG, is 
f E:. but GF is equal to GH; there 


fore 


are the 
equal 
e equ 
guare 
Therefc 
ectang. 
ogethe! 
quare 0 
qual 
quares 
G. 
way th 
b EG, 
om mo! 
qual to 
F is t 
herefo1 
o the r 
equal 
ade e 
deſcribe 


the red. 


al to a 


Wherefore, 
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ore the rectangle BE, EF, together with the ſquare of EG, Book II. 


equal'to the ſquare of GH : 
e equalc to the | 
quare of GH: 
the 
ectangle BE, EF 
ogether with the 
”=_ of EG, 1s 
qual to the 
quares of HE, _ 
G. Take a- 
way the ſquare 
pf EG, which 15 | | 
ommon to both, and the remaining rectangle BE, EF is e- 
qual to the ſquare of EH: But the —— contained by BE, 
F is the parallelogram BD, becauſe EF is equal to ED; 
herefore BD is equal to the ſquare of EH ; but BD is equal 
o the rectilineal figure A; therefore the rectilineal figure A 
equal to the ſquare of EH: Wherefore a ſquare has been 
ade equal to the „„ rectilineal figure A, viz. the ſquare 
deſcribed upon EH. Which was to be done. 


PROP. A. TH E OR. 


| F one ſide of a triangle be biſected, the ſum of 
the ſquares of the other two ſides is double of 
he ſquare of half the ſide biſected, and of the 


quare of the line drawn from the point of biſection 


o the oppoſite angle of the triangle. 


Let ABC be a triangle, of which the fide BC is biſected in 
D, and DA drawn to the oppoſite angle; the ſquares of BA 
and AC are together double of the ſquares of BD and DA. 

From A draw AE perpendicular to BC, and becauſe 


BEA is a right angle, the ſquare of AB is equal to the 
Wquareg of BE © and 


A ; for the ſame reaſon, the ſquare of 
\C is equal to the two ſquares of CE and EA. Therefore, 
the ſquares of BA. and AC are equal to the ſquares of BE and 
EC, together with twice 1 ſquare of EA. But becauſe the 


ut the ſquares of HE, EG —V—* 
| e 47.2. 


See N. 


a 47. T. 


line 
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a 15. I. 
b 29. 1. 


C 34. I. 


d 26. 1. 


£ K. 2. 


— IT. line BC is cut equally in D, and unequally in E, the ſquares 
43 * = 


the equal angles are 
and ED to EB. 


ſquares of BA and 


ELEMENTS 


of BE and EC b are equal to 


twice the ſquares of BD and DE; A erefo 
therefore the ſquares of BA and four t 
AC are equal to twice the ſquare - BD 1 
of BD, together with twice the puble c 
ſquares of DE and EA. Now, equal 
the ſquares of DE and EA are lares C 
equal to the ſquare of DA a, and £ D, D 
therefore twice the ſquares of DE <<. 1 E. L 
and EA, to twice the ſquare »* DP E C 
DA. Wherefore alſo, the ſquares pk 21 Cor. 
of BA and AC are equal to twice the ſquare of BD, together Meters 0 


with twice the ſquare of DA. Therefore, &c. Q. E. D. 
r PROP. B. THE OR. 
TH ſum of the ſquares of the diameters of any 
parallelogram is equal to the: ſum of the 
ſquares of the ſides of the parallelogram. 


Let ABCD be a parallelogram, af which the diameters are 
AC and BD; the ſum of the ſquares of AC and BD is equal 


to the ſum of the ſquares of AB, BC, CD, DA. 


Let AC and BD interſe& one another in E: and becauſe 
the vertical angles AED, CEB are equal a, and alfo the al. 
ternate angles EAD, ECB b, the triangles ADE, CEB have 
two angles in the one equal to two angles in the other, each 
to each: but the fides AD and BC, which are oppoſite to 
equal angles in theſe tri : „ 
angles, are alſo equal; 
therefore the other ſides 
which are oppoſite to 


- ® ++ . 


equal d, viz. AE to EC, 


Since, therefore, BD 
is biſected in E, the 


AD are equal to 
twice the ſquare of BE, together with twice the ſquare d 
EAe; and for the ſame reaſon the ſquare of BC and CD 


7 * 
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e equal to twice the ſquare of BE, together with twice the Boo k II. 
uare of EC, that 1s, of EA, becauſe EC 1s equal to EA. 

erefore the four ſquares of BA, AD, DC, CB are equal 

four times the ſquares of BE and of EA. But the ſquare 

BD is equal to four times the ſquare of BE, becauſe BD is i 
puble of BE e; and for the ſame reaſon, the ſquare of AC e Co r.. 2. : 
equal to four times the ſquare of AE : Wherefore alſo, the ; 
ares of BD and AC are equal to the four ſquares of BA, | 
D, jo C, CB. Therefore the ſum of the ſquares, &c, 
E. D. | 


Cor. From the demonſtration, it is manifeſt that the dia- 
eters of every parallelogram biſect one another. 


of any 


eters are 
is equal 


becauſe 
o the al. 
EB have 
1er, each 
polite to 


7D 


| 
A 


ng. 
a it. 


Circles 
ano 
do 1 


Sraigh 
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OF 


CEEOWB TEN. 


BOOK III. 


DEFINITIONS. 


| : 

A ſtraight line is ſaid to 
touch æ circle, when it 
meets the circle, and be- 
ing produced does not cut 


1. 
II. 

Circles are ſaid to touch one 
another, which meet, but 
do not cut one another. 

III. 

Sraight lines are ſaid to be equally di- 
ſtant from the centre of a circle, 
when the perpendiculars drawn to 
them from the contre are equal. 

And the ſtraight line on which the 
greater perpendicular falls, is ſaid to 
be farther from the centre. RN 

F 3 V. 


— — 
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8 we A ſegment of a BEE 15 the figure con- from 
tained by a ſtraight line and the cir- — 2 
cumference it cuts off, -= Tor 

VI. GA. ( 
An angle in a ſegment is the angle comm 
contained by two ſtraight lines BDG 
drawn from any point in the cir- equal 
cumference of the ſegment, to the each ; 
extremities of the ſtraight line the b 
which is the baſe of the ſegment. drawn 
VII. fore t 
And an angle is ſaid to inſiſt or ſtand the a 
upon the circumference intercept- ſtraigl 
ed between the ſtraight lines that ſtraigl 
contain the angle. angles 
of th 
VIII. There 
The ſector of a circle is the figure con- likew 
p tained by two ſtraight lines drawn the ar 
from the centre, and the circumfe- There 
| rence between them. ſame : 
- . | | | the ce 
2 XI. 2 Was te 
Similar ſegments of a circle, 9 1 
are thoſe in which the an- 8 U 
gles are equal, or which | \ 


contain equal angles. 


* 
1 
1 


“F 


1 O find the centre of a given circle. 


Let ABC be the given "circle; ; it is required to find | 
centre. 
Dr 


5 — 


* — 
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Draw within it any ſtraight line AB, and biſect a it in D; Book III. 
from the point D draw DC at right angles to AB, and pro- Rs Ag 
duce it to E, and biſect CE in F: The point F is the centre C * 2 
of the circle ABC. Saad 
For, if it be not, let, if poſſible, G be the centre, and join 
8 GA, GD, GB: Then, becauſe DA is equal to DB, and DG 
common to the two triangles ADG, | 
BDG, the two fides AD, DG are 
equal to the two BD, DG, each to 
each; and the baſe GA is equal to 
the baſe GB, becauſe they are 
drawn from the centre G * : there- 
fore the angle ADG is equal © to 
the angle GDB: But when a 
ſtraight line ſtanding upon another 
ſtraight line makes the adjacent 
angles equal to one another, each 
of the angles is a right angle d. 4 . def. i. 
Therefore the angle GDB is a right angle: But FDB is 
likewiſe a right angle; wherefore the angle FDB is equal to 
the angle GDB, the greater to the leſs, which is impoſſible: 
Therefore G is not the centre of the circle ABC : In the 
ſame manner it can be ſhown, that no other point but F 1s 
the centre; that is, F is the centre of the circle ABC : Which 
was to be found. | 
Cor. From this it is manifeſt, that if in a circle a ftraight 
line biſect another at right angles, the centre of the circle is 
in the line which biſects the other, 


c 8. r. 


. EO 


F any two points be taken in the circumference 
of a circle, the ſtraight line which joins them 
ſhall fall within the circle. 
> find | | £ 
F 4 Let 
Dra ; ID SR RE 


* N. B. Whenever the expreſſion * ſtraight lines from the centre,” or 
* drawn from the centre,“ occurs, it is to be underſtood that they are drawn 


z the circumference. 
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Bock III. 


8 19. Is 


2 1. 3. 


ELEMENTS 
Let ABC be a circle, and A, B any two points in the cit. Irriangle 


cumference ; the ſtraight line drawn C two hd 
from A to B ſhall fall within the EA is 
circle, fore th 

Take any point in AB as E; find the ang 
D the centre of the circle ABC, D line ft 


join AD, DB and DE, and let DE, 
meet the circumference in F. Then 


becauſe DA is equal to DB, the A — B 
angle DAB is equal a to the angle 9 
DBA; and becauſe AE, a fide of ö 
the triangle DAE, is produced to B, the angle DEB i; 
greater b than the angle DAE; but DAE is equal to the 


angle DBE ; therefore the angle DEB is greater than the But 
angle DBE: Now to the greater angle the greater fide is op-. that is, 
2 d; DB is therefore greater than DE : but DB is equal to The 
DF; wherefore DF is greater than DE, and the point E i che cer 
therefore within the circle. The ſame may be demonſtrated to the 
of any other point between A and B, therefore AB is with - right a 
in the circle. Wherefore, if any two points, &c. Q. E. D. EBF, 
| | other,” 

| angles 

are eq 

ſtraigh 


Near M ee 


F a ſtraight line drawn through the centre of 
circle biſect a ſtraight line in it which does not 


paſs through the centre, it ſhall cut it at right. _ 
angles; and, if it cuts it at right angles, it ſhall, I g n 
biſect it. | | F For 
ED: 

585 that ĩt 

Let ABC be a circle, and let CD, a firaight line drawn cher v 
through the centre, biſe& any ſtraight line AB, which does the ce 


not paſs through the centre, in the point F: It cuts it alſo at ¶ paſs t 
right angles. the ce 
Take à E the centre of the circle, and join EA, EB. EF: 
Then, becaufe AF is equal to FB, and FE common te the two line ti 

triangle: Wl ther / 
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the cit. 


e of a 
es not 
right 
| ſhall, 


drawn 
ch does 
allo at 


A, EB. 
the two 
rtangles 


co fides in the other, and the baſe . 
BEA is equal to the baſe EB; there- 
fore the 
line ſtanding upon another makes 


Ether, each of them is a rightc angle: 


triangles AFE, BFE, there are two ſides in the one equal to Book III. 
— — 


— 2 AFE is equal b to 
the angle BFE: But when a ſtraight 
the adjacent angles equal to one ano- 


Therefore each of the angles AFE, 
BFE. is a right angle; wherefore 
the ſtraight line CD, drawn through 
the centre biſecting another AB that ber 
does not paſs through the centre, cuts the ſame at right angles. 


But let CD cut AB at right angles; CD alſo biſects it, 


that is, AF is equal to FB. 

The ſame conſtruction being made, becauſe EA, EB from 
the centre are equal to one another, the angle EAF is equal d 
to the angle EBF; and the right angle AFE is equal to the 
right angle BFE: Therefore, in the two triangles EA, 
EBF, there are two angles in one equal to two angles in the 
other, and the fide EF, which is oppoſite to one of the equal 
angles in each, is common to both; therefore the other ſides 
are equal e; AF therefore is equal to FB, Wherefore, if a 
ſtraight line &c. Q. E. D. | 


PROP,IVVEFS ED 


F in a circle two ſtraight lines cut one another 
which do not both paſs through the centre, they 

do not biſect each the other. | A 

Let ABCD be a circle, and AC, BD two ſtraight lines in 


it, which cut one another in the point E, and do not both 
paſs through the centre: AC, BD do not biſect one another. 
For, if it is poſſible, let AE be equal to EC, and BE to 
ED: If one of the lines paſs through the centre, it is plain 
that it cannot be biſected by the o- 
ther which does not paſs through 
the centre. But if neither of them 
paſs through the centre, take à F 
the centre of the circle, and join 
EF: and becauſe FE, a ſtraight 
line through the centre, biſects ano- 
ther AC which does not paſs thro” 
the centre, it ſhall cut it at right b 
angles; wherefore FEA is a right 
3 | angle : 


46. . 


9 . 9. 


b 3. 3. 
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Book III. angle: Again, becauſe the ſtraight line FE biſects the ſtraigh 


draw any ſtraight line EEG 


ELEMENTS 


line BD, which does not paſs through the centre, it ſhall cu * 

it at right b angles; wherefore FEB is a right angle: and 1 75 

FE A was ſhown to be a right angle; therefore FEA is e? n 

qual to the angle FEB, the Teſs to the greater, which is in eaua! 

pollible : therefore AC, BD do not biſect one another. Where. 2 | 

fore, if in a circle, &c. Q. E. D. ci 

ſhow 

is eq 

P'RLOF:;.-Y- :- FM. UK. great 

wher 

F two circles cut one another, they ſhall ne 7 
have the ſame centre. 2 


Let the two circles ABC, CDG cut one another in the 
points B, C; they have not the ſame centre. 
For, if it be poſſible, let E be their centre: join EC, and 


meeting them in F and G: 
and becauſe E 1s the centre 
of the circle ABC, CE 1s e- 


qual to EF : again, becauſe E whit 

is the centre of the circle CNG the 

CE is equal to EG: but, CE " othe 

was ſhown to be equal to EF, othe 

therefore EF is equal to EG, then 
the leſs to the greater, which 

is 1mpoſſible : therefore E is — 

not the centre of the circles ABC, CDG. Wherefore, if tu drav 

| circles, &c. Q. E. D. anot 

Le 

F RO F. „„ M0 0-M any | 

= be E 

Fi two N touch one another internally, the) be dr 

ſhall not have the ſame centre. | __y 

( \ Le the two circles ABC, CDE, touch one another Inte! _—_ 


nally 3 in the point C: they: have not the ſame centre. 
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 ſtraigh For, if they can, let it be F; join FC, and draw any Book III. 
ſhall cy ſtraight line FEB meeting them C a 

le : and in E and B; and becauſe F is the 

A. 15 e centre of the circle ABC, CF is 

1 15 1-8 equal to FB; alſo, becauſe F is 

Where the centre of the circle CDE, 


CF is equal to FE : and CF was 

ſhown equal to FB; therefore FE 

is equal to FB, the leſs to the 

greater, which is impoſſible ; 

wherefore F is not the centre of 

the circles ABC, CDE. Therefore, if two circles, &c. 


all no 0. E. D. 


r in the 


EC, a PROP. VII. TH E OR. 


F any point be taken in the diameter of a circle 
which is not the centre, of all the ſtraight lines 
which can be drawn from it to the circumference, 
the greateſt is that in which the centre is, and the 

other part of that diameter is the leaſt; and, of any 
others, that which is nearer to the line which paſſes 
through the centre is always greater than one more 
remote: And from the ſame point there can be 
drawn only two ſtraight lines that are equal to one 
another, one upon each ſide of the ſhorteſt line. 


Let ABCD be a circle, and AD its diameter, in which let 
any point F be taken which is not the centre: let the centre 
be E; of all the ſtraight lines FB, FC, FG, &c. that can 
be drawn from F to the circumference, FA is the greateſt, 
and FD, the other part of the diameter AD, is the leaſt: and 
of the others, FB is greater than FC, and FC than FG. 

Join BE, CE, GE; and becauſe two ſides of a triangle 


but 


75 


are greater a than the third, BE, EF are greater than BF; 2 22, x. 
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Book III. but AE is equal to EB; therefore 
— — 


d 24. I. 


e 23. 1. 


d 4. 1. 


ELEMENTS 


AE, EF, that is, AF, is greater 
than BF : again, begauſe BE 1s e- 
qual to CE, and FE common to 
the triangles BEF, CEF, the two 
ſides BE, EF are equal to the two 
CE, EF; but The angle BEF is 
eater than the angle CEF; there- 
ore the baſe BF is greater b than 
the baſe FC: for the ſame reaſon, 
CF is greater than GF: again, be- . | 
cauſe GF, FE are greater * than EG, and EG is equal to 
ED; GF, FE are greater than ED: take away the com- 
mon part FE, and the remainder GF is greater than the re- 
mainder FD: therefore FA is the greateſt, and FD the lea! 
of all the ſtraight lines from F to the circumference ; and BE 
is greater than CF, and CF than GF. 

Alſo there can be drawn only two equal ſtraight line: 
from the point F to the circumference, one upon each fide of 
the ſhorteſt line FD: at the point E in the ftraight line EF, 
make © the angle FEH equal to the angle GEF, and join 
FH: Then, becauſe GE is equal to EH, and EF common 
to the two triangles GEF, HEF ; thetwo fides GE, EF are e- 
qual to the two HE, EF; and the angle GEF is equal to the 


angle HEF ; therefore the baſe FG 1s equal 4 to the baſe Let 
FH: but beſides FH, no ſtraight line can be drawn from which 
F to the circumference equal to FG: for, if there can, MM the ci 
let it be FK; and becauſe FK is equal to FG, and FG to Of ti 
FH, FK is equal to FH; that is, a line nearer to that which rence 
paſſes through the centre, is equal to one which is more re-W «ccntr; 
mote, which is impoſhble. Therefore, if any point be taken. emo 
Ge. Q. E. D. u hic! 
15 DC 
neare 


PROP. 


FK 


qual to 
e com- 
the re- 


he leaſt 
and BE 


at lines 
: fide of 
ne EF, 
nd join 
Ommon 
F are e- 
Uto the 
he baſe 
n from 
Tre can, 
FG to 
t which 
ore re- 


e taken, 


R O P. 
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/PROP. vn. THEOR. 

F any point be taken without a circle, and ſtraight 


lines be drawn from it to the circumference, 
whereof one paſſes through the centre ; of thoſe 


which fall upon the concave circumference, the 


greateſt is that which paſſes through the centre; 


and of the reſt, that which is nearer to that through 


the centre 1s always greater than the more remote : 
But of thoſe which fall upon the convex circum- 
ference, the leaſt is that between the point without 
the circle, and the diameter ; and of the reſt, that 
which is nearer to the leaſt is always leſs than the 
more remote : And only two equal- ſtraight lines 
can be drawn from the point unto the circumfe- 
rence, one upon each ſide of the leaſt. 


Let ABC be a circle, and D any point without it, from 
which let the ſtraight lines DA, DE, DF, DC be drawn to 
the circumference, whereof DA paſſes through the centre. 
Of thoſe which fall upon the concave part of the circumfe- 
rence AEFC, the greateſt is AD which - paſſes through the 
centre; and the nearer to it is always greater than the more 
remote, viz. DE than DF, and DF than DCG: but of thoſe 
which fall upon the convex circumference HLKG, the leaſt 
15 DG between the point D and the diameter AG; and the 
nearer to it is always leſs than the more remote, viz. DK than 
DL, and DL than DH. | 
Take 2 M the centre of the circle ABC, and join ME, MF, a. 3. 
MC, MK, ML, MH : And becauſe AM 3s equal to ME, add 
MD to each, therefore AD is equal to EM, MD; but EM, 
MD axe greater b than ED; therefore alſo AD is greater b 20. 1. 
thanED. Again, becauſe ME is equal to MF, and MD 


common 


Book III. common to the triangles EMD, 
O FMD; EM, MD are equal 


e 24.1. 


d 4. Ax. 


E TT. I. 


41. 


E. P. 
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to FM, MD; but the angle 
EMD is oreater than the angle 
FMD; therefore the baſe ED 
is greater e than the baſe FD: 


In like manner it may be ſhewn Tr a 
that FD 1s greater than CD : TJ the! 
Therefore DA 1s the greateſt; e eir 
and DE greater than DF, and W:rcle. 


DF than DC. And becauſe | 
MK, KD are greaterb than 


MT), and MK is equal to MG, Let t 


the remainder KD is greater d hich te 
than the remainder GD, that is ; ght | 
GD is leſs than KD: And be- e cir cl 
cauſe MK, DK are drawn to the F or, i 
point K within the triangle A. . din DE 
MLD from M, D, the extremities of its fide MD; MK, KD rcumfe 
are leſs e than ML, LD, whereof MK is equal to ML; -there- © dian 
fore the remainder DK is leſs than the remainder DL: In und bec 
like manner, it may be ſhewn that DL is leſs than DH: una 
Therefore DG is the leaſt, and DK leſs than DL, and DL e Po 
than DH. Alſo there can be drawn only two equal ſtraight 8. N 
lines from the point D to the circumference, one upon each 1 DC 
ſide of the leaſt: at the point M, in the ftraight line MD, bb th 
make the angle DM equal to the angle DMK, and join DB; 3 T 
and becauſe in the triangles KMD, BMD, the fide KM is MI, © 
equal to the fide BM, and MD common to both, and alſo the 1 5 
angle KMD equal to the angle BMD, the baſe DK is equal f zin wa 


to the baſe DB. But, beſides DB, no ſtraight line can 
be drawn from D to the cireumference, equal to DK : for, if 
there can, let it be DN; then, becauſe DN is equal to DK, 
and DX equal to DB, DB 1s equal to DN ; that is, the nearer 
to DG, the leaſt, equal to the more remote, which has been 
ſhewn to be impoſſible. If, therefore, any point, &c. Q. 
32 N. 
t 


PROP, 
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PROP. IX. PRO B. 


r a point be taken within a circle, from which 
there fall more than two.equal ftraight lines to 
e circumference, that point is the centre of the 
Wircle. | | 


Let the, point D be taken within the circle ABC,. from 
hich to the circumference there fall more than two equal 
aight lines, viz. DA, DB, DC; the point D is the centre of 
e circle. | | 
For, if not, let E be the centre, 
din DE and produce it to the 
rcumference in F, G; then FG 
a diameter of the circle ABC: 
nd becauſe in FG, the diameter Ff 
f the circle ABC, there is taken 
e point D which is not the 


K, KD 
there 
L: In 
DE: 


3 ntre, DG ſhall be the greateſt 

1 a . ne from it to the circumference, ls 1 

MD d DC greater z than DB, and Has . 
n DB. b than DA; but they ere likewiſe equal, which is impoſ- 
KM I ble: Therefore E is not the centre of the circle ABC: In 


de manner, it may be demonſtrated, that no other point but 


Wits) the . 7 \ . | ** . 
) 13 the centre; D therefore is the centre. Wheretore, if a 


equal f 
ne can 
for, if 
o DK, 
nearer 
as been 


Kc. Q. 


oint be taken, &c. Q. E. DP). 


PROP. Xx. THE OR. 


NE circumference of a circle cannot cut ano- 
ther in more than two points. 


OP, If 
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If it be poſſible, let the cir- 
cumference FAB cut the circum- 
ference DEF in more than two 
points, viz. in B, G, F; take the 
centre K of the circle ABC, and 
join KB, KG, KF: and becauſe 
within the circle DEF there is 
taken the point K, from which to 
the circumference DEF fall more 


than two equal ſtraight lines KB, Let t 
KG, KF, the point K is © the centre of the circle DEF; bu ally in 
K is alſo the centre of the circle ABC; therefore the ſam NBC. a 
point is the centre of two circles that cut one another, whid ins ch. 
15 impoſſible b. Therefore one circumference of a circle can Por. 
not cut another in more than two points. Q. E. D. in FA 
| \F is ec 

| \ lo be 

PROP. XI. THEOR. Abbes 

. , | rcle A 

F two circles touch each other internally, the — 

1 ſtraight line which joins their centres being pro herefo 
duced, ſhall paſs through the point of contact. 1 
4 DG; wil 

Let the two circles ABC, ADE, touch each other intern hole F 

ly in the point A, and let F be the centre of the circle AB than 
and G the centre of the circle herefo 
ADE; che ſtraight line which joins ot paſs 


the centres F, G, being produced, 
paſſes through che point A. 

For, if not, let it fall otherwiſe, 
if poſſible, as FGDH, and join AF, 
AG: and becauſe AG, GF are 
greater a than FA, that is, than FH, 
for FA is equal to FH, both being 
from the ſame centre; take away 


the common part FG, and the re- D t! 

mainder AG will be greater than the remainder GH. M outſi 

AG is equal to GD, therefore GD is greater than GH; a 

it is alſo leſs, which is impoſſible. Therefore the ſtraight l For, i 

which joins the points Fand G cannot fall otherwiſe than WBC. in 
dints B 


the point A; that is, it muſt paſs through A. Therefore, 
two circles, &c. Q. E. D. | * 
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PROP. XII.  THEOK 


F two circles touch each other externally, the 
ſtraight line which joius their centres ſhall paſs 
hrough the point of contact. 


Let the two-circles ABC, ADE touch each other exter- 
ally in the point A; and let F be the centre of the circle 
\ BC, and G the centre of ADE: The ſtraight line which 
pins the points F, G ſhall paſs through the point of contact A. 
For, if not, let it paſs otherwiſe, if poſſible, as FC DG, and 
din FA, AG: and becauſe F is . centre of the circle ABC, 
F is equal to FC: 

Iſo becauſe G is 
he centre of the 
rcle ADE, AG 
equal to GD: 
erefore FA, AG 


EF; bu 
he ſam: 
r, which 
xrcle can. 


Uõ, the 
ing pre 


c. e equal to FC, 
G; wherefore the 
- interna hole FG is great- 
cle AB than FA, AG; but it is alſo lecke, which is imp offible : a 20. I, 


herefore the ſtraight line which joins the points F, 'G ſhall 
vt paſs, otherwiſe than through the point of contact A; 


pe - muſt paſs. —_ it. Therefore, if two circles, Kc. 


| 
PR OP. XIII. T HE OR. 


& NE cirelb cannot NIST another in more points 


than one, whether it touches it on the inſide 
GH. B outlide. 
GH; a 
traight li 
iſe than 
herefore, 


PRO! 


For, if it be poſſible, let the circle EBF touch the circle 

BC in more points than one, and firſt on the infide, in the 

dints B, D; join BD, and draw 2 GH biſecting BD at right a zo. i. 7. 
G angles: 


_—_ E 


a 3 =; ERS; 
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If it be poſſible, let the cir- 
cumference FAB cut the circum- 
ference DEF in more than two 
points, viz. in B, G, F; take the 
centre K of the circle ABC, and 
join KB, KG, KF: and becauſe 
within the circle DEF there 1s 
taken the point K, from which to 
the circumference DEF fall more 
than two equal ſtraight lines KB, 


KG, KF, the point K is a the centre of the circle DEF; bu "ap 

K is alſo the centre of the circle ABC; therefore the ſame N. . 

point is the centre of two circles that cut one another, whid ns th 
15 impoſſible b. Therefore one circumference of a circle can por 

not cut another in more than two points. Q. E. D. in F 

F is e 

PROP. XI. THE OR. U be 

e cen 

F | le 2 

F two circles touch each other internally, th che 


1 firaight line which joins their centres being pro 
duced, ſhall paſs through the point of contact. 


Let the two circles ABC, ADE, touch each other intern: 
ly in the point A, and let F be the centre of the circle AB 
and G the centre of the circle 
ADE; the ſtraight line which joins 
the centres F, G, being produced, 
paſles through the point, A, 

For, if not, let it fall otherwiſe, 
if poſſible, as FGDH, and join AF, 
AG: and becauſe AG, GF are 
greater a than FA, that is, than FH, 
for FA is equal to FH, both being 


from the ſame centre; take away : 

the common part FG, and the re- t. 

mainder AG will be greater than the remainder GH. M outſi 

AG is equal to GD, therefore GD is greater than GH ; a 

it is alſo leſs, which is impoſſible. Therefore the ſtraight li For. ; 

which joins the points F and G cannot fall otherwiſe than WW BC * 
dints B 


the point A; that is, it muſt paſs through A. Therefore, 8; 
two circles, &c. Q. E. D. | 
PRO! 
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PROP. XII. THEOR 


F two circles touch each other exterhally, the 
ſtraight line which joius their centres ſhall paſs 
Through the point of contact, 


Let the two-circles ABC, ADE touch each other exter- 
ally in the point A; and let F be the centre of the circle 

BC, and G the centre of ADE : The ſtraight line which 
pins the points F, G ſhall paſs through the point of contact A. 
For, if not, let it paſs otherwiſe, if poſſible, as FCDG, and 
din FA, AG: and becauſe F is the centre of the circle ABC, 
F is equal to FC: ö 
Alſo becauſe G is B 
e centre of the 
rcle ADE, AG 
equal to GD : 


EF; bu 
the ſam: 
T, which 
ircle can. 


ly, th 


ing profWherefore FA, AG 
ct. e equal to FC, 
G; wherefore the 


hole FG is great- 
than FA, AG; but it is alſo leſs a, which is impoſſible: a 20. f. 
herefore the ſtraight line which joins the points F, G hall 
ot paſs otherwiſe than through the point of contact A; 


hy 3 muſt paſs through it. Therefore, if two circles, &c, 


r intern: 


cle AB 


PROP. XIII. THEOR. 


NE circle cannot touch another in more points 
than one, whether it touches it on the infide 
outſide. NE 


For, if it be poſſible, let the circle EBF touch the circle 
BC in more points than one, and firſt on the inſide, in the 
Pints B, D; join BD, and draw 2 GH biſecting BD at right a 10. 11. 7 
G angles : 


iſe than 
her efor (of 


PRO! 


32 


Book III. angles: Therefore, becauſe the points B, D are in the circum. 
—ͤ—— 


b 2. 3. 


© Cor r. 3 which biſects BD at right angles: Therefore GH paſſe 


d 11. 3. 


b 2. 3. 


more than one point: For, if it be poſſible, let the circle Ad 


ELEMENTS 


ference of each of the circles, the ſtraight line BD falls within Take 


each b of them; and their centres are © in the ſtraight line G 


through the point of contactd ; but it does not paſs through i ine Al 
becauſe the points B, D are without the ſtraight line GH hrough 
which is abſurd: Therefore one circle cannot touch anothe 
on the inſide in more points than one. 

Nor can two circles touch one another on the outſide i ouble 
eaſon, 
nd A 
ore A] 
becauſe 
quare « 
quare © 


touch the circle ABC in the points A, C, and join AC 
Therefore, becauſe the two points 
A, C are in the circumference of the 
circle ACK, the ſtraight line AC 
which joins them ſhall fall within b 


the circle ACK: And the circle F, FI 
ACK 1s without the circle ABC; df AE, 
and therefore the ſtraight line AC 1s ike rea 
without this laſt circle ; but, becauſe EC: T 
the points A, C are in the circumfe- quares 
rence of the circle ABC, the ſtraight the ſqua 
line AC tauſt be within Þ the fame emainy 
circle, which is abſurd : Therefore EG, an 
one circle cannot. touch another on B raight 
the outſide in more than one point; and it has been ſheu entre, 
that they cannot touch on the inſide in more points than onientre a 
Therefore, one circle, &c. Q. E. D. rom the 
Next 

Pp ROH e cent 


For, the 
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PROP. XIV. THEOR. * 


eL ſtraight lines in a circle are equally 
1 diſtant from the centre ; and thoſe which are 
>qually diſtant from the centre, are equal to one. 
mother. * | 


H 


Let the ſtraight lines AB, CD, in the circle ABDC, be 
qual to one another; they are equally diſtant from the 
entre. 

Take E the centre of the circle ABDC, and from it draw 
F, EG perpendiculars to AB, CD: Then, becauſe the 
ught line EF, paſſing through the centre, cuts the ſtraight 
ine AB, which does not paſs - 7 | 
hrough 'the centre, at right 
Ingles, it alſo biſects a it: Where- 
ore AF is equal to FB, and AB 
louble of AF. For the ſame 
eaſon, CD is double of CG: 
nd AB is equal to CD; there- 
ore AF 1s equal to CG: And 
becauſe AE is equal to EC, the 
quare of AE. is equal to the 
quare of EC: But the ſquares of 

F, FE are equal b to the ſquare _ 
ff AE, becauſe the angle AFE is a right angle; and, for the 
ke reaſon, the ſquares of EG, GC are equal to the ſquare of 
EC: Therefore the ſquares of AF, FE are equal to the 
quares of CG, GE, of which the ſquare of AF 1s equal to 
the ſquare of CG, becauſe AF is equal to CG therefore the 
emaning ſquare of FE 1s equal to the remaining ſquare of 
EG, and the ſtraight line EF is therefore equal to EG: But 
raight lines ia a circle are ſaid to be equally diſtant from the 
entre, when the perpendiculars drawn to them from the 
entre are equal e: Therefore AB, CD are equally diſtant z. Def. 3. 
rom the centre. n 1 

Next, if the ſtraight lines AB, CD be equally diſtant from 
he centre, that is, if FE be equal to EG, AB is equal ta CD: 

For, the ſame conſtruction being made, it may, as before, be 
G 2 | demonſtrated, 


a 3. 3. 


18 
b 47+ Is 


\ 4 


m {bew 
than on 


RO 
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Book III. demonſtrated, that AB is double of AF, and CD double d 

w—Y— CG, and that the ſquares of EF, FA are equal to the ſquare 
of EG, GC; of which the ſquare of FE is equal to the ſquan 
of F.G, becauſe FE is equal to EG; therefore the remaining 
ſquare of AF is equal to the remaining ſquare of CG; and the 
ſtraight line A F is therefore equal to CG: And AB is doubl: 
of AF; and CD double of CG; wherefore AB is equal to C0 
Therefore equal ſtraight lines, &c. Q. E. D. 


H is le 
kewiſe 
qual to 
reater t 
K; the: 
ad the 
eter, & 


PROP. XV. T HE OR. 


HE diameter is the greateſt ſtraight line in: 
circle ; and, of all others, that which 1s nearer 

to the centre is always greater than one more re- 
mote ; and the greater is nearer to the centre thanMalls w 
the leſs. nh | de dra\ 


Let ABCD be a circle. of 
which the diameter is AD, and 


the centre E; and let BC be near- F Let A 
er to the centre than FG; AD is meter 
greater than any ſtraight line BC NN XB, AF 
which is not a diameter, and BC N In A] 


greater than FG, 


f # From the centre draw EH, EK 1 = 
| ight any 
Wo perpendiculars | to BC, FG, and nole. A 
4 join EB, EC, EF; and becauſe. by of 
+ AE 1s equal to EB, and FD to EC, AD. is <2 to EB, AM 
1 4 10. 1. EC: But EB, EC, are greater a than BC; wherefore, allo 1 TER 
Wits AD is greater than BC. — tc 
| And, becauſe BC is nearer to the centre than FG, EHV eater t 
C b 4. Def. 3. leſs b than EK: But, as was demonſtrated in the preceding there 
| 


BO is double of BH, and FG double of FK, and the ſquares d 

EH, HB are equal to the ſquares of EK, KF, of which the 

ſquare of EH is leſs than the ſquare of EK, becauſe EH is leb 

than EK ; therefore the ſquare of BH is greater than the ſquare 

of FK, and the ſtraight line BH greater 1 5 FK; and e 
fore BC is greater than FG. 


ow F 
the 
wit! 
Agai 
o {trai; 


ot cut t 


1 * 
8 


_— 
— r 


-_ 


= 


— 2 
— — W — = "4 
— — 
2 3 
- — 
— | 
-— * Py 
2 2 
— — — 
= -— 
< = 
= I 


Next, Let BC be greater than FG; BC is nearer to tht AG! 
centre than FG; that is, the lame conſtruction bein g made, 
EE 


gles 
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double q | 

e ſquate H is leſs than EK: Becauſe BC is greater than FG, BH Book III. 
he ſquan ke wiſe is greater than KF; and the ſquares of BH, HE are 
emaining qual to the ſquares of FK, KE, of which the ſquare of BH is 

3 and the reater than the ſquare of FK, becauſe BH is greater than 

is doublWFk ; therefore the ſquare of EH is leſs than the ſquare of EK, 


al to CDH ad the —_ line EH leſs than EK. Wherefore the dia- 


eter, &c. Q. E. D. 


r THEDK 
ine in! 
neare 
ore re. 
re than 


HE ſtraight line drawn at right angles to the 

diameter of a circle, from the extremity of it, 
alls without the circle; and no ſtraight line can 
e drawn between that ſtraight line and the cir- 
umference from the extremity, ſo as not to cut the 
Ircle, 


Let ABC he a circle, the centre of which 1s D, and the di- 
meter AB: and let AE be drawn from A perpendicular to 
XB, AE ſhall fall without the circle. 

In AE take any point F, join DF, and let DF meet the 
ircle in C. Becauſe DAF is a 

ight angle, it is greater than the E 
ngle AFD=2; but the greater 
gle of any triangle 1s ſubtended 


to EB 


| y the greater fide b, therefore DF F 
ore, ale greater than DA; and DA is C 

= val to DC, therefore DF is 

„ EH Beater than DC, and the point F B D A 
receding therefore without the circle. 

B. 1 ow F is any point whatever 

His i e line AE, therefore AE 

7 r - without the circle. 

ue Again, between the ſtraight line AE and the circumference 


1d there- 


o ſtraight line can be drawn from the point A, which does 
ot cut the circle. Let AG be drawn, making the angle 
DAG leſs than a right angle; from D draw DH at right 
gles to AG; and becauſe the angle DHA is a ::-ht 

94 | angle, 


r to the 


ig made, 
EH 


86 | ELEMENTS 


other at 
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right ar 
line dra 
to it, to 
and it 1 
done. 


Book IN. angle, each of the other angles 
of the triangle DAH is leſs 
than a right angle ; the angle 
DAH is therefore leſs than 
the angle DHA, and therefore 
alſo the fide DH 1s leſs than the 
fide DA b. The point H, 


therefore, is within the circle, _ 
and therefore the ſtraight line - 12 f 
AG cuts the circle. 0 | — 
Con. From this it is manifeſt that the ftraight line which 
is drawn at right angles to the diameter of a circle from the 
extremity of it, touches the circle ; and that it touches it only 
in one point, becauſe, if it did meet the circle in two, it would 
c 2. z. fall within it e. Alſo it is evident that there can be but on: F a 


* ſtraight line which touches the cirele in the ſame point. 


dre 
ſhall 


PROP. XVII. PROB, circle, 


s draw a ſtraight line from a given point, either * 
without or in the circumference, which ſhall C;t 7 
touch a given circle. & 55 
Firſt, let A. be a given point without the given circle BCT; ag a 
it is required to draw a ſtraight line from A which ſhall tou angle t 
the circle. | | fits» 1 
"Þ *%. * Find a the centre E of the circle, and join AE; and fron than E 
the centre E, at the diſtance EA, deſcribe the circle AFC rg. | 
b 11. 1. from the point D draw b DF at right angles to EA; and jou man 
EBF, AB. AB touches the circle BUD. create! 
Becauſe E 1s the centre of the | where! 
circles BCD, AFG. EA is equal {a : cular 
to EF: and ED to EB; there- W manne 
fore the two ſides AE, EB are G no oth 
equal to the two FE, ED, and beſides 
they contain the angle at E com- if a ſtr 


mon to the two triangles AEB, 
FED; therefore the baſe DF is 
equal to che baſe AB, and the 
triangle FED to the triangle 
AER, and the other angles to the 


oth 


, Either 
2h ſhall 


le BCD; 
all touch 


ind from 
e AFG; 
and jou 
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other angles e: 
angle E F; but EDF is a right angle, wherefore EBA is a 
right angle; and EB is drawn from the centre: but a ſtraight 
line drawn from the extremity of a diameter, at right angles 
to it, touches the circled : 
and it is drawn from the given point A. Which was to be 
done. 

But, if the given point be in the circumference of the circle, 
as the point D, draw DE to the centre E and DF at right 
angles to DE; DF touches the circle d. 


PROP. XVII THEOR. 

F a ſtraight line touches a circle, the ſtraight line 
drawn from the centre to the point of contact, 

ſhall be perpendicular to the line touching the 

circle, 


Let the ſtraight line DE touch the cixcle ABC in the point 
C; take the centre F, and draw the ſtraight line FC: FC is 
perpendicular to DE. 

For, if it be not, from the point F draw FBG 
lar to DE; and becauſe FGC 1 a right angle, 
acute an gle; and to the greater 
angle the greateſt c fide is oppo- 
ſite: Therefore FC is greater 
than FG; but FC is equal to 
FB; therefore FB is greater 
than F G, the leſs than the 
greater, which is impoſhble ; 
wherefore FCG is not perpendi- 
cular to DE: In the ſame 
manner 1t may be ſhewn, that | - 
no other 1s perpendicular to it D 0 
beſides FC, that is, FC is 4 were?! to DE. Therefore 
if  fraight line, &c. Q. E. D | 


3 
CF is b an 


64 
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Therefore the angle EBA is equal to the Book III. 


c. 4. 1. 


Therefore AB touches the circle; d Cor. 16.3. 


b 1. 1. 


C 19. I, 
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PROP. XIX. THE OR. 


F a ſtraight line touches a circle, and from the 
point of contact a ſtraight line be drawn at right 


angles to the touching line, the centre of the circle 
ſhall be in that line. | 


Let the ſtraight line DE touch the circle ABC, in C, and 
from C let CA be drawn at right angles to DE ; the centre of 
the circle is in CA. 

For, if not, let F be the centre, if poſſible, and j join CF: 
Becauſe DE touches the circle 
ABC, and FC 1s drawn from the 
centre to the point of contact, 
FC is perpendicular to DE; 
therefore FCE is a right angle : 
But ACE is alſo a right angle 
thereſore the angle F CE ; 15 eq a 
to the angle ACE, the leſs to the 
greater, which is impoſlible : 
Wherefore F is not the centre of 
the circle ABC: In the ſame 5 
manner, it may be ſhewn, that 
no other point which is not in CA, is the centre; that is, the 
centre is in CA. Therefore, if a firaight line, &c. GE. D. 


NRO P. K. HE-O-R; 


HE angle at the centre of a circle is double of the 
angle at the circumference, upon the ſame baſe, 
that is, upon the ſame part of che circumference, 


Let ABC be a circle, and BDC an angle at the centre, and 
BA an angle at the circumference, which have the ſame cir- 
cumference 50 for their baſe; the angle BDC is double of 
the angle BAC. 

Furſt, let D, the centre of the circle, be within the angle 
BAC, and join AD, and produce it to E: Becauſe DA is 


equal 


Therefo 
&c, Q. 


ment B 
lemicirc 
And b 
at the 


m the 
t right 
circle 


C, and 
entre of 


in CF: 
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equal to DB, the _ DAB is 
equal a to the angle DBA; there- 
fore the angles DAB, DBA are 
double of the angle DAB; but 
the angle BDE is equal b to the 
angles DAB, DBA; therefore alſo 
the angle BDE is double of the 
angle DAB: For the ſame reaſon, 
the angle EDC is double of the 
angle DAC : Therefore the whole 


angle BDC is double of the whole 


angle BAC. | 


B 
1 


C 


Again, let D, the centre of the circle be without the angle 


BAC, and join AD and produce 
it to E. It may be demonſtra- 
ted, as in the firſt caſe, that the 
angle EDC is double of the angle 
DAC, and that EDB a part of 
the firſt is double of DAB a part 
of the other; therefore the re- 
maining angle BDC is double 
of the remaining angle BAC. 
Therefore the angle at the centre, 


&, Q. E. D. 


2 


A 


PROP. XXI. THE OR. 


THE angles in the ſame ſegment of a circle are 


equal to one another, 


Let ABCD be a circle, and 
BAD, BED angles in the ſame 
legment BAED : The angles 
BAD, BED are equal to one 
another. 

Take F the centre of the circle 
ABCD : And, firſt, let the ſeg- 
ment BAZD be greater than a 
ſemicircle, and join BF, FD: 
And becauſe the angle BFD is 
at the centre, and the angle 
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Book HI. BAD at the circumference, and that they have the ſame pan 


a 20. 3. 


b 21. 3. 


- are equal a to ty right angles, 


of the circumference, viz. BCD, for their baſe; therefore the 

angle BFD is double a of the an gle BAD : for the ſame rea. 

ſon, the angle BFD is double of the angle BED : Therefore 

the angle BAD is equal to the angle BED. 
But, if the ſegment BAED be not greater than a ſemi. 

circle, let BAD, BE D be angles þ 

in it; theſe alſo are equal to one — 

another: Draw AF to the cen- . V 

tre, and produce it to C, and join B N þ 

CE: Therefore the ſegment 

BAD C is greater than a ſemi- F 

circle; and the angles in it BAC, Nees 

BEC are eg ual, by the firſt cafe: 

For the ſame reaſon, becauſe 

CBE is greater than a ſemi- 6 

circle, the angles CAD, CED 8 

are equal: Therefore the whole angle BAD is equal to the 

whole angle BED. Wherefore the * in the ſame leg. 

ment, &c. Q. E. D. 


P RNROT. AM. Ton. 


THE oppoſite angles of any quadrilateral figure 
deſcribed in a circle, are together equal to two 
right angles. 


Let ABCD be a quadrilateral figure in the circle ABCD; 
any twe of its oppoſite angles are together equal to two right 
angles. 

Join AC, BD; and becauſe 
the three an cles of every triangle 


the three angles of the triangle 
CAB, viz. the angles CAB, 
ABC, BCA are equal to two 
right angles: But tlie angle CAB 
is equal b to the angle CDB, be- S 
ay they are in the ſame ſeg- _ 
ment BADC, and the angle ACB 3s * to the a 0 


ne part 
fore the 


ME rea. 


\erefore 


a {emi. 


to the 


ne ſeg. 


figure 
O two 


BCD; 
o right 
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ADB, becauſe they are in the ſame ſegment AD CB: Book III. 


Therefore the whole angle ADC is equal to the angles 
CAB, ACB: To each of theſe equals add the angle 
ABC; therefore the angles ABC, CAB, BCA, are equal 
to the angles ABC, ADC: But ABC, CAB, BCA are 
equal to two right angles; therefore alſo the angles ABC, 
ADC are equal to two right angles: In the ſame manner, 
the angles BAD, DCB may be ſhewn to be equal to two 
right angles. Therefore, the oppoſite angles, &c. Q. E. D. 


P. RO P. XXIII. THE OK. 


PON the ſame ſtraight line, and upon the 

ſame lide of it, there cannot be two ſimilar 

ſegments of circles, not coinciding with one ano- 
ther. | 


If it be poſſible, let the two fimilar' ſegments of circles, 
viz. ACB, ADB, be upon the ſame fide of the ſame ſtraight 
line AB, not coinciding with one another: then, becauſe the 
circle ACB cuts the circle ADB in D 
the two points A, B, they cannot ; 
cut. one another in any other point a: 
one of the ſegments mult therefore 
fall within the other: let ACB fall 
within ADB, and draw the ſtraight A 
line BUD, and join CA, DA : and 


B 


becauſe the ſegment ACB is ſimilar to the ſegment ADS, 


and that ſimilar ſegments of circles contain b equal angles; 
the angle ACB is equal to the angle ADB, the exterior to 
the interior, which is impoſſible e Therefore, there cannot 
be two fimilar ſegments of a circle upon the ſame ſide of the 
lame line, which do not coincide. Q. E. D. 


ANR. 


- 


a 10. 3. 


b 9. def. 3— 


C 16. 1. 


Brok III. 


2 25. 3 


ELEMENTS 
ſtraight 
ABD, © 


PROP. XXIV. THEOR. 


IMILAR ſegments of circles upon equal fraight 
lines, are equal to one another. 


Let AEB, CFD be fimilar ſegments of circles upon the 
equal ſtraight lines AB, CD; the ſegment AEB is equal to 


the ſegment CFD. 

For, if the and bec 
ſegment AEB ſtraight 
be applied to to DC, 
the ſegment 0 two ſid 
CFD, ſo as the A B C each; 
point A be on each of 


C, and the ſtraight line AB upon CD, the point B ſhall CO- 
incide with the point D, becauſe AB is equal to CD: There- 
fore the ſtraight line AB coinciding with CD, the ſegment 
AEB muſt a coincide with the ſegment CFD, and therefore is 
equal to it. Wherefore, ſimilar ſegments, &c. Q. E. D. 


PROP. XV. PROB. 


Segment of a NEE being given, to deſcribe 
the circle of which it is the ſegment. 


Let ABC be the given ſegment of a circle ; it is required 
to deſcribe the circle of which it is the ſegment. 

Biſect a AC in D, and from the point D draw b DB at 
right angles to AC, and j join AB: Firſt, let the angles ABD, 
BAD be equal to one another ; then the ſtraight line BD is 


equal e to DA, and therefore to DC; and becauſe the three 


ſtraight lines DA, DB, Do, are all equal; D is the centre 
of the circle d: Gong the centre D, at the diſtance of any of 
the three DA, DB, DC, Jnfoetbe a circle ; this ſhall paſs 
through the other points ; and the circle of which ABC 1s a 
ſegment is deſcribed : and becauſe the centre D is in AC, 
the ſegment ABC is « ſemicircle ; but if the angles ABD, 
BAD are not equal to one another, at the point A, in the 

{traight 


qual f t 
EB, wi 
lines 4 
wheref 
E, at t 
a circle 
circle « 
vident, 
BAD, 
therefc 
leſs the: 
which 
ſegniet 


which 


N « 
Cal 


Or C11 
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ſtraight line AB make e the angle BAE Fa to the angle Book IIT. 
ABD, and produce BD, if neceſſary, to E, and join EC : B's. 


| 1 
raight B p VA) 
4 
on the 6+ ern” . 
qual to ; D A IL A D V 


ard becauſe the angle ABE is equal to the angle BAE, the 
ſtraight line BE is equal © to EA: and 8 \D is equal 

to DC, and DE common to the triangles ADE, CDE, the 

two fides AD, DE are equal to the two CD, DE, each to 

each; and the angle ADE is equal to the angle CDE, for 

each of them is a right angle; therefore the baſe AE is e- 

all co- cqval f to the baſe EC : but AE was ſhewn to be equal to f + 1. 
There- EB, wherefore alſo BE is equal to EC : and the three ſtraight 
:oment lines AE, EB, EC are therefore equal to one another; 

fore is WM wherefore d E is the centre of the circle. From the centre d 9. 3. 
AD. E, at the diſtance of any of the three AE, EB, EC, deſcribe 

a circle, this ſhall paſs through the other points; and the 

circle of which ABC is a ſegment is deſcribed : and it is e- 
vident, that if the angle ABD be greater than the angle 
BAD, the centre E falls without the ſegment ABC, which 
therefore is leſs than a ſemicircle : but if the angle ABD be 

leſs than B AD, the centre E falls within the ſegment ABC, 

which is therefore greater than a ſemicircle : Wherefore a 
ſegnient of a circle being given, the circle is deſcribed of 
which it is a ſegment. Which was to be done. 


ſcribe 


quired 


DB at 
ABD, 
BD 1s 


P-R-Q-P., + l. oK. 
three 7 817 
centre Rs } 
any of N equal circles, equal angles ſtand upon equal 
Il paſs circumferences, whether they be at the centres 


C is a 
AC, 
ABD, 
in the 
traight 


or circumterences. 


3 e 
Let 
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Book III. Let ABC, DEF be equal circles, and the equal anole; 
e EHF at their centres, and BAC, EDF 8 their cir. 
cum erences: the circumference BKC is equal to the cir. 
cumference ELF. | 

Join BC, EF; and becauſe the circles ABC, DEF are e. 

qual, the ſtraight lines drawn from their centres are equal; 
therefore the two ſides BG, GC, are equal to the two EH, 


A 


HF; and the angle at G is equal to the angle at H; there. 

2 4.1. fore the baſe BC is equal 2 to the baſe EF: and becauſe the 

angle at A. is equal to the angle at D, the ſegment BAC is 

b 9. def 3. ſimilar b to the ſegment EDF; and they are upon equal 

ſtraight lines BC, EF; but ſimilar ſegments of circles upon 

e 24. 3. equal ſtraight lines are equal © to one another, therefore the 

ſegment BAC 1s equal to the ſegment EDF : but the whole 

circle ABC is equal to the whole DEF; therefore the re- 

maining ſegment BK C is equal to the remaining ſegment 

ELF, and the circumference B&C to the circumference ELF. 
Wherefore, in equal circles, &c. Q. E. D. 


PROP, AAVH; - T7 -E 0K: 


N equal circles, the angles which ſtand upon e- 
qual circumferences are equal to one another, 
whether they be at the centres or circumferences, Let 


Let the angles BGC, EHF at the centres, and BAC, EDF ter2nce 
at the circumferences of the e zual circles ABU, DEF ſtand  S-Eater 
upon the equal circumferences BC, EF: the angle BGC ; to the l 

equa 
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2 equal to the angle EHF, and the angle BAC to the angle Book III. 
he ch. MEP. F 
8 If the angle BGC be equal to the angle EHF, it is mani- 
| feſt a that the angle BAC is alſo equal to EDF. But, if not, a 20. 3. 
wo | one of them is the greater: let BGC be the greater, and at 
I the point G, in the ſtraight line BG, make b the angle BGK b 23. 1. 
Fer. equal to the angle EHF; but equal angles ſtand upon equal 
circumferences e, when they are at the centre; therefore the c 26. 3 
circumference BK is equal to the circumference EF: but EF 
is equal to BC ; therefore alſo BK is equal to BC, the leſs 
to the greater, which is impoſſible : therefore the angle BGC 
v not unequal to the angle EHF; that is, it is equal to it: 


; there- 
zuſe the 
AC 1s 
n equal 


es upon 

fore the and the angle at A is half of the angle BGC, and the angle at 

e whole D half of the angle EHF: therefore the angle at A is e- 
the re-W qual to the angle at D. Wherefore, in equal circles, &c. 

ſegment Q. E. D. 

ze ELF. 


PROP. XXVII. THE OR. 


IN equal circles, equal ſtraight lines cut off equal 
circumferences, the greater equal to the greater, 


pon e- and the leſs to the leſs. 


nother, 


ces, Let ABC, DEF be equal circles, and BC, EF equal 


ſtraight lines in them, which cut off the two greater circim- 
ferences BAC, EDF, and the two leſs BGC, EHF: the 


greater BAC is equal to the 
* ig 3 q 4 the greater EDF, and the 1-6 BGC 


C, EDF 
F ſtand 
BGC 1 


equal 


2 Take 
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90 
Book III. Take a K, L, the centres of the circles, and join BK, K. equal 
r EL, LF: and becauſe the circles are el, the fraight ling 
D 
B 
ä ; e the b 
from their centres are equal; therefore BK, KC are equal u circl 
EL, LF; and the baſe BC is equal to the baſe EF; there. 
b 8. 1. fore the angle BKC is equal b to the angle ELF: but equal 
c 26. 3. angles ſtand upon equal © circumferences, when they are a 
the centres; therefore the circumference BGC is equal u 
the cineudiference EHF. But the whole circle ABC is e. O b 
qual to the whole EDF; che remaining part therefore of the it 
circumference, viz. B AC, 15 equal tothe remaining part EDF, 
Therefore, in equal circles, &c. Q. E. D. Let A 
t it. 
Join A 
= 3 right a 
PRO P. XXIX. THE OR. DB is! 
Becauſ 
N equal circles equal circumferences are ſubtend. 8 
[ ed by equal eight 0 4 7 r 
— 
Let ABC, DEF be lia circles, and let the circumferen * AD 
ces BGC, EHF alſo be equal; and join BC, EF : : he ſtraigu eau! 
line BC is equal to the ſtraight line GG. — 
6 1. 35 Take à K, L the centres of the circles, * join BK, KC — * 
EL, LF: and becauſe the circumferetice BG is equal to the fog * 
5 27. 3. circumference EHF, the angle BKC is equal b to the angl is e 
ELF : and becauſe the circles ABC, DEF are equal, th: 447 4. 


ſtraight lines from their t centrey a are equal : therefore BK, KC 
+ 
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K, KC equal to EL, LF, and they contain equal angles : there - Book III. 


zht lines | 
| D 
: H 


e the baſe BC is equal e to the baſe EF. Therefore, in e- c 4. 1. 
l circles, &c. Q. E. D. 


PROP. XXX. PRO B. 


y are A 

equal u 

BC is O biſect a given circumference, that is, to divide 
re of the it into two equal parts. | 

rt E DF, 


Let ADB be the given circumference ; it is required to bi- 
it. | : 

Join AB, and biſect a it in C; from the point C draw CD a 10. 1 
right angles to AB, and join AD, DB: the circumference 
DB is biſected in the point D. ; 
Becauſe AC is equal to CB, and CD common to the tri- 
gles ACD, BCD, the two fides 

C, CD are equal to. the two BC, 
D; and the angle ACD is equal 
the angle BCD, becauſe each of 
em is a right angle; therefore the * 
e AD is equal b to the baſe BD. b 4. 1. 
t equal ſtraight lines cut off equal e circumferences, the e 28. 3. 
ater equal to the greater, and the leſs to the leſa and AD, 

3 are each of them leſs than a ſemicircle ; becauſe DC 

les through the centre d: Wherefore the circumference d Cor. x. 3. 


abtend- 


umferen- 
e ſtraight 


BK, KC, 
ual to the 


my oy ) is equal to the circumference DB: therefore the given 
BR K cumference is biſeQed in D. Which was to be done. 
5 


de H PROP. 
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c 7. def. I. 


4 I7. 1. 


e 22. 3. 


ELEMENTS 


PROP. AXAL THEOQR:. 


N a circle, the angle in a ſemicircle 1s a righ 
angle; but the angle in a ſegment greater tha 

a ſemicircle is leſs than a right angle; and th 
angle in a ſegment leſs than a ſemicircle is greats 
than a right angle. 


Let ABCD be a circle, of which the diameter is BC, vWF a ft 
centre E; and draw CA dividing the cixcle into the ſe poir 
ments ABC, ADC, and join BA, AD, DC; the angle wiſh}. cir 
the ſemicircle BAC is a right angle; and the angle in th 1 
ſegment ABC, which 1s greater than a ſemicircle, is leſs tha 
a right angle; and the angle in the ſegment ADC, which i "3'<* 
leſs than a ſemicircle, is greater than a right angle. ircle. 

Join AE, and produce BA to F; and becauſe BE is equ 
to EA, the angle EAB is equal a to EBA; alſo, becau Let th 


AE is equal to EC the angle rom the 
EAC is equal to ECA ; where- Þ e circle 
fore the whole angle BAC is e- | | ine EF 
qual to the two angles ABC, f the cir 
ACB. But FAC, the exterior hich is 
angle of the triangle ABC, is vie in 
alſo equal Þ to the two angles rom 
ABC, ACB; therefore the B Ake any 
angle BAC is equal'to the angle Ly B; and 
FAC, and each of them 1s the 
therefore a rightc angle: where- awn a 
fore the angle BAC in a ſemi- buching 
circle is a right angle. ontact ] 


And becauſe the two angles ABC, BAC of the triangWrcle is 
ABC are together leſs 4 than two right angles, and that BA angle 
is a right angle, ABC muſt N that a right angle; ga right 
therefore the angle in a ſegment RBC greater than a ſemiciuently 
cle, 15 leſsghan a-right angle. AD, £ 

And becauſe ABCD is a quadrilateral figure in a circWeht ang 
any two of its oppoſite angles are equal e to two right angleWile a r 
therefore the angles ABC, ADC are equal to two right Me ang] 
gles; and ABC is leſs than a right angle; wherefore the othi 
ADL 1 15 mn than a righ __ 

3 Bei 
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* angle adjacent to it 15 equal to the fame two; and when 
a rigide adjacent angles are equal, they are right angles. 
er tha 
nd the 
greate 1 8 5 
PROP. xXXXII. THE OR. 


F a Kraight line toücher a circle, and from the 


BC, 2 
the ſe: point of contact a ſtraight line be drawn cutting 
angle he circle, the angles made by this line with the 


ie in * 
leſs tha 
which 


ine touching the circle, ſhall be equal to the 
ngles which are in the alternate ſegments of the 
ircle. 

L is equ 
„ becau 


. 


Let che ftraight line EF touch the circle ABCD in B, and 
rom the point B let the ſtraight line BD be drawn cutting 
he circle: The angles which BD makes with the touching 
ine EF ſhall be equal to the angles in the alternate ſegments 
che circle : that is, the angle FBD is equal to the angle 
hich is in the ſegment DAB, and the angle DBE to the 

zle in the ſegment BCD. 
rom the point B draw a BA at right angles to EF, and 
ake any point C in the circumference BD, and join AD, DC, 
B; and becauſe the ſtraight line EF touches the circle ABCD 
the point B, and BA is 
awn at right angles to the 
duching line from the point of 
ontact B, the centre of the 
cle is db in BA; therefore 
e angle ADB in a ſemicircle 
a right © angle, and conſe- 
ently the other two angles 
AD, ABD are equal d to a 
cht angle : but ABF i 15 like- 
nle a right angle; therefore 
e angle ABF is equal to che angles BAD, ABD : take 
H 2 from 


1e triang 
that BA 
ngle ; al 


a ſemac! 


in a circk 
zht angle 
0 right il 
e the ot 


Beſide 


20 


Cor, From this it is manifeſt, that if one angle of a tri- Book III. 
ngle be equal to the other two, it is a right angle, becauſe 


A 11. 1. 


106 ELEMENTS 


Book III. from theſe equals the common angle ABD; therefore wlfſÞz!* C. 
—_—r— remaining angle DBF is equal to be unge BAD, which . draw 
in the alternate ſegment of the circle: and becauſe ABC des 0 

is a quadrilateral ate in a circle, the oppoſite angles BA F, and 

e 322. 3 BCD are equal to two right angles; therefore the angt 7 
13. 1. DBF, DBE, being likewiſe equal to two right angles, ad join! 
equal to the angles BAD, BCD ; and DBF has been prove F is e 

equal to BAD : therefore the remaining angle DBE is eq * 1 

to the angle BCD in the alternate ſegment of the circle. gles Al 
Wherefore, if a firaight line, Kc. Q. EK. D. ax 

; | ' gle BF 

131 B; and 

PROP. XXXIII. PRO B. nce G-4 

e AHI 

| 15 diam 

PON a given ſtraight line to deſcribe a ſe 3 

ment of a circle, containing an angle equi... the 

to a given rectilineal angle. AB is 

e 1 


Let AB be the given ſtraight line, and the angle at CAB is « 
given rectilineal angle; it is required to deſcribe upon ii therefc 
given ſtraight line AB a ſegment of a circle, containing is equa 
angle equal to the angle C. 

6 irſt, let the angle at C be 
z 10. 2. a right angle, and biſect a AB 
in F, and from the centre F, 
at the diſtance FB, deſcribe 
the ſemicircle AHB; there- 
fore the angle AHB in a ſe- 
b 31.3. micircle is b equal to the 
right angle at C. | | 
| gut, if the angle C be not a right angle, at the point A, 
ea3.3- the ſtraight line AB, make the angle BAD equal 0 


efore le C, and from the point 
Which draw d AE at right 
ABO les to AD; biſect a AB 
& RAI F. and from F draw d 
he angk at right aagles to AB, 
agles, u jd join GB: And becauſe 


F is equal to FB, and 

common to the tri- 
Lgles AFG, BFG the two 
les AF, FG are equal to 
e two BF, FG; and the 
gle AFG is equal to the 
gle BFG; therefore the 


D prove 
E. is 
rcle. 


om the point of contact A. 
ts the circle, the angle 
AB 1s equal to the angle 

the alternate ſegment 
HB g : but the angle 
AB is equal to the angle 
, therefore alſo the angle 
is equal to the angle in 
eſegment AHB: Where- 
re, upon the given ftraight 
e AB the ſegment AHB 


eal angle. 
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baſe AG is equal e to the baſe e 4. 1. 
B; and the circle deſcribed from the centre G, at the di- 

ance GA, ſhall paſs through the point B; let this be the cir- 

e AHB: And becauſe from the point A the extremity of 

> diameter AE, AD is drawn .at right angles to AE, 
erefore AD f touches the circle; 


and becauſe AB drawn f Cor. 16. 3. 


a circle 1s deſcribed which contains an angle equal to the 
ven angle at C. Which was to be done. 


PROP. XXXIV. PROB. 


| 0 cut off a ſegment from a given circle which 
any ſhall contain an angle equal to a given rectili- 


Let 
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Book III. 


a 17. 3. 


d 23. 1. 


FE LEME NTS. 
Let ABC be the given circle, and D the given rectilinel 


Fight an 

angle; it is required to cut off a ſegment from the circle Ah che c: 
chat ſhall contain an angle equal to the angle D. BD, wh 
Draw 3 the ſtraight line EF touching the circle ABC MAC, wt 


the point B, and at the entre, * 


point B, in the ſtraight EC are 
line BF make b the decauſe 
angle FBC equal to the 5 YG into two 
angle D; therefore, be- | and intc 
cauſe the ſtraight line te rect. 
EF touches the circle the ſqu⸗ 
ABC, and BC is drawn 4 ſquare C 
ſrom the point of con- of FA 
tact B, the angle FBC is D TT B ae equ 


equal c to the an gle in 5 therefor 
the alternate ſegment BAC of the circle: but the angle FROIWEF, is 
is equal to the angle D; therefore the angle in the ſegment mon {qt 


BAC is equal to the angle D: wherefore the ſegment BA equal te 
is cut off from the given circle ABC containing an angle e. ange A 
qual to the given angle D. Which was to be done. ex 
*. 8 5 ' ther A 

not at 1 

b \ 1 | F is t 

PROP. XXXV. THE OR. 4 FG 

| | wheref 


F two ſtraight lines within a circle cut one anc-Mcf EG 
ther, the rectangle contained by the ſegments of quals 3 
one of them is equal to the rectangle contained hi EC, t 
the ſegments of the other. | the {qu 
gy ne | {quare: 

the {qu 
of A 
{quare 
angle 
ſquare 


Let the two ftraight lines AC, BD, within the circle 
ABCD, cut one another in the point E: the rectangle con 
tained by AE, EC is equal to the rect- 
angle contained by BE, ED. | 5 


If AC, BD paſs each of them through ſquare 
the centre, ſo that-E is the centre; it is ſquare 
evident, that AE, EC, BE, ED, beingB B is 
all equal, the rectangle AE, EC is like- ED, 1 
wiſe equal to the rectangle BE, ED. + AE, 
rectan 


But let one of them BD paſs through the centre, and cit 
the other AC, which does not paſs through the centre, 2 
| \ right 
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rectilinei {ſight angles, in the point E: then, if BD be biſected in F, F Book HI, 
cle ABC the centre of the circle ABCD; join AF: and becauſe 


BD, which paſſes through the centre, cuts the ſtraight line 
AC, which does not paſs through the SIT 
entre, at right angles in E, AE, 
EC are equal a to one another: and 
decauſe the ſtraight line BD is cut 
into two equal parts in the point F, 
and into two unequal in the point E, E 
the rectangle BE, ED, together with 
the ſquare of EF, is equal b to the A 15 C 
ſquare of FB; that 1s, to the ſquare * 
of FA; but the ſquares of AE, EF 3 
are equal © to the ſquare of FA; | 
therefore the rectangle BE, ED, together with the ſquare of 
EF, is equal to the ſquares of AE, EF: take away the com- 
mon ſquare of EF, and the remaining rectangle BE, ED is 
equal ro the remaining ſquare of AE ; that 1s, to the 'reQ- 
ng AE, EC. 
ext, Let BD, which paſſes through the centre, cut the o- 
ther AC, which does not paſs through the centre, in E, but 
not at right angles: then, as before, if BD be biſected in F, 
F is the centre of the circle. Join AF, and from F draw 
d FG perpendicular to AC; therefore AG is equalz to GC; 
wherefore, the rectangle AE, EC, together with the ſquare 
je anc EG, is equal b to the ſquare of AG: to each of theſe e- 
1ents o quals add the ſquare of GF; therefore the rectangle AE, 
ned bit EC, together with the ſquares of EG, GF, is equal to 
che ſquares of AG, GF: But the | 
ſquares of EG, GF are equal e to 
n the ſquare of EF; and the ſquares 
1e circle of AG, GF are equal to the 
gle con ſquare of AF: therefore the rect- 
8 angle AE, EC, together with the 


25 
igle FBC 
ſegment 
ent BAC 
angle e. 


ſquare of EF, is equal to the 
7 ſquare of AF; that is, to the 


ſquare of FB: but the ſquare of | 

B is equal b to the rectangle BE, : 
N ED, together with the ſquare of EF; therefore the rectangle 
C AE, EC, together with the ſquare of EF, is equal to the 
and cuff} rectangle BE, ED, together with the ſquare of EF: take a- 
entre, a | H 4 way 


#6 4.4; 


e 47. I. 


d 12. 1. 
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Book III. 


a 18. 3 


of the ſtraight lines AC, DB, 


fame reaſon, the r-Qangle BE, 
Ed is equal to the ſame rectangle 
GE, EH; therefore the rectangle 


ELEMENTS 


way the common ſquare of EF, and the remaining redtany 
AE, EC, is therefore equal to the remaining rectangle B 
ED. ; [EI 

Laſtly, Let neither of the ſtraight lines AC, BD pai 
through the centre : take the centre 
F, and through E, the interſection 


draw the diameter GEFH : and 
becauſe the rectangle AE, EC is 
equal, as has been ſhown, to the 
rectangle GE, EH; and, for the 


AE, EC is equal to the rectangle 
BE, ED. herefore, if two ſtraight lines, &c. Q. E. 


PROP. XXXVI. THE OR. 


T* from any point without a circle two ſtraight 
lines be drawn, one of which cuts the circle 
and the other touches it; the rectangle contained 
by the whole line which cuts the circle, and the 
part of it without the circle, ſhall be equal to the 
ſquare of the line which touches it. 


Let D be any point without the circle ABC, and DCA, 
DB two ſtraight lines drawn from it, of which DCA. cut: 
the circle, and DB touches the ſame: the rectangle AD, DL 
is equal to the ſquare of DB. wt 

Either DCA paſſes through the centre, or it does not; 
firſt, Let it paſs through the centre E, and join EB ; there 
fore the angle EBD is a right à angle: and becauſe the 
b ; ; i NY ſtraight 
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ſtraight line AC is biſected in E, and 
produced to the point D, the rect- 
angle AD, DC, together witch the 
ſquare of EC, is equal b to the ſquare 
of ED; and CE is equal to EB; 
therefore the rectangle AD, DC, 
together with the ſquare of EB, is 
equal to the ſquare of ED : but the 
ſquare of ED is equal c to the 
ſquares of EB, BD, becauſe EBD is 
a right angle: therefore the rectangle 
AD, DC, together with the ſquare 
of EB, is equal to the ſquares of EB, 
BD: take away the common ſquare . | 
of EB; therefore the remaining rectangle AD, DC is equal 
to the ſquare of the tangent DB. . 
But if DCA does not paſs through the centre of the circle 
ABC, take d the centre E, and draw EF perpendicular e to d 1. . 
AC, and join EB, EC, ED: and becauſe the ſtraight line © **: *- 
EF, which paſſes through the centre, cuts the ſtraight line 
AC, which does not paſs through the 
centre, at right angles, it ſhall like- 
wiſe biſect f it; therefore AF is e- 
qual to FC : and becauſe the ſtraight 
line AC is biſeQted in F, and produ- 
ced to D, the rectangle AD, DC, 
together with the ſquare of FC, is 
1 1 b to the ſquare of FD: to each 
of theſe equals add the fquare of 
FE ; therefore the rectangle AD, 
DC, together with the ſquares of 
CF, FE, is equal to the ſquares of 
DF, FE: but the ſquare of ED is 
equal e to the ſquares of DF, FE be- 
cauſe EFD is . gs angle; and the ſquare of EC is equal 
to the ſquares of CF, FE; therefore the rectangle AD, DC, 
gether with the ſquare of EC, is equal to the ſquare of 
and CE is equal to EB; therefore the rectangle AD, 
DC, together with the ſquare of EB. js equal to the ſquare of 
ED : but the ſquares of EP, BD are equal to the ſquare c of 
ED, becauſe EB O is a right angle; there ſore the rectangle 
A, DC, together with the ſquare of EB, is equal to tlie 
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Book III. ſquares of EB, BD : take away the common ſquare of EB; 


therefore the remaining rectangle AD, DC is equal to 
the ſquare of DB. Wherefore, if from any point, &c, 
Q. E. D) | 

Cok. If from any point without a 
circle, there be drawn two ſtraight 
lines cutting it, as -AB, AC, the 
rectangles contained by the whole 
lines and the parts of them without 
the circle, are equal to one ano her, D 
viz. the rectangle BA, AE to the 
rectangle CA, AF: for each of them 
15 equal to the ſquare of the ſtraight 
line AD which touches the circle. 


B 


PROF. EZEXXVE:THEOR 


F from a point without a circle there be drawn 
two ſtraight lines, one of which cuts the circle, 
and the other meets it; if the rectangle contained 
by the whole line which cuts the circle, and the 
part of it without the circle be equal to the ſquare 
of the line which meets it, the line which meet 


| ſhall touch the circle, 


Let any point D be taken without the circle ABC, and from 
it let two ſtraight lines DCA and DB be drawn, of which 
DCA cuts the circle, and DB meets it; if the reQtangle AD, 
DC, be equal to the ſquare of DB; DB touches the circle. 

Draw the ſtraight line DE touching the circle ABC, 
find the centre F, and join FE, FB, FD; then FED is: 


right b angle: and becauſe DE touches the circle ABC, and 
3. DCA cuts it, the rectangle AD, DC is equal e to the ſquar 


of DE; but the rectangle AD, DC is, by hypotheſis, equi 
to the ſquare of DB: therefore the ſquare of DE is equal ti 
the ſquare of DB; and the ftraight line DE equal to * 


diame 
touche 
touche 
fore, 1 


of EB; 
equal to 
dint, &c. 
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ſtraight line DB: and FE is equal to FB, wherefore DE, Book III. 
——-— 


E' are equal to DB, BF; and the 
baſe FD is common to the two 
triangles DEF, DBF; therefore 
the angle DEF is equal d to the 
angle DBF; and DEF is a right 


an le, therefore alſo DBF is a right 


an gle : but FB, if produced, is a 
diameter, and the ſtraight line 
which is drawn at right angles to a 
diameter, from the extremity of it, 
touches © the circle : therefore DB 
touches the circle ABC. Where- 
fore, if from a point, &c. Q. E. D. 


D 


d 9. 4. 
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ELEMENTS 
OF 


G EO ME IT R V. 


DOOR N. 


DEFINITIONS. 


I. 


Rectilineal figure is ſaid: to be inſcribed in another Book IV. 

rectilineal figure, when all the angles of the inſcribed 
figure are upon the fides of the figure 
in which it is inſcribed, each upon 


each, 
II. * 


In like manner, a figure is ſaid to be de- 
ſcribed about another figure, when all 
the ſides of the circumſcribed fi 


paſs through the angular points . about which it 
is deſcribed, each through each. 


III. 
A rectilineal figure is ſaid to be in- Wc. 


ſcribed in a circle, when all the angles 
of the inſcribed figure are upon the 
circumference of the circle, 


IV. 


A xectilineal fi 


ELEMENTS 
IV. 


each fide of the circumſcribed figure 
touches the circumierence of the 


circle, 
N 


gure 15 ſaid to be deſcribed about a circle, Whey 


In like manner, a circle is ſaid to be in- 
ſcribed in a rectilineal figure, when 
the circumference of the circle touches | 
each fide of the figure. | 


; * [ 4 kd 4 
VI. 

A. circle 1s ſaid to be deſcribed about a 
rectilineal figure, when the circumfe- 
rence of the circle” paſſes through all 
the angular points of the figure about 
which it is deſcribed. 


* - * 
* * 
, 1 


* 


VII. 


A ſtraight line is ſaid to be placed in a circle, when the ex. 
tremities of it are in the circumference of the circle. 


rAROPFP. LI PROB. 


JAE a given circle to place. a ſtraight line, equal to 
a given ſtraight line not greater than the diame- 


ter of the circle. 


Let ABC be the given circle, and D the given ftraight y 
not greater than the diameter of the circle. 


Draw BC the diameter of 
the. circle ABC; then, if BC 


quired is done ; for in the cir- 


is equal to D, the thing re- , 
E 


cle ABC a ſtraight line BC is C 
placed equal to D: But, if it 
is not, BC is greater than D; 
make CE equal a to D, and 


from the centre C, at the di- F 


ſtance CE, deſcribe the circle D | 


AEF, and Join CA : Therefore, becauſe C is the centre of 


which 1 
was to | 


Let . 
angle ; 
equiang 

Dran 
point £ 
the ang 
in the 
AG,m 
GAB. 
angle I 
BC: 1 
cauſe H 
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le, When 


entre of 
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oircle AEF, CA is equal to CE; but D is equal to CE; Book IV. 
therefore D is equal to CA : Wherefore, in the circle ABC, eo 
a ſtraight line is placed, equal to the given ſtraight line D, 
which is not greater than the diameter of the circle. Which 
was to be done. 


PAO . * PROB. 


a given circle to inſcribe a triangle equiangu- 
lar to a given triangle. 


Let ABC be the given circle, and DEF the given tri- 
angle; it is required to inſcribe in the circle ABC a triangle 
equiangular to the triangle DEF. | 

Draw = the ſtraight line GAH touching the circle in the a 17. 3. 

point A, and at the point A, in the ſtraight line AH, make b b 23. 1. 
15 angle HAC equal to the angle DEF; and at the point A, 
in the ſtraight line 
AG, make Ne angle 
GAB equal to the 
angle DFE,and join 
BC: Therefore, be- 
cauſe HA G touches 
the circle ABC, and 
AC is drawn from 
the point of contact, 
the angle HAC is e- 
qual e to the angle 
ABC in the alternate e of the circle : But HAC is e- 
qual to the angle DEF; therefore alſo the angle ABC is e- 
qual to DEF : for the ſame reaſon, the angle ACB 1s equal 
to the angle DFE ; therefore the remaining angle BAC is 
equal d to the remaining angle EDF: Wherefore the triangle d 32. r. 
ABC is equiangular to the triangle DEF, and it 1s inſcribed 
in the circle ABC. Which was to be done. 


© 433: 3. 


PROP. 


ELEMENTS 


PROP. III. PRO B. 
Lr a given circle to deſcribe a triangle e- 


quiangular to a given triangle. 


Let ABC be the given circle, and DEF the given triangle; 


it is required to deſcribe a triangle about the circle ABC e- 


quian 


2 23. 1. 


b 17. 3. 


circle ABC: Therefore, becauſe LM, MN, 


c 18. 3. 


Ja. 


e 32. 1. 


gular to the triangle DEF. | 

Produce EF both ways to the points G, H, and find the 
centre K of the circle ABC, and from it draw any ſtraight 
line KB; at the point K in the ſtraight line KB, make à the 
angle BKA equal to the angle DEG, and the angle BKC 
equal o the angle DFH; and through the points A, B, C, 
draw the ſtraight lines LAM, MBN, NCL touching b the 
| | NL touch the 
circle ABC in the points A, B, C, to which from the centre 
ape drawn KA, KB, KC, the angles at the points A, B, C, are 
right © angles. And becauſe the four angles of the quadrila- 
teral figure AMBK. are equal to four right angles, for it can 
be divided into two triangles, and becauſe two of them, KAM. 
angles, the other 
two AKB, AMB 
are equal to two 
right angles: But 
theangles DEG, 
DEF are like- 
wiſe equal d to 
twarightangles; 
therefore the an- 
gles AKB, IMR 


are equal to che angles DEG, DEF, of which AKB is equal 
to DEG; wherefore the remaining 
the remaining angle DEF: In like manner, the angle LNM 
may be demonſtrated to be equal to DFE ; and therefore the 
remaining angle MLN is equale to the remaining angle EDE: 
to the triangle 
DE : And it is deſcribed about the circle ABC. Which 


Wherefore the triangle LMN is equian 


was to be done. 


PROP, 


angle AMB is equal to 


one equ 
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is oppo 
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PRO. IV. PRO B. 


To inſcribe a circle in a given triangle. 


Let the given triangle be ABC; it is required to inſcribe 
a circle in ABC. 

Biſect a the angles ABC, BCA. by the ſtraight lines BD, a 9. 1. 
CD meeting one another in the point D, from which draw eb b 12. f. 
DE, DF, DG perpendiculars | 
to AB, BC, CA: And be- A 
cauſe the angle EBD is equal 
to the angle F BD, the angle 
ABC being biſedted by BD; 
and becauſe the right angle 
BED is equal tothe 8 — 
BFD, the two triangles ERD, 
FBD have two angles of the 
one equal to two angles of the 
other; and the ſide BD, which B 
18 oppoſite to one of the equal 
angles in each, is common to both; therefore their other ſides 
are equal cz wherefore DE is equal to DF. For the fame e 26. 1. 
reaſon, DG is equal to DF; therefore the three ſtraight lines 
DE, DF, DG are equal to one another, and the circle de- 

{cried from the centre P, at the diſtance of any of them, will 
— through the extremities of the other two, and will touch the 
ſtraight lines AB, BC, CA, becauſe the angles at the points 
E, F, G are right angles, and the ſtraight line which is drawn 
from the extremity of a diameter at right angles to it, touches 
d the circle: Therefore the ſtraight lines AB, BC, CA, do 4 16. 3. 
each of them touch the circle, and the circle EF G inſcribed 
in che triangle ABC. Which was to be done. 


I PROP. 
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ELEMENTS 


PROP. V. PROB. 


| O deſcribe a circle about a given triangle. 


Let the given triangle be ABC; it is required to deſcribe 
a circle about ABC. | 

Biſect a AB, AC in the points D, E, and from theſe point; 
draw DF, EF at right angles b to AB, AC; DF, EF produced 


C 4. 1. 


© 


meet one another; for, if they do not meet, they are parallel, 
wherefore AB, AC, which are at right angles to them, are 
parallel, which is abſurd : Let them meet in F, and join FA; 
alſo, if the point F be not in BC, join BF, CF: then, becauſe 
AD is equal to DB, and DF common, and at right angles to 
AB, the baſe AF is equal e to the baſe FB. In like mannes 
it may be ſhown that CF is equal to FA; and thergfore BF 
is equal to FC; and. FA, FB, FC are equal to one another; 
wherefore the circle deſcribed from the centre F, at the di- 
ſtance of one of them, ſhall paſs through the extremities of the 
other two, and be deſcribed about the triangle ABC, which 

was to be done. ; j4 
Cor. And it is manifeſt, that when the centre of the circle 
falls within the triangle, each of its angles is leſs than a right 
angle, each of them being in a ſegment greater than a ſemi- 
circle; but, when the centre is in one of the ſides of the tr: 
angle, the angle oppoſite to this fide, being in a ſemicircle, i 
a right angle; and, if the centre falls without the triangle, the 
angle oppoſite to the fide beyond which it is, being in a ſeg- 
ment leſs than -a ſemicircle, is greater than a right angle: 
herefore. 
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Wherefore, if the given triangle be. acute angled, the centre Book IV. 
of the circle falls within it; if it be a right angled triangle, 6 
the centre is in the ſide oppoſite to the right angle; and, if it 

be an obtuſe angled triangle, the centre falls without the tri- 

angle, beyond the fide oppoſite to the obtuſe angle. 


CMC M3, 0:8: 


To inſcribe a ſquare in a given circle. 


Let ABCD be the given circle ; it is required to inſcribe 
a ſquare in ABCD. 

Draw the diameters AC, BD at right angles to one ano- 
ther, and join AB, BC, CD, DA ; becauſe BE is equal to 
ED, E being the centre, and be- | 
cauſe EA 1s at right angles toBD, A. 
and common to the triangles 
ABE, ADE; the baſe BA is 
equal a to the baſe AD; and, for | 
the ſame reaſon, BC, CD are B E D 
each of them equal to BA or 
AD; therefore the quadrilateral 
figure ABCD is equilateral. It 
is alſo rectan ; for the ſtraight 
line BD, being the diameter of C 
the circle ABCD, BAD is a 
ſemicircle ; wherefore the angle BAD is a right b angle; for b 31. 3- 
the ſame reaſon each of the angles ABC, BCD, CDA is a 
right angle; therefore the quadrilateral figure ABC is re&- 
angular, and it has been ſhown to be equilateral ; therefore it 
is a ſquare; and it is inſcribed in the circle ABCD. Which 
was to be done. 


a 4. 1. 


PROP. VII. PRO B. 


To deſcribe a ſquare about a given circle, 


Let ABCD be the given circle ; it is required to deſcribe a 
quare about it. ä | | 


I 2 Draw 
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Book IV. Draw two diameters AC, BD of the circle ABCD, at Tight 


— — 
a 17. 3. 


b 18. 3. 


6 . 1. 


"MS 


210. 1. 
b 31.1. 


e 34+ 1. 


angles to one another, and through the points A, B, C, D 
draw a FG, GH, HK, KF touching the circle; and becauſe 
FG touches the circle ABCD, and EA is drawn from the 
centre E to the point of contact A, the angles at A are right 
b angles; for the ſame reaſon, the angles at the points B, C, 
D are right angles; and becauſe the angle AEB 1s a right 
angle, as likewiſe is EBG, GH g. 
is parallel c to AC; for the ſame 
reaſon, AC 1s parallel to FK, and 
in like manner GF, HK may 
each of them be demonſtrated to 
be parallel to BED; therefore 
the figures GK, GC, AK, FB, 
BK are parallelograms ; and GF 
is therefore equal d to HK, and 
GH to FK; and becauſe AC is 
equal to BD, and that AC is equal to each of the two GH, 
FK; and BD to each of the two GF, HK: GH, FK are each 
of them equal to G or HK; therefore the quadrilateral figure 
FGHK is equilateral. It is alſo rectangular; for GBEA. be. 
ing a parallelogram, and AEB a right angle, AGg d is like. 
wiſe a right angle: In the ſame, manner, it may be ſhown 
that the angles at H, K, F are right angles; therefore the 
quadrilateral figure FGHK 1s. rectangular; and it was de- 
monſtrated to be equilateral ; therefore it is a ſquare; and it 
is deſcribed about the circle ABCD. Which was to be 


done. 


*PROP. VIII. PROB. 


To inſcribe a circle in a given ſquare. 


Let ABCD be the given ſquare; it is required to inſcribe 2 
circle in ABCD. - 

Biſect a each of the fides AB, AD, in the points F, E, and 
through E draw b EH parallel to AB or DC, and through Þ 
draw FK parallel to AD or BC; therefore each of the figures 
AK, KB, AH, HD, AG, GC, BG, GD is a parallelogram, 
and their oppoſite ſides are equalc; and becauſe AD is equal 
to 


2 


to AB 
AB, 4 
theſe a 
be den 
are eac 
GE; t 
lines G 
qual to 
cle deſc 
at the 
ſhall p: 
of the 
touch t 
CD, D 
the pol 
angles, 
extrem 
circle e 
touches 


ABCD 


K 
VO GH, 
re each 
1 figure 
TA be 
is like- 
> ſhown 
fore the 
vas de- 
and it 
to be 


ſcribe 1 


E, and 
ough F 
figures 
ogram, 
is equal 

do 


OF GEOMETRY. 


117 


o AB, and that AE is the half of AD, and AF the half of Book Iv. 
AB, AE is equal to AF; wherefore the fides oppoſite to 
theſe are equal, viz, FG to GE; in the ſame manner, it may 


be demonſtrated, that GH, GK 
are each of them equal to FG or A 7 


lines GE, GF, GH, GK, are e- 
ual to one another; and the cir- 
cle deſcribed from the centre G, 


GE ; therefore the four ſtraight 4 


- 


at the diſtance of one of them, 
ſhall paſs through the extremities 
of the other three ; and ſhall alſo 
touch the ſtraight lines AB, BC, 
CD, DA, becauſe the angles at 
the points E, F, H, K are right d 


B 


C 


angles, and becauſe the ſtraight line which is drawn from the 


extremity of a diameter, at right angles to it, touches the 


circle e; therefore each of the ſtraight lines AB, BC, CD, DA 
touches the circle, which therefore is inſcribed in the ſquare 


ABCD. Which was to be done. 


PROP. IX. PRO B. 
To deſcribe a circle about a given ſquare. 
Let ABCD be the 


a circle about it. 


given ſquare ; it is required to dzſcribe 


Join AC, BD, cutting one another in E; and becauſe DA 
is equal to AB, and AC common to the triangles DAC, 
BAC, the two fides DA, AC are equal to the two BA, AC, 


and the baſe DC is equal to the baſe 


BC; wherefore the angle DAC is equal A 


* to the angle BAC, and the angle 
DAB is biſected by the ſtraight line 
AC: In the fame manner, it may be 
demonſtrated, that the angles ABC, 
BCD, CDA are ſeverally biſected by 


the ſtraight lines BD, AC; therefore, 
becauſe the angle DAB is equal to the 
angle ABC, and that the angle EAB is the half of D 


-I3 


Cc 


AB, 
and 


d 29. I. 


e 16. 3. 


9. 1. 
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Book IV. and EB A the half of ABC: ; the angle EA is equal to the 


b . 1. 


angle EBA; wherefore the ſide EA is equal b to the ſide 
EB: In the fame manner, it may be demonſtrated, that the 
ſtraight lines EC, ED are each of them equal to EA or EB; 
therefore the four ſtraight lines EA, EB, EC, ED are equal 
to one another; and the cirele deſcribed from the centre E, at 
the diſtance of one of them, ſhall paſs through the extremities 
of the other three, and be deſcribed about the ſquare ABC. 


Which was to be done. 


d 37. 3. 


PNG 


O deſcribe an iſoſceles triangle, having each of 
the angles at the baſe double of the third 
angle. 


Take any ſtraight line AB, and PETTY in the point C, { 
that the rectangle AB, BC may be equal to the ſquare of CA; 
and from the centre A, at the diſtance AB, deſcribe the circk 
BDE, in which place b the ſtraight line BD equal to AC, 
which is not greater than the diameter of the circle BDE; 
join DA, DC, and about the triangle ADC deſcribe © the 
circle ACD; the triangle ABD is ſuch as is required, that is, 
each of the angles ABD, ADB 1s double of the angle 
BAD. 

Becauſe the rectangle AB, BC is equal to the ſquare of 
AC, and that AC is equal to BD, the rectangle AB, BC u 
equal to the ſquare of BD ; 
and becauſe from the point B E 
without'the circle ACD two 7 


ſtraight lines BCA, BD are 


drawn to the circumference, 
one of which cuts, and the 
other meets the circle, and 
that the rectangle AB, BC £ 


contained by the whole of 


the cutting hne, and the part 


of 1t without the circle, is e- 
qual to the ſquare- of BD 
which meets it; the ſtraight 
line BD e d the le 


ACD; and becauſe BD touches "Us _ and DC ü 


draw! 


% 


to the 
he fide 
hat the 
or EB; 
e equal 
re E, at 
emities 


\ BUD. 


ach of 
> third 


int C, ſo 
of CA; 
he circle 
to AC, 

BDE; 
be © the 
, that 1, 
e angle 


juare of 


3, BC 5 


'to CBD, becauſe the 
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drawn from the point of contact D, the angle BDC is equal e Book IV. 
3 


to the angle DAC in the alternate ſegment of the circle; to 
each of theſe add the angle CDA; therefore the whole angle 
BDA is equal to the two angles CDA, DAC; but the ex- 


e 32. 


119 


CO 


terior angle BCD. is equal f to the angles CDA, DAC;  ,x. 1. 


therefore alſo BDA is e equal to BUD ; but BDA is equals y 5. 1. 


de AD is equal to the ſide AB; 
therefore CBD, or DBA is equal to BCD; and conſt- 


quently the three, angles BD A, DBA, BCD, are equal to 


one another: And becauſe the angle DBC i 18 equal to the angle 


BCD; the fide BD is equal h to the ſide DC; but BD was h 61. 


made equal to CA; therefore alſo CA is equal to CD, and 
the angle CDA equal s to the angle DAC; therefore. the 
angle CDA, DAC together, are double of the angle DAC : 
but BUD is equal to the angles CD A, DAC; therefore alſo 
BCD is double of DAC; and BCD is equal to each of the 
angles BDA, DBA, each therefore of the angles BDA, 
DBA is double of. the angle DAB; wherefore an ifoſceles 
triangle ABD 1s deſcribed, havin each of the” an gles at the 
baſe double of the third angle. hich was to be done. 


da Fol ene 
0 inferthe an equilateral Fe" equiangular pen- 
FAR in a given circle. 


Let ABEDE be the given cre; it is required to inſcribe 


an equilateral and equiangular pentagon in che circle 
ABCDE. 


Deſcribe a an iſoſceles triangle FGH, having each of the a 10. 4. 


anglcs at G, H, double of the angle at F; and in the circle 


A CDE inſcribe b the triangle In equiangular to the b 2. 4. 


Manni do bond! 


* 


triangle 


— 
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* 
Book IV. triangle FGH, ſo that the angle CAD be equal to the 
angle at F, and each 4 

of the angles AC D, CDA 

equal to the angle at G or 
H; wherefore each of the F 

angles ACD, CDA is 
Addqable of the angle CAD. 
© 9. 7- BiſeQt c the angles ACD, 
| COA by the ſtraight lines 
N CE, DB; and join AB, 
BC, DE, EA. ABCDE > 

is the pentagon required. A .. / Do | 

Becauſe angles the ACD, CDA are each of them double of 
CAD, and are biſected by the ſtraight lines CE, DB, the five 
angles DAC, ACE, ECD, CDB, BDA are equal to one ano- 
d 26. 3. ther; but equal angles ſtand upon equal d circumferences ; there. 
fore. the five circumferences AB, BC, CD, DE, EA are equal 
to one another : and equal circumferences are ſubtended by K 
e 29. 3. equal e ſtraight lines; therefore the five ſtraight lines AB, 10 the 
BC, CD, DE, EA are equal to one another. Wherefore the 
pentagon ABCDE is equilateral. It is alſo equiangular; 
becauſe the circumference AB is equal to the circumference 
DE : if to each be added BCD, the whole ABCD is equal 
to the whole EDCB: and the angle AED-ſtands on the cir- 
cumference ABCD, and the angle BAE on the circumference 
f 27. 3. EDCB; therefore the angle BAE is equal f to the angle 


Let A 
n equal: 
\ BCDE 
Let the 


aft prop 
ircumfe! 


rough t 


G, tou! 


AED : for the ſame reaſon, each of the angles ABC, BCD, gle Cl 
CDE is equal to the angle BAE, or AED; therefore the Bi = 
pentagon ABCDE is equiangular; and it has been ſhown i; © © 
that it is equilateral. Wherefore, in the given circle, an e- i. © 118 
quilateral and equiangular pentagon has been inſeribed. Which * © 
was to be done. GT fe oo ae 5 
1 24 he ang 

a ight any 

dien he right 

PROP. XII. PRO B. ore in 

I; . A p 2 4 . | KC, j 

FO deſcribe an equilateral and equiangular pen- sles 0 

L tagon about a given circle, ö _ 2 


h 
I Wa 


OF GEOMETRY. 121 


Let ABC DE be the given circle, it is required to deſeribe Book Iv. 
pe and equiangular pentagon about the cirele 
\ BCDE. | 
Let the angles of a pentagon, inſcribed in the circle, by the | 

aft propoſition, be in the points A, B, C, D, E, fo that the + 
ircumferences AB, BC, CD, DE, EA are equal 2 ; and a 11. 4. 
rough the points A, B, C, D, E draw GH, HK, KL, LM, 

G, touching b the cirele: take the centre F, and join FB, b 15. 3. 
K, FC, EL, FD : and becauſe the ſtraight line KL touches 

e circle ABCDE in the point C, to which FC is drawn 

rom the centre F, FC is perpendicular © to KL; therefore c 18. z. 
ach of the angles at C is a right angle: for the ſame reaſon, 


to the 


uble of be angles at the points B, D are right angles; and becauſe 
he five CK is a right angle, the ſquare of FK is equald to the d 47. 1. 
ne ano. uares of FC, CK. For the fame reaſon, the ſquare of FK is 
there. val to the ſquares of FB, BK: therefore the ſquares of FC, 
* qual Kare equal to the ſquares of EB, BK, of which the ſquare 
led by ff FC is equal to the ſquare of FB; the remaining ſquare of 


K is therefore equal to the remaining ſquare of BK, and the 


dtn ragkt line CK equal to BK : and-becauſe FB is equal to FC, 


3 nd FK common to the triangles BFK, CFK, the two BF, 
3 K are equal to the two CF, FK; and the baſe BK is equal 


o the baſe KC ; therefore the angle BFK. is equal e to the e 8. 1. 


Mare angle KFC, and the angle BKF to FKC; wherefore the 
erence Magle BFC is double of the angle KFC, and BKC double of 
angle C: for the ſame reaſon, the angle CFD is double of che 
E 2 


ingle CFL, and CLD double of CLF : and becauſe the cir- 
umference BC is equal to the circumference CD, the angle 

FC is equal f to the angle CFD; and BFC is double of fz7.A 
e angle KFC, 'and C 
louble of CFL; therefore 
he angle KFC is equal to 
he angle CFL; and the 
ight angle FCK is equal to 
he right angle FCL: there- 
ore in the two triangles 
KC, FLC, chere are two 
ngles of one equal to two 
ngles of the other, each to 
ach, and the fide FC, which 
adjacent to the equal angles 


BCD, 

re the 
ſhown 

an e- 


Which 


- pen- 


Let 


3 > mm : 
—— - >, 


&- 
— 
a. _— 
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Book IV. in each, is common to both; therefore the other ſides ſhall} 
equal g to the other ſides, and the third angle to the thun 
angle: therefore the ſtraight line KC is equal to CL, and th 

angle FK C to the angle FLV: and becauſe K is equal 
CL, KL is double of KC: in the ſame manner, it may h 
ſhown tha HK is double of BK : and becauſe BK is equal 
KC, as was demonſtrated, and that KL is double of KC, a 
HK double of BK, HK {hall be equal to KL: in like ma 
ner, it may be ſhown that GH, GM, ML are each of tha 


g 26. 1. 


1anner, 


equal to HK or KL: therefore the pentagon GHKLM is trated, t 
; - quilateral. It is alſo equiangular; for, ſince the angle FFOMAED, : 
is equal to the angle FLC, and the angle HKL. doutlWftraight 1 
| of the angle FKC, — KLM double of FLC, as was befoſ the poin! 
demonſtrated, the angle HKL is equal to KLM: and in FK, FL, 
1 manner it may be ſhown, that each of the angles KHG, H co the ſt 
GM is equal to the angle HKL or KLM: therefore the CD, DF 
angles GHK, HEL, KL, LMG, MGH being equal to and the 
another, the pentagon GHRKLM i 15 equiangular: and it is equi triangle. 
lateral, as was demonſtrated; and it is deſcribed about wo ang 
circle ABCDE. Which was to be done. one of t 
a fore the 
the per] 
| 2 * | Ale 6 ad ff the fam 
| POP: . P R 0 B. are eacl 
| ſtraight 
30 inſcribe a circle in a given equilateral an ther : \ 
cquiangular pentagon. the diſt 
q tremitu 
RC, CI 
1 Let ABCDE be the given equilateral and contender pen K, L., I 
tagon; it is required to inſerihs a circle in the pentagu che ext 
ABCDE. it, touc 
a 9. 1. Biſect a the angles BCD, CDE by the. ſtraight lines C AB, B 
DF, and from the point F, in which they meet, draw Wir {crib 
ſtraight lines FB, FA, FE : therefore, ſince BC. is equal . done. 


CD, and CF common to the triangles: BCF, DCF, the tw 

ſides BC, CF are.equal to the two DG, CE; and the ang 

BCF is equal to the angle DCF; therefore, che baſe: BF 1 

v 4. 1. equal b to the baſe. FD, and the other angles to the othe 
angles, to which the equal ſides are oppolite ;- therefore th 

angle CBF is equal to the angle CDF: and becauſe , 
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es hall il gle CDE is double of CDF, and that CDE is equal to Book IV. 
the th (CBA, and CDF to CBF; N 
L, and 'BA is alſo double of the 


ugle CBF; therefore the 
ngle ABF is equal to the 
gle CBE; wherefore the 


| EC, uncle ABC is biſected by the 
hike mal raight line BF : In the ſame 
of the manner, it may be demon- 
LM is rated, that the angles BAE, 
aple FAE, are biſe&ed by che 
L douh raight lines AF, FE: from 


c 12. 1. 


as befogthe point F draw FG, FH, 
d in MR, FL, FM perpendiculars 
, He the ſtraight lines AB, BC, A | 
e the (CD, DE, EA: and becauſe the angle HCF is equal to KCF, 
ual to and the right angle FHC equal to the right angle FK; in the 
It 15 equi triangles FHC, FKC there are two angles of one equal to 
bout M two angles of the other, and the fide FC, which is oppoſite to 
f one of the equal angles in each, is common to both; there- 
fore che others ſides ſhall be equal d, each to each; wherefore d 26. 1. 
the perpendicular FH is equal to the perpendicular FK: in 
the fame manner it may be demonſtrated, that FL, FM, FG 
are each of them equal to FH or FK: therefore the five 
ſtraight lines FG, FH, FK, FL, FM are equal to one ano- 
ther: wherefore the circle deſcribed from the centre F, at 
the diſtance of one of theſe five, ſhall paſs through the ex- 
tremities of the other four, and touch the ftraight lines AB, 
BC, CD, DE, EA, becauſe that the angles at the points G, H, 
ular per K, L, M are right angles, and that a ſtraight line drawn from 
Pentagaſ the extremity of the diameter of a circle at right angles to 
it, touches e the circle: therefore each of the ſtraight lines 
AB, BC, CD, DE, EA touches the circle; wherefore it is 
* in the pentagon ABCDE. Which was to be 

one. 


ral and 


nes C 
raw thi 
equal ti 


4 
* 
"ns 
"Y 
* 
* 
7 


PROP. 


* 


124 E L EME N IT S 


Book IV. Let A 
— Ui equila 
, Find t 

PROP. XIV. PROB. beter 


10 deſcribe a circle about a given equilateral and 
equiangular pentagon. | | 


Let ABCDE be the given equilateral and equiangular pen 

- tagon; it is required to deſcribe a circle about it. 
2a 9. 1, Biſect a the angles BCD, CDE by the ſtraight- lines CF. 
FD, and from the point F, in which they meet, draw the 
ſtraight lines FB, FA, FE to the 
points B. A, E. It may be de- 
monſtrated, in the ſame manner 
| asinthe preceding propoſition, that 
4 the angles CBA, BAE, AED 


e three 
herefore 
In che {a 
zonſtrat 
alſo the 


| are biſected by the ſtraight lines angles . 
' FB, FA, FE: and becauſe the ine GC 
| | angle BCD is equal to the angle jacent ar 


CDE, and that FC D is the half 
of the angle BCD, and CDF the 
the half of CDE; the angle | 
b 6. 1. FCD is equal to FDC; wherefore the fide CF is equal b ts 


o two r 
ing angl 
f two 

he angl 


the fide FD : In like manner it may be demonſtrated, that equal to 
FB, FA, FE are each of them equal to FC or FD: therefore re equa 
the five ſtraight lines FA, FB, FC, FD, FE are equal to onengles B 
another; and the circle deſcribed from the centre E, at the More the 


N diſtance of one of them, ſhall paſs through the extremities 
t of the other four, and be deſcribed about the equilz 
| | teral and equiangular pentagon ABCDE. Which was to 


be done. 


GB, E 
nual to 
ngles fl 
icumf 
another 
ſtrai ght 
another, 
lo equia 
ED, to 
lore the 
vhole I 


1 PROP. XV. PRO B. 


O inſcribe an equilateral and equiangular hex- 
agon in a given circle, 


Let 
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Let ABC DEF be the given circle; it is required to inſcribe Book IV. 
mn equilateral and equiangular hexagon in it. e 

Find the centre G of the circle ABC DEF, and draw the 

lameter AGD; and from D as a centre, at the diſtance 

DG, deſcribe the circle EGCH, join EG, CG, and produce 

ral hem to the points B, F ; and jom AB, BC, CD, DE, EF, 
and: the hexagon ABCDEF is equilateral and equiangu- 


ar. | 
| Becauſe G is the centre of the circle ABC DEF, GE is e- 
ular pen. ual to GD : and becauſe -D is the centre of the circle 
EGCH, DE is equal to DG; wherefore GE is equal to ED, 
nes CF, Wand the triangle EGD is equilateral ; and therefore its three 
raw the ngles EGD, GDE, DEG are equal to one another a; and « Cor. 5.1. 
e three angles of a triangle are equal b to two right angles; b 32. 1. 
herefore the angle EGD 1s the third part of two right angles: 
In che ſame manner it may be de- 
zonſtrated that the angle DGC 1s 
Ee the third part of two right 
angles: and becauſe the ſtraight 
ine GC makes with EB the ad- 
jacent angles EGC, CGB equal c 
o two right angles; the remain- 
ing angle CGB is the third part 
| f two right angles ; therefore 
ual b tothe angles EGD, DGC, CGB, are 
ed, that equal to one another: and to theſe 
herefore re equal d the vertical oppoſite 
1 to one angles BGA, AGF, FGE ; there- 
at the fore the fix angles EGD, DGC, 
remitie: C GB, BGA, AGF, FGE are e- 
equila -. Maual to one another. But equal 
was toWngles ſtand upon equal e circumferences ; therefore the fix e 26. 3. 
ircumferences AB, BG, CD, DE, EF, FA are equal to one 
another: and equal circumferences are ſubtended by equal f f 29. 3 
ſtraight lines; therefore the fix ſtraight lines are equal to one 
another, and the hexagon ABC DEF is equilateral. It is al- 
lo cquiangular ; for, ſince the circumference AF is equal to 
D, to each of theſe add the circumference ABCD; there- 
fore the whole circumference FABCD ſhall be equal to the 
r hex- rhole EDCBA : and the angle FED ſtands upon the cir- * 
| cumference 


ä 


70 


C 13. 1. 


dis 3. 
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Book IV. cumference FABCD, and the angle AFE upon EDCBA, 


. F. z 
therefore the angle AFE is equal to FED: in the ſam * th 
manner it may be demonſtrated that the other angles of icht lin 
hexagon ABCDEF are each of them equal to the angle Af em be p 
or FED; therefore the hexagon is equiangular ; and it is Md equiar 

uilateral, as was ſhown ; and it is inſcribed in the given cir... to be 
ABCDEF. Which was to be done. And in 
Cor. From this it is manifeſt, that the fide of the hexagn rough tl 

is equal to the ſtraight line from the centre, that is, to the (8 gon, ſtre 
midiameter of the circle. : $2 ral and 
And if through the points A, B, C, D, E, F there be dra nd like: 
ſtraight lines touching the circle, an equilateral and equiangy given ec 
lar hexagon ſhall be deſcribed about it, which may be dem bed ab 


ſtrated from what has been ſaid of the pentagon ; and like. 
wiſe a circle may be inſcribed in a given equilateral and equi. 
angular hexagon, and circumſcribed about it, by a meth 


like to that uſed for the pentagon. 


P-K-QP. NLP 0:8, 


TO inſcribe an equilateral and equiangular quin- 
decagon in a given circle. 


Let ABCD be the given circle; it is required to inſeribe 

an equilateral and equiangular quindecagon in the circl 
ABCD. | 

a 2. 44 Let AC be the ſide of an equilateral triangle inſcribed a i 

the circle, and AB the fide of an 

equilateral and equiangular pen- 

bir. 4. tagon inſcribed b in the ſame; 

therefore, of ſuch equal parts 

as the whole circumference 

ABCDF contains fifteen, the cir- 

cumference ABC, being the 

third part of the whole, contains 

five ; and the circumference AB, 

- whach 1s the fifth part of the 

whole, contains three ; therefore 

c 30. 3. BC their difference contains two of the ſame parts: ey 

I 


2 — — 
3 
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Cin E; therefore BE, EC are, each of them, the fifteenth Book IV. 
rt of the whole circumference ABCD: therefore if the 
raight lines BE, EC be drawn, and ſtraight lines equal to 
em be placed d around in the whole circle, an equilateral d . 4. 


d equiangular quindecagon ſhall be inſcribed in it. Which 


3 >” 


.DCBA, 
the ſams 
es of the 
gle AFF 


| It is e. 


— 2 _ = 
<_ —- 
— 


» - 
3 


93898 
— 


2 
5 


ven cicgas to be done. 

And in the ſame manner as was done in the pentagon, if io 
* hexagn rough the points of diviſion made by inſcribing the quinde- | 1 
o the gon, ſtraight lines be drawn touching the circle, an equila- pi 


ral and equuangular quindecagon ſhall be deſcribed about it : 


be dram nd likewiſe, as in the pentagon, a circle may be inſcribed. in 


quiang given equilateral and equiangular quindecagon, and circum- 
s demon, ribed about it. ö 
and equi. 


metho 
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B O OR V. 


DEFINITIONS. 


I. 


Leſs magnitude 1s ſaid to be a part of a greater magni- Book V. 
tude, when the leſs meaſures the mag that is, when "VV 


the leſs is contained a certain number of times exactly in the 
greater. 


eee 
A greater magnitude is ſaid to be a multiple of a leſs, when 


the greater is meaſured by the leſs, that is, when the greater 
contains the leſs a certain number of times exactly. 


III. 


Ratio is a mutual relation of two magnitudes of the ſame kind 
to one another, in reſpect of quantity. 


IV. 


Magnitudes are ſaid to be of the fame kind, when the leſs 
can be multiplied ſo as to exceed the greater; and it is only 


ſuch magnitudes that are ſaid to have a ratio to one ano- 
ther. | 


TB IIS r 
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See N. If there be four magnitudes, and if any equimultiples why. 


ELEMENTS 


V. 


ſoever be taken of the firſt and third, and any equimultipe hen th 


whatſoever of the ſecond and fourth, and if, according il the firſ 
the multiple of the firſt is greater than the multiple of pound 
ſecond, equal to it, or leſs, the multiple of the third is alu of the 
greater than the multiple of the fourth, equal to it, or leſs; ratio v 
then the firſt of the magnitudes is ſaid to have to the ſecond laſt ma 
the ſame ratio that the third has to the fourth. or exatr 
kind, t 
VL pounde 
Magnitudes are ſaid to be proportionals, when the firſt has the and of 
fame ratio to the ſecond that the third has to the fourth 5 5 ; 
o D. 


and the third to the fourth the ſame ratio which the fiſt 


has to the ſixth, and ſo on, whatever be their number. And if 2 


When four magnitudes, A, B, C, D are proportionals, it chen, f 
uſual to ſay that A is to B as C to D, and to write then pounde 
thus, A: B:: C: D, or thus, A: BSC: D. allo be 

x which 
VII. K to L 

When of the equimultiples of four magnitudes (taken 2 1 _ 
the fifth definition) the multiple of the firſt is greater tha — e 7 
that of the ſecond, but the multiple of the third 1s no * f 
greater than the multiple of the fourth; then the firſt is ſai 3 


to have to the ſecond a greater ratio than the third magni 
tude has to the fourth; and, on the contrary, the third | 
{aid to have to the fourth a leſs ratio than the firſt has to the 
fecond. \ rat1o 1 
duphic: 


VIII. ok, He 

When there is any number of magnitudes greater than tua tinual 
of which the firſt has to the ſecond the ſame ratio that the of A 
ſecond has to the third, and the ſecond to the third the ſam BY 
0 6 


ratio which the third has to the fourth, and ſo on, the mag 
nitudes are ſaid to be continual proportionals. 


IX. 


B to 
theref, 
of the 


When three magnitudes are continual proportionals, the { 
cond is ſaid to be. a mean proportional between the othe 
two. 
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X. 

es what. | 

— hen there is any number of magnitudes of the ſame kind, 
rding 2 the firſt is ſaid to have to the laſt of then the ratio com- 
le of til pounded of the ratio which the firſt has to the ſecond, and 
rd is aof the ratio which the ſecond has to the third, and of the 
, or le; ratio which the third has to the fourth, and ſo on unto the 
e ſecondly laſt magnitude. 


kind, the firft A is ſaid to have to the laſt D the ratio com- 
ded of the ratio of A to B, and of the ratio of B to C, 


| has th and of the ratio of C to D; or, the ratio of A to D is ſaid 

arc to be compounded of the ratios of A to B, B to C, and C 
rob. | 

oY And if A: B:: E: F; and B: C:: G: H, and C: P:: K: L, 


then, ſince by this definition A has to D the ratio com- 
pounded of the ratios of A to B, B to C, C to D; A may 
alſo be faid to have to D the ratio compounded of the ratios 
which are the ſame with the ratios of E to F, G to H, and 
K to L. 
n like manner, the ſame things being ſuppoſed, if M has to N 
t the ſame ratio which A has to D, then, for ſhortneſs fake, 
4 M is ſaid to have to N a ratio compounded of the fame ra- 
| Mt 2 * tios which compound the ratio of A to D; that is, a ratio 
r ug compounded of the ratios of E to F, G to H, and K to L. 


als, it b 


ite then 


Ken as i 


d magni 
e third ub 
1as to the 


XI. 


\ ratio which is compounded of two equal ratios is ſaid to be 
duplicate of eithe: of theſe ratios. 
o. Hence, if the three magnitudes A, B, and C are con- 


han toll tinual proportienals, the ratio of A to C is duplicate of that 
| that of A to B, er of B to C: For by the laſt definition, the 
the ſam ratio of A to C is compounded of the ratios of A to B, and 
the max of B to C; but the ratio of A to B is equal to the ratio of 


B to C, becauſe A, B, C are continual proportionals; 
therefore the ratio of A to C, by this definition, is duplicate 
of the ratio of A to B, or of B to C. 


;, the { 


the othe K 2 XII. 


or example, if A, B, C, D be four magnitudes of the ſame 
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ſecond, 
Book V. 
fourth 
— XII. 2 
A ratio which is compounded of three equal ratios is ſaid ty 
be triplicate of any one of theſe ratios ; and a ratio which Dividend 
is compounded of four equal ratios is ſaid to be quadrupli. WW and it 
cate of any one of theſe ratios ; and ſo on, according to the cond, 1 
number of equal ratios. fourth, 
Cor. If four magnitudes, A, B, C, D be continual propor. 
tionals, the ratio of A to D is triplicate of the ratio of A ty 
B, or of B to C, or of Cto D. For the ratio of A to Di, verte 
compounded of the three ratios of A to B, B to C, C to D {nals 
and theſe three ratios are equal to one another, becauf te ſec 
A, B, C, D are continual proportionals, therefore the rati Prop. 
of A to D is triplicate of the ratio of A to B, or of By 
C, or of C to D. | 
XIII. | 3 
In proportionals, the antecedent terms are called homologau N 
to one another, as alſo the conſequents to one another. 
| | als wt 
Geometers make uſe of the following technical words t "Ow 
fignify certain ways of changing either the order or may. * : 
nitude of proportionals, ſo as that they continue till to 45 
proportionals. 5 
two. 
| XIV. 
Permutando, or alternando, by permutation, or alternately 
this word is uſed when there are four proportionals, and i 2£qu 
is inferred, that the firſt has the ſame ratia to the thin when 
which the ſecond has to the fourth; or that the firſt is t as the 
the third, as the ſecond to the fourth: As is ſhewn in tht cond.. 
16th prop. of this 5th book. third 
is as 1 
XV. called 
Invertendo, by inverſion : When there are four proportional Prop. 


and it is inferred, that the ſecond is to the firſt, as the four 
to the third. Prop. A. book 5. 


XVI. 

Componendo, by compoſition : When there are four prop 
tionals, and it is inferred, that the firſt, together with Ws 
ſecol 
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ſecond, is to the ſecond, as the third, together with N Book V 
fourth, f 15 to the an. 18th prop. book 5. F 


s ſaid ty XVII. 

10 which: rvidendo, by diviſion : When there are four proportionals, 
1adrupli. and it is inferred, that the exceſs of the firſt above the e- 
g to the cond, 1s to the ſecond, as the excels of the third above the 


fourth, is to the fourth. 17th prop. book 5. 


Propor. 

of A (0 XVIII. | 

; 3 * envertendo, by converſion : When there are four propor- 
O D; 


tionals, and it is inferred, that the firſt is to its exceſs above 
becauſt the ſecond, as the third to its exceſs above the fourth. 


the ratio 
of Bu Prop. D. book 5. 


XIX. 
Ex aequali (ic. diſtantia), or ex aequo, PE equality of di- 


ſtance ; when there is any number of magnitudes more 


nologoul than two, and as many others, ſo that they are proportion- 


third of the other; and ſo on in order, and the inference 
is as mentioned in the preceding definition ; whence this is 


_ als when taken two and two of each rank, and it is in- 4 
oords © ferred, that the firſt i is to the laſt of the firlt rank of m 0 ; 
or mag nitudes, as the firſt is to the laſt of the others: Of hos 7 
ſtill tobe there are the two following kinds, Which ariſe from the 4 
different order in which the magnitudes are taken two and 70 
two. 1 4 
zrnately XX. 4 
8, and i c aequah, from equality ; - this term 1s uſed ſimply by itſelf, 75 
ne thin when the firſt magnitude is tꝭ the ſecond of the firſt nnk, 7 
irſt is u as the firſt to the ſecond of the other rank; and as the ſe- af 
n in tit cond. is to the third of the firſt rank, fo is the ſecond to the ; 


| called ordinate r It is demonſtrated in the' 2 * 
ortionak Prop. book. 5. | 
he four 


„ 


D 


e eee 8 EET 

Ex aequali, in proportione perturbata, ſeu inordinata; from 

equality, in perturbate or diſorderly proportion; this 

term is uſed when the 1 magnitude is to the ſecond of 
3 the 
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r propd 
with tt 


erer rank; and as the fecond is to the third of the firſt rank, 


| furn of the numbers denoted by mM and n. 


ELEMENTS 
we ist bund, us the laft-biat one be be We delt uf the feed 


5. The 
oted by 


is the laſt but two to the laſt but one of the ſecond rank ſign 
and as the third is to the fourth of the firſt rank, ſo is Mat the fi 
third from the laſt to.the laſt but two of the ſecond Tank 
and ſo on in a croſs order; and the inference is as in il 6. The 
19th definition, It is demonſtrated in the 23d prop. rudes be 
book 5. hich the 
her. Tt 
IN the demonſtrations of this book there are certa . B if 
Ans or characters which it has been found convenient ili; expreſs 
employ. | es that t 
5 : ; dA:E 
I. The letters A, B. C, &c. are uſed to denote magnituii.n that 


of any kind. The letters m, u, þ, 9, are uſed to dena 
numbers only. | 


2. The ſign + G written between two letters th 
denote magnitudes or numbers, hgnifies the ſum of thoſe ma 
nitudes or numbers. Thus, A + B is the ſum of the tn 

magnitudes denoted by the letters A and B; m + A is th 


Qu, 
equz 
3. The fign — (minus), written between two letters ix 
nifies the exceſs of the magnitude denoted by the firſt « 
theſe letters, which is ſuppoſed the greateſt, above that whi 
is denoted by the other. Thus, A—B fignifies the exceſs 
the magnitude A above the magnitude B. | * 


hoſe ms 
are eq 


4. When a number, or a jetter denoting a number, is wri 
ten cloſe to another letter denoting a magnitude of any kind 
jt ſignifies that the magnitude is multiphed by the numbe 
Thus, 34. ſignifies. three times A; uh m times B, or ti 
multiple of B by n. When the number is intended to m 
tiply two or more magnitudes that follow, it is written thu 


m NI. which ſignifies the ſum of A and B taken m time: 


m.A—B is m times the exceſs of A above B. 

Alſo, when two letters that denote numbers are ritt 
cloſe to one another, they denote the product of thoſe nun 
bers, when multiphed into one another. Thus, n is d 
ran 0 i000, Hein em 


\ multi 
multip 


at ma 
multip 


? 5. 
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he ſecai 5. The fign = ſignifies the equality of the magnitudes de- Book v. 
ſt rank, (Woted by the letters that ſtand on the oppoſite ſides of it; 
nd ram B ſignifies that A is equal to B; A+B= C—D fignifics 
ſo is Hat the ſum of A and B is equal to the exceſs of C above D. 
45 1 8 6. The ſign > is uſed to fignify the inequality of the mag- 


tudes between which it is placed, and that the magnitude to 
hich the opening of the lines 1s turned 1s greater than the 0- 
her. Thus, A B ſignifies that A is greater than B; 
\ < B ſigniſies that A is leſs than B. This ſign is uſed, too, 
o expreſs the inequality of ratios, thus, A: B C: D ſigni- 
es that the ratio of A to B is greater than that of C to D; 
; nd A: B C: D fignifies that the ratio of A to B is leſs 
agnituſan that of C to D. 


to dend 


tters th 
10ſe max 
" the tw 


M 15 th 


Ai: 23:0 M-.8 


J. 


QuIMULTIPLES of the ſame, or of equal magnitudes, are 
equal to one another. 

tters (ig 

2 firlt 

1at wi 
excels 


II. 


hoſe magnitudes of which the ſame, or equal magnitudes, 
are equimultiples, are equal to one another. 


III. 
\ multiple of a greater magnitude is greater than the ſame 
multiple of a leſs. 


« 


+» 


r, is un 
ny kin 
8 
, Or {i | 
1 to m IV. 
tten thu | 
* at magnitude of which a multiple is greater than the fame 
multiple of another, is greater than that other magnitude. 
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PROP. I. 1H EO R. 


F any number of Wanne ba eine of 
as many others, each of each, what multiple ſo. 
ever any one of the firſt is of its part, the ſame 
multiple is the ſum of all the firſt of the tum of al 
the reſt... 


Let any number of 1 A, B, = C.be. equimul. 
tiples of as many others D, E, and F, each of each; A+} 
＋ is the ſame multiple of D+E+F, that A is of BD. 

Let A contain D, B contain E, and E contain F, each any 
number of times, as, for inſtance, three times. Then, be. 
cauſe A contains E three times A = D+D+D. 

For the ſame reaſon, B = E+E +E ; 
And alſo, C=F+F+F. 

Therefore, adding equals to equals, a ABC is equal to 
D-+E+F taken three times. In the ſame manner, if A, B, 
and C were each any other equimultiple of D, E, and F, i 
would be ſhewn that A+B+C was the ſame multiple of 
D+E+F. Therefore, &c. Q. E. D. 

Cor. Hence, if be any number, DME 


m. DET F. For D, E, and mF are multiples of D, E, 
and F by m, therefore their ſum 1s alſpa multiple of D+E+8 
by n. 


PROP. II. THE OR. 

IF to a multiple of a magnitude by any number! 
multiple of the fame magnitude by any number 

be added, the ſum will be the fame, multiple of that 


magnitude that the ſum of the two numbers is of 
unity. 


Let A=mC, and BAC; 41 C. 
For, ſince A=mnC, A=C+C+C+ &c. C being repeated 
times. For the Ge reaſon, B=C+C+ &c, C being re- 
peated 


peated 1 
equal tC 
fore A- 


EI 
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multipl 
that A. 

Cor. 
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peated u times. Therefore, adding equals to equals, A.+B is Book V. 


equal to C taken m+7 times; that is, A+B=m nn. C. There- 
** A+B contains C as oft as there are units in nn. 
QE. D. 

CoR. 1. In the far: way, if there , be any | number of 
multiples avtiacſoever; as AME, 3 C= =p; it is ſhewn, 
that AT BHC. E. 

Cox. 2. Hence alſo, ſince A+B+C = m+n+þ.] E, and fines 
AZ mE, 12 SE, and C = = ng mE+nE+pE =m+n+þ.E. 


PROP. im. rEOR 


as oft as there are units in a certain number, and 
if the ſecond contain the third alſo as often as dere 


are units in a certain number, the firſt will contain 


the third as oft as there are units in the product of 
theſe two numbers. 


Let A = mB, and B= C; then A = uu. 

Since B = 0 mB = nC+nC+ &c. repeated m times. But 
:C+nC+ &c. repeated mM times, is equal a to C multiplied by 
n+n+ &c. n being repeated times. And u repeated n 
times is un; therefore mB=mnC. But by hypotheſis, AB, 
therefore A mund. 


P R O P. IV. THE OR. 


F the firſt of four magnitudes has the ſame ratio 
to the ſecond which the third has te the fourth, 


and if any equimultiples whatever be taken of 
the firſt and third, and any whatever of the ſecond 


and fourth; the multiple of the firſt ſhall have the 
fame ratio to the multiple of the ſecond that the 
multiple of the third has to the multiple of the 
fourth. | 


Let 


F the firſt of three magnitudes contain the ſecond 
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Book V. Let A: B:: C: D, and let mz and u be any two numbers 
MMA: AB:: C0: D. 7 111 4 
Take of A and , equimultiples by any number p, and 
of 7B and D equimultiples by any number g. Then the 
equimultiples of A and - by p, are equimultiples. alſo of 
A and C, for they contain A and C as oft as there are units 
2 3. 5. in m a, and are equal to pmA and pmC. For the ſame rea- 
ſon the multiples of aB and D by g, are gnB, aD. Since 
therefore A: B:: C: D, and of A and C there are taken any 
equimultiples, viz. pmA and pmC, and of B and D, any e- 
; quimultiples nB, gnD, if #5”; be greater than nB, pmC 
b def. 5. 5. muſt be greater than Deb; it equal, equal; and if leſs, leſs. 
But mA, pmC are alſo equimultiples ot, mA and C, and 
* gnB, gnD are equimultiples of aB and D, therefore b, A: 
nB::mC:nD. Therefore, &c. Q. E. D. 

Con. In the ſame manner it may be demonſtrated, that if 
A: B:: C: D, and of A and C equimultiples be taken by 
any number m, viz. mA. and C, MA: B:: C: D. This 
may alſo be conſidered as included in the propofition, and as 

being the cafe when a2 © Fs 50 


PROP. V. THE OR. 


F one magnitude be the ſame multiple of ano- 

ther, which a magnitude taken from the firſt is 

of a magnitude taken from the other; the remain- 

der ſnall be the ſame multiple of the remainder, 
that the whole is of the whole. 


Let A and mB be any equimultiples of the two magni- 
tudes A and B, of which A is greater than B; mA—mB is 
the ſame multiple of A—B that A is of A, that is, 

Let D be the exceſs of A above B, then A-B=D, and 
a 1. 5. adding B to both Ar DTB. Therefore a MA mD+mB; 
take mB from both, and mA—mB=mD; but D =A—B, 


therefore AB =m. B. Therefore, &c. Q. E. D. 


e PROP. 


OF GEOMETRY. 


PROP. VI THEOR. 


F from a multiple of a magnitude by any num- 
ber a multiple of the ſame magnitude by a leſs 
number be taken away, the remainder will be the 
ſame multiple of that magnitude that the difference 
of the numbers 1s of unity. 


Let mA. and A be multiples of the magnitude A by the 
numbers m and n, and let m be greater than ; mA-—nA 
contains A as oft as m—n contains unity, or -A = 
m—n.A.. | 72 | 

Let m—n =q;, then m=n+9g. Therefore a mA =nA+gA; 2 2. 5: 
take nA. from both, and mA—nA = gA. Therefore -A 
contains A. as oft as there are units in 9, that is, in x, 
or mA—nA = e-. A. Therefore, &c. Q. E. D. 

Cox. When the difference of the two numbers is equal to 
unity, or nne, then - A. 


EP X-OFxATHEOR; 


FF four magnitudes be proportionals, they are pro- 
1 portionals alſo when taken inverſely. a 


If A: B:: C: D, then alſo B: A:: D: C. 
Let A and C be any equimultiples of A and C; 2B 
and D any equimultiples of B and D. Then, becanſe A: 
B:: C: P, if nA be leſs than aB, „C will be lefs than 1 2, a def. 5. 5. 
chat is, if AB be greater than mA, D will be greater than 
mC. For the ſame reaſon, if aB = mA, D MC, and if 2B 
mA, nD <mC. But aB, 2D are any equimultiples of B 
and D, and mA, mC any equimultiples of A and C, there- 
fore a, B: A:: D; C. Therefore, &c. Q. E. D. 
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Book V. 
— | | hs. | number 
FOE LEEVvK 2mPB ; 4 
TE: fore . 
| 1 Np | as Ott 
F the firſt be the ſame multiple of the ſecond, or “Next 


the ſame part of it, that the third is of the Ml gace A 


fourth; the firſt is to the ſecond as the third to the being a 
fourth. r ſhewn 2 
, the fan 

Firſt, if mA, B be equimultiples of the magnitudes A Q. E. 1 


and B, MA: A:: nB: B. . 

Take of A and B equimultiples by any number ; and 
of A and B equimultiples by any number 2; theſe will be 
um A a, pA, umBa, pB. Now, if am A be greater than pA, 
um is alſo greater than ; and if am is greater than p, nmB is 
greater than pB ; therefore, when am A is greater than pA, 
nm B is greater than pB. In the ſame manner, if amA=pA 


A 3. 5 


7 


umz = pB, and if nmA < pA, umB < pB. Now, nmA, ratio 
um are any equimultiples of AA and nB; and pA, þB are 
b def. 5. 5. any equimultiples of A and B, therefore : A:: nB: Bb. Let 
Next, Let C be the ſame part of A that D is of B; then C:: E 
A is the ſame multiple of C that B is of D; and therefore, Let 
c A. 5. as has been demonſtrated, A: C:: B: D, and inverſely e C: any 1 
A:: D: B. Therefore, &c. Q. E. D. Bec 
than 7 
or, if 
5 | multi 
PNA. K T oy 
IF the firſt be to the ſecond as the third to the my 


fourth; and if the firſt be a multiple or a part 
of the ſecond, the third is the ſame multiple or the 
ſame part of the fourth, N A oy 


Let A: B:: C: D, and firft let A be a multiple of B, C is 
the fame multiple of D; that is, if Ag nB, C=mD. 

Take of A and C equimultiples by any number as 2, viz. 
2A and 20; and of B and D, take equimultiples by the 
15 number 


it h 
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number 2m, viz. znB, 2mD a; then, becauſe A = mB, 2A = Book V. 
2mB; and fince A: B:: C: D, and fince 2A =2mB, there- N 
fore 20 Sam D b, and C=mD, that is, C contains D m times, 5 det. 5. 5. 
or as often as A contains B. 

Next, Let A be a part of B, C is the ſame part of D. For, 
ſince A: B:: C: D, inverſely e „BA:: D: C. But A <A 5. 
to the being a part of B, Bis a multiple of A, and therefore, as is 
ſhewn above, D 1s the ſame multiple of C, and therefore C 1s 
the ſame part of D that A is of B. Therefore, &c. 
Q. E. D. 


NO P. VII. TRE OR. 


UAL magnitudes have the ſame ratio to the 
42 fame magnitude; and the ſame has the ſame 
ratio to equal magnitudes. 


Let A and B be equal magnitudes, and C any other; A : 
Ci: By Co 

Let mA, B be any equimultiples of A and B; and 0 
any multiple of C. 

Becauſe A B, mA = mB 3 ; wherefore, if mA. be greater à A. r. 5. 
than 10, mB is greater than C b; and if mA =nC, aB; n 
or, if mA AC, nB <nC. But mA. and mB are any equi- 
multiples of A and B, and zC is any multiple of C, there- 
foreb A: C:: B: C. 

if Ag B, C: A:: C: B; for, as has been proved, 
2 605 B: C, and inverſely e, e, C: A: : GC: B. Therefore, c A. 5. 


Q. E. B. 
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Ci F unequal magnitudes, the greater has a great- 
er ratio to the ſame than the leſs has; ava tue 
lame magnitude has a greater ratio to the lefs than 


it has to the greater. 


Viz. 
the 
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2 


* 


b 7. def. 5. 


a 5. def. 5. 


b A. 5. 


* exceeds mA+mB; then »C—C, that is, 2— . Ca will be lef 


ELEMENTS 


Let A+B be a magnitude greater han A and G. a third 
magnitude, Ag has to C a greater ratio than A has to C; 
and C has a greater ratio to A than it has to A+B. 

Let m be ſuch a number that mA and B are each of them 
greater than C; and let C be the leaſt multiple of C that 


than mA+mB, or AB, that is m. ATB is greater than 


. C. But becauſe C is greater than mA+mB, and C 
leſs than mB, »C—C is greater than mA, or „A 1s leſs than 


10 —C, that is, than 2—1. C. Therefore the multiple of 


A+B by m exceeds the multiple of C by z—1, but the mul. 
tiple of A by m does not exceed the multiple of C by n—1, 
therefore AgB has a greater ratio to C than A has to Cb. 

Again, becauſe the multiple of C by n—1, exceeds the 
multiple of A by , but does not exceed the multiple of 
A+B by m, C has a greater ratio to A than it has to A+Bb, 
Therefore, &c. Q. E. D. 


% 
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AcNnITUDEs which have the ſame ratio to the 

' ſame magnitude are equal to one another; 
and thoſe to which the ſame magnitude has the ſame 
ratio are equal to one another. 


IfA:C::B:CA=B. | 

For if not, let A be greater than B; then, becauſe A is 
greater than B, two numbers, m and n, may be found as in 
the laſt propoſition, ſuch that mA. ſhall exceed C, while mB 
does not exceed C. But becauſe A: C:: B: C; if mA ex- 
ceed C, B muſt alſo exceed Ca; and it is alſo ſhewn that 
mB does not exceed C, which is impoflible. Therefore A 
is not greater than B; and in the ſame way it is demonſtrated 
that B is not greater than A; therefore A is equal to B. 

Next, let C: A:: C: B, AgB. For by inverſion b, 
A: C:: B: C; and therefore by the ſirſt caſe, A B. 
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PROP. X. THE OR. 


THAT magnitude which has a greater ratio than 

another has unto the ſame magnitude 1s the 
greater of the two: And that magnitude to which 
the ſame has a greater ratio than it has unto ano- 
ther magnitude is the leſſer of the two. 


If the ratio of A to C be greater than that of B to C, A 

is greater than B. | 
ecauſe &: CY B: C, two numbers 77 and 7 may be 

found, ſuch that mA C, and B C a. Therefore alſo a def. q. 5. 
mA > mz, and A>Bvb. b 4. Ax. 5. 

Again, let C: B C: A; BSA. For two numbers, 7 
and # may be found, ſuch that mC > mB, and mC < mA a. 
Therefore, fince  mB is leſs, and mA. greater than the ſame 
magnitude, C, mB < mA, and therefore B < A. 


PROP. XI. THE OR. 


8 that are equal to the ſame ratio are 
equal to one another. 


We i and alſo C: D:: E: F; then A: B:: 
Take mA, C, mE any equimultiples of A, C, and E ; 
and aB, D, F any e«uimultiples of B, D, and F. Becauſe 
A: B:: C: D, if mA nB, Da; but if Cn, def. 5. 5. 
mE > nF a, becauſe C: D:: E: F; therefore if mA > nB, 
mE >aF. In the ſame: manner, if mA = B, mE g; and 
if mA <nB, mE <nF. Now, mA, E are any equimulti- 
ples whatever of A and E; and =B, F any whatever of B v 
and F; therefore A: B:: E: Fa. Therefore, &c. Q. E. D. 
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Book V. 
—ů— 
PROP. XII. THE OR. 
J. any number of magnitudes be proportionals, a; 
one of the antecedents is to its conſequent, f F th 
ſhall all the antecedents taken together be to all the the 
conſequents. greate 
If A: B:: C: D, and C: D:: E: F; A: B:: ACE. han t 
B+D+F. leſs. 
Take mA, C, mE any equimultiples of A, C, and E, 
and nB, 1D, nF, any equimultiples of B, D, and F. Then, be. If A 
a 5. def. 5 cauſe A: B:: C: D, if mA B, mC>nDa; and wha and if 4 
mC > nD, mE > nF, becauſe C: D:: E: F. Therefore, i Firſt, 
mA - nB, mA+mC+mE > nB+nD+:F : In the ſame man. erefor 
ner, if mA =nB, mA+mC+mE ABT DTF; and if mA In th 
nB, mA+mnC+nmE BDF. Now mA+mC+mE Mi A 
br 5. m.A+C+EÞ, ſo that mA and mA+mC+meE are any equi. 
multiples of A and of A+C+E. And for the ſame reaſon 
2B, and BDF are any equimultiples of B, and d 
B+D+F; therefore a A: B:: A+C+E:: B+D+F. There 
fore, &c. Q. E. D. 
PROP. XIII. PRO B. M 
F the firſt has to the ſecond the ſame ratio whict Hel 5 
the third has to the fourth, but the third to th ro 
fourth a greater ratio than the fifth has to the ſixth) B:: 27 
the firſt ſhall alſo have to the ſecond a greater rat 2A: 21 
than the fifth has to the ſixth. | and fo « 
| ; &c. Q. 
If A: B:: C: D; but C: DS E: F; then alſo, A: B 
E. . F. | — 
Becauſe C: D E: F, there are ſome two numbers n and t 
def. ;, ſuch that C > nD, but E = Fa. Now, if mGC > nl, 


1A > nB, becauſe A: B:: C: D. Therefore mA > AB, and 
mE. < nt, -wherefore, A: B EL: F. Therefore, &c. (. 


E. D. | 
| PROT 


F f 
tio: 


OF GEOMETRY, 


ENO. NV. THEOR. 
nals, as : 
PN F the firſt has to the ſecond the ſame ratio which 


the third has to the fourth, then, if the firſt be 
greater than the third, the ſecond ſhall be greater 
han the fourth ; and if 8 equal; and if leſs, 
leſs. 


+C+E: 


„and E; 

"hen, be. If A: B:: C: D; then if A C, B D, if Ag C, B=D, 
1d when and if A K C, B Z P. 

refors, i Firſt, let A C; then A: B C: Ba, but A: B:: C: D, 
me man. nn C:D> G: : B b, and therefore B> De, 


In the ſame manner, it is proved, that if A=C, B=D ; and 
if A SC, BSD. Therefore, &c. Q. E. D. 


if mA < 
IME 
my equi. 
1e reaſon 
„ and « 


There PROP. XV. THEOR. 


AGNITUDES have the ſame ratio to one ano- 
ther which their equimultiples have. 


NV 


tall LE A 3 B be two magnitudes, and m any number, A: B 
a Becauſe N Br: AB. A. B. AA BUB of or A: 
e ſix th: 2A: 2B. And fince it has been proved that A:B: 
er ratigg zA: 28, A:B::A+2A:: B+2Bb, or A:B::3A: b 
and ſo on, for all the equimultiples of A and B. Therefore, 


&c. Q. E. D. 
A ; B> 
m and n FERaAOP AY LLEEQRF 
C > nl), 
AB, and 


F four magnitudes of the ſame kind be propor- 
tionals. they ſhall alſo be proportionals when 
taken alternately. . 


tc. VU. 
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b 13 5. 
C 10. 8. 
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Book V. Tf A:B:: C:D, then alternately, A:C::B:D. 
— — Take A, mB any equimultiples of A and B, and zC, a 
2 15-5 any equimultiples of C and D. Then a A: B:: A: nh 
b 1. S. now A: B:: C: D, thereforeb C: D:: MA: nB. But C. 
D:: 2C: Da; therefore mA : B:: C: D b; wherefo F mag 
© 14:5 if mA>nC,mB> nDc; if Ag NC, mB AD, or if mA < they 
nC, mB<nD; therefore, A: C:: B: D. Therefore, &c ntly, t 


QE. D. ; | ird to 
ä all be 1 
ther tc 


PROP. XVII. THE OR. 


If A: 1 
D: D. 


F magnitudes, taken jointly, be proportional, 
Take m 


they thall alſo. be proportionals when taken ſe. 


parately ; that is, if the firſt, together with the ſe. B Rer. 
cond, have to the ſecond the ſame ratio which the YB is 
third, together with the fourth, has to the fourth, on, . 
the firſt ſhall have to the ſecond the ſame ratio s, m. 
which the third has to the fourth. in D. 
nen 2 = 


in 2D. 


If AB: B: CD: D, then by divifion A: B:: C: D. 
Next, 1, 


Take A and nB any equimultiples of A and B, by the 


numbers m and ; and firſt, let mA > nB : to each of them n zB, 
z 7.5. add B, then n > BB. But mA+mB= m. ATB ANB b 
b 2.5. and BB mn. Bb, therefore m. ATB > m+n.B. , which 
And becauſe ATB: B:: CD: D, if n.A+B > , nA >; 

m. CD > m+n.D, or mC+mD> mD+#D, chat is, taking WM... c.. 
D from both, mC > =D. Therefore, when mA. is greater refare, 


than aB, C is greater than =D. In like manner it is de- 
monſtrated, that if AgB, MCD, and if mA AB, n 
1 lef. 5. Sn; therefore A: B:: C: De. Therefore, &c. Q. E. D. 


+nD ; 
1B, m.C 
In the { 
Tb: 
refore, 


— 


PROP, 


OF GEOMETRY. 


27 PROP. XVIIL THE OR. 

But C; fr 

ierefor WF magnitudes, taken ſeparately, be proportionals, 

wn they ſhall alſo be proportionals when taken 
» Cc. 


ntly, that 1s, if the firſt be to the ſecond as the 
ird to the fourth, the firſt and ſecond together 


all be to the ſecond, as the third and fourth to- 
ther to the fourth, 


If A: B:: C: D, then, by compoſition, AB: B:: 
ionals, D: D. | 
cen ſe. 
the ſe. 
ch the 
fourth, 


ratio 


B: and firſt, let n be greater than =. Then, becauſe 
+B is alſo greater than B, m. ATB > n.B. For the ſame 
uon, m.C+D > =D. In this caſe, therefore, that is, when 


>n, M. KTB is greater than B, and m.C+D is greater 
in D. And in the ſame manner it may be proved, that 


jen m n, m. ATB is greater than 2B, and m.C+D greater 


in 2D. 

Next, let m< n, or = mn, then m.A+B may be greater 
in nB, or may be equal to it, or may be leſs; firſt, let 
A+B be greater than aB; then alſo, mA+mB nB; take 


1B, WW nA > . B. But if mA > n—m.B, „C n. D; 

taking aufe &+8:: C :D. Now, . D AD —mD a, 
85 row refore, d > nD—nmD, and adding mD to both 
1B, C +nD > D, that isbn. CD =D. If therefore, m.A+B 
E. D. 1B, . CB =D. 


In the ſame manner it will be proved, that if m. A +B=1B, 


Tb; and if mA+B <nB, mC+D <aD; 
refore, A+B:B::C+D : D. Therefore, &c. Q. E. D. 


ON 


L 2 PROP. 


3, which is leſs than àB, from both, and mA ABB, g 


Take m. AgB, and 2B any multiples whatever of A+B 


b 1. 5. 
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Book V, 
— 


F&UP. M THEOK 


IF the 
| whic 
f the 1 
all be 
ind if 1: 


F a whole magnitude be to a whole, as a magni. 

tude taken from the firſt, is to a magnitude ta 
ken from the other; the remainder ſhall be to thi 
remainder, as the whole to the whole: 


If ther 
D, E, an 
nd alſo I 
02 F; 
& C, ! 
Firſt, 1 
herefore 
erſely ©, 
> GC: B, f 
Next, 
herefore 
D:E: 

> ps | 
S:A?: 
hat is, 1 


4 B:: C: D, and if C be leſs than A, * B—0 

2 16. 5, Becauſe A: B:: C: D, alternately 2, A: Ce B: Dd 
b 17. 5. therefore by Arion b A: C:: B— D: D. - Wherefor, 
again, alternately, A—C : B-D : : C: D; but A: B:: C. 
therefore A—C : B-D:: A: B. Therefore, &c. Q. E.) 

Cok. A—C: B—D: :C: D. | 


PROP. D. THE OR. 


FF four magnitudes be proportionals, they are all 
proportionals by converſion, that is, the firſt is tt 
L its exceſs above the ſecond, as the third to its excel 
E above the fourth. 


If A:B::C:D, by converſion, A: AB:: C: Cr m 


A 1. 5. For ſince A: B: :C:D, by diviſion a, KB: B: whi 
| b A. 3. C—D:D, and inverſely b, B: AB:: D : C—D; therefor but in 
4 8 18. 3. by compoſition e, A:A—B::C;C—D. Therefore, greater 
| NE. D. / than tl 

If th 
| P RO If D, E, a 
fA> 


/ 
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"PROP. XX. THEO. 


F there be three magnitudes, and other three, 
{ which, taken two and two, have the ſame ratio; 
f the firſt be greater than the third, the fourth 

all be greater than the ſixth; and if equal, equal; 
nd if leſs, leſs. 


If there be three magnitudes, A, B, and C, and other three 
D, E, and F; and if A: B:: D: E; 1 


: B- Dad alſo B: C:: E: F, then if A > C, . If 
| SF; = AC, D=F; and if . 2 
D; aA C, D<F. — — | 
herefor, Firſt, let A C; then A:B>C:Ba. But A: B:: D: E, 28.5. 4 
:: C: eerefore allo D: E C: Bb. Now B: C:: E: F, and in- b 13. 5. 1 
Q. E. erſelyc, C: B:: F: E; and it has been ſhewn that D: E © * 5. 8 
> C:B, therefore D: E > F: Eb, and conſequently D > Fd. d 10. 5. [1 


Next, let A=C; then A: B:: C: Be, but A: B:: D: E, © 7-5: 
herefore, C: B:: D: E; but C: B:: F: E, therefore, 

D: E:: F: Ef, and D=Fs. Laſtly, let A<C. Then 25 My 
> A, and, as was ſhewn in the firſt caſe, C: B:: F: E, and 

B: A:: E: D, therefore, by the firſt caſe, if C A, F>D, 

hat is, if AC, DSF. Therefore, &c. Q. E. D). 
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1 
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are all 
irſt is U 
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PROP. XXI. THE OR. 


1 


3 W - 
N 


F there be three magnitudes, and other three, 
which have the ſame ratio taken two and two, 
but in a croſs order; if the firſt. magnitude be 
greater than the third; the fourth ſhall be greater 
than the ſixth; and if equal, equal; and if leſs, leſs. 


: CN 
B: B: 


a - 


If there be three magnitudes, A, B, C, and other three, 
D, E, and F, ſuch that A: B:: E: F, and B: C:: D: E; 
if A C, DSF; ifA=C, DF, and if A = C, DSF. 


* : 
3 
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a 8. 5. 


b 13. 5. 


C 10. 5. 


d 7. 5. 


e 11 5 
f 9. 5. 


c def. 5. 5. 


ELEMENTS 


Firſt, let ASC. Then A:B>: . 
C: Ba, but A:B::E:F, therefore, AE 
E:F>C:Bb. Now, B: C:: D: E, F 


and inverſely, C: B:: E: D; there- 3 For 
fore, E: FS E: Db, wherefore, D Fe. and E, 1 
Next, let A=C. Then d A: B;: C: B; but A:) nd 2 
E: F, therefore, C: B:: E: Fd; but B: C:: D: Ex andi Bene 
verſely, GB:: E: D. merefore e, E: F:: E: D, and, a A C: 
ſequently, DF. . Wy 
e 


Laſtly, let A C. Then C > A, and, as was proved in th 
firſt caſe, C: B:: E: D; and B: A: F: E, therefore, | 
the firſt caſe, moe C>A, F>D, that is, D <F. The 
fore, &c. Q. E. D. 


PROP. AL THEOR. 5 
| : croſs c 
F there be any number of magnitudes, and to the 
many others, which, taken two and two in oil which 
have the ſame ratio; the firſt ſhall have to the la 
of the firſt magnitudes the ſame ratio which th: Firſt 
firſt of the others has to the laſt &“. three, ] 
der, he 
| Firſt, let there be three magnitudes, A, B, C, and ode D: E, 
three, D, E, F, which, taken two and two in order, have the Tak 
ſame ratio, viz. A: B:: D: E, and B: C:: E: F; tha and of 
A: C:: D:. Bec: 
Take of A and D any equimultiples whatever, mA, 1 and E 
of B and E any whatever, 2B, aE 3 and of C and F a gain, 
whatever, gC, F. Becauſe A: B C:: 
D: E, MA: B:: D: Ea; and for 1 ſhewn 
the ſame reaſon, nB:gC: E gr. | D, E, F. fore, i 
Therefore b, according as mA] is great- | mA, 1B, 20, C, 
er than C, equal to it, or leſs, aB is mD, E, . mD < 
greater than F, equal to it, or leſs; | any ec 


but mA, mD are any equimultiples of A and D; and 90 of C a 
9 F. are any — of C and F; therefore e, A: 65 5 


Aga 
* N. B. \This propoſition is uſually cited by the words * ex equal, « 
« ex 2quo,” 
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Again, let there be four magnitudes, and other four, which, Book V. 
two and two, have the ſame ratio, viz. A: B:: E: F; B: C — 
F: G; C: D:: G: H, then A: D:: E: H. 0 

For ſince A, B, C are three magnitudes, | 
and E, F, G other three, which. taken two| A, B, C, D, 
and two, have the ſame ratio, by the fore-| E, F, G. H. 
going caſe A: C:: E: G. And becauſe! — — 
alſo C: D:: G: H, by that ſame caſe, A: D:: E: H. In 
the ſame manner is the demonſtration extended to any num- 
ber of magnitudes. Therefore, &c. Q. E. D. 


A 


PROP. XXI. THEOR. 


F there be any number of magnitudes, and as 
many others, which, taken two and two, in a 
croſs order, have the ſame ratio; the firſt ſhall have 
to the laſt of the firſt magnitudes the ſame ratio 
which the firſt of the others has to the laſt“. 


Firſt, let there be three magnitudes, A, B, C, and other 
three, D, E, and F, which, taken two and two in a croſs or- 
der, have the ſame ratio, viz. A: B:: E: F, and B: C:: 

D: E, then A: C:: D: F. | 

Take of A, B, and D any equimultiples mA, mB, mD ; 
and of C, E, F any equimultiples C, AE, F. 

Becauſe A: B:: E: F, and becauſe allo A: B:: A: Ba, 1 15. 5. 
and E: F:: E: F therefore, MM: B:: E: Fb. A- b 11. 4 
gain, becauſe B: C:: D: E, 15k ęäkqp 
nC::mD:nE; and it has been juſt A, „ 
ſhewn that A: B:: E: F; there- . 
fore, if mA C, mD NF e; if mA mA, mB, nC, 
C, mD=nF; and if mA <aC, mD, E, F. 
mD <aF. Now, mA and mD are — — 
any equimultiples of A and D, and „C, F any equimultiples 


of C and F; therefore, A: C:: D: Fd. d 5. def 5. 


"e287 Next, 


N. B. This propoſition is uſually cited by the words, © ex zquali in 
* proportione perturbata ;*” or, „ex æquo perturbats.” 
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Book V. 


fourth; the firſt and fifth together ſhall have to the 


ELEMENTS 


Next, let there be four magnitudes A, B, C, and D, any Let the 
other four, E, F, G, and H, which, taken two and two in: Ne ratio « 
croſs order, have the ſame ratio, viz. | — — =. E. and 
A: B:: G: H; B: C:: F: G. and A, , C:: 
C: D:: E: F, then A: D:: E: F. | "op G, H. For, fir 
For ſince A, B, C are three magni- — —| ccual tot 


tudes, and E, F, G other three, which, taken two and two, in of B to C 
a croſs order, have the ſame ratio, by the firſt caſe A: C: 
E.. G. But C: D:: G: H, therefore again, by the firſt cafe 
A: D:: E: H. In the ſame manner may the demonſtration Ind the r 
be extended to any number of magnitudes. Therefore, &c. ¶ proportic 
Q. E. D. ner may 


number « 


% 


PROP. XXIV. THEOR. 


F the firſt has to the ſecond the ſame ratio which 
the third has to the fourth ; and the fifth to rhe 
ſecond, the ſame ratio which the ſixth has to the 


ſecond, the ſame ratio which the third and fixth to- 
gether have to the fourth. 


Let A: B:: C: D, and alſo E: B:: F: D, then AE 
E: : CFF: D. | | 

Becauſe B: E;: D: F, by inverſion, E: B:: F: D. 
But by hypotheſis, A: B:: C: D, therefore, ex quali, 
A: E:: C: F, and by compoſition b, AE: E;: CTF: F. 
Now again by hypotheſis, B: E:: D: F, therefore, ex æ quali, 
ATE: B:: CY F: D. Therefore, &c. Q. E. D. 


Por, B. FHEOK 


A'TIOS which are compounded of the ſame ra- 
tios, are the fame with one another. 


Let 


which 
to the 
to the 
to the 
th to- 


le Ta- 


Let 


OF GEOMETRY. 153 


Let the ratios of A to B, and of B to C, which compound Book V. 
the ratio of A to C, be equal, each to each, to the ratios of D 

to E and E to F, which compound the ratio of E to F, 

A: C: : E:; F. 

For, firſt, if the ratio of A to B be | 
equal to that of D to E, and the ratio „ CG 
of B to C equal to that of E to F, ex „ F. 
æquali a, A: C:: D: F. 

And next, if the ratio of A to B be equal to that of E to F, 
and the ratio of B to C equal to that of D to E, ex æquali in 
proportione perturbatab, A: C:: D: F. In the ſame man- b 23. 5. 


a 22, 5. 


ner may the propoſition be demonſtrate d. whatever be the 


number oi ratios. Therefore, &c. Q. E. D. 
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B OO K VI. 


DEFINITIONS, 


, # 
IMILAR rectilineal ſi- 


x3 gures are thoſe which 


have their ſeveral angles 
equal, each to each, and 
the fides about the equal | 


angles proportionals. 5 


Two ſides of one figure are ſaid to be reciprocally proportion- 
al to two ſides of another, when one of the ſides of the firſt 
is to one of the ſides of the other, as the remaining ſide of 
the other is to the remaining ſide of the firſt. 


III. 


A ſtraight line is ſaid to be cut in extreme and mean ratio, 
when the whole 1s to the greater ſegment, as the greater 
{egment is to the leſs. 


IV. 


The altitude of any figure is the ſtraight 
line drawn from its vertex perpendi- 
cular to the baſe. | 
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Book VI. 
—ͤ̃ —⅛ 


2 38. 1. 


ELEMENTS 


Poor. L-THMEUR. 


angle 4 
fore Þ, 

ABC t 
And 
ABG © 
ACD, 


equimi 


RIAN GLESs and parallelograms of the ſame alti. 
tude are one to another as their baſes. 


Let the triangles ABC, ACD, and che parallelograms EC, 


CF have the ſame altitude, viz. the perpendicular drawn from ACD, 
the point A to BD: Then, as the baſe BC is to the baſe CD, And b 
ſo is the triangle ABC to the triangle ACD, and the paral. baſe C 
lelogram EC to the parallelogram CF. as the 
Produce BD both ways to the points H, L, and take an gram |] 
number of ſtraight lines BG, GH, each equal to the baſe BC; is to tl 
and DK, KL, any number of them, each equal to the baſe lelogre 
CD; and join AG, AH, AK, AL: Then, becauſe CB, BG, Cox 
GH are all equal, the triangles AHG, AGB, ABC are all grams 
equal a: Therefore, whatever multiple the baſe HC is of the baſes. 
baſe BC, the ſame multiple is the triangle AHC of the tri- Let 
angle ABC. For the ſame reaſon, whatever multiple the ſame 
baſe LC 1s of the vertic 
baſe CD, the ſame E F joins t 
multiple is the tri- WP W becau 
angle ALC of the 25 anoth 
triangle ADC: | | propc 
And if the baſe 
HC be equal to the | 
baſe CL, the tri- 
angle AHC is alſo F C B C E L 


equal to the tri- | 
angle ALC a; and if the baſe HC be greater than the baſe 
CL, hkewife the triangle AHC' is greater than the triangle 
ALC; and if leſs, leſs. Therefore, ſince there are four magni- 
tudes, viz. the two baſes BC, CD, and the two triangles ABC, 
ACD; and of the baſe BC and the triangle ABC, the firſt 
and third, any equimultiples whatever have been taken, viz. 
the baſe HC and triangle HC; and of the baſe CD td 
triangle ACD, the ſecond and fourth, have been taken any 
equimultiples whatever, viz. the baſe CL and triangle ALC; 


and ſince it has been ſhown, that if the baſe HC be greater 1 
than the baſe CL, the triangle AH C is greater than the tri- 0 
ange ch. 


L 


e baſe 
langle 
nagni- 
ABC, 
ie firſt 
1, VIZ, 
D dd 
n any 
XLC; 
reater 
le tri- 
angle 
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angle ALC; and if equal, equal; and if leſs, leſs: There- Book VI. 
fore, as the baſe BC is to the baſe CD, ſo is the triangle 
ABC to the triangle ACD. 

And becauſe the parallelogram CE is double of the triangle 
ABC e, and the parallelogram CF double of the triangle © 4. r. 
ACD, and that magnitudes ::ave the ſame ratio which their 
equimultiples have d; as the triangle ABC is to the triangle d 15. 5. 
ACD, ſo is the parallelogram EC to the parallelogram CF. 

And becauſe it has been ſhown, that, as the baſe BC is to the 

baſe CD, ſo is the triangle ABC to the triangle ACD; and 

as the triangle ABC to the triangle AC, ſo is the parallelo- 

gram EC. to the parallelogram CF; therefore, as the baſe BC 

is to the baſe CD, ſo is e the parallelogram EC to the paral- e 11. 5. 
lelogram CF. Wherefore triangles, &c. Q. E. D. 

Cor. From this it is plain, that triangles and parallelo- 
grams that have equal altitudes, are one to another as their 
baſes. 8 | 

Let the figures be placed ſo as to have their baſes in the 
ſame ſtraight line; and having drawn perpendiculars from the 
vertices of the triangles to the baſes, the ſtraight line which 
joins the vertices is parallel to that in which their baſes are f, f 33. 1. 
becauſe the perpendiculars are both equal and parallel to one 
another. Then, if the ſame conſtruction be made as in the 
propoſition, the demonſtration will be the ſame, 


PROP. U. THE OR. 


F a ſtraight line be drawn parallel to one of the 
ſides of a triangle, it ſhall cut the other ſides, or 
the other fides produced, proportionally : And it the 
ſides, or the ſides produced, be cut proportionally, 
the ſtraight line which joins the points of ſection ſhall 
be parallel to the remaining fide of the triangle. 


Let DE be drawn parallel to BC, one of the ſides of the 
triangle ABC: BD is to DA, as CE to EA. 
Join BE, CD; then the triangle BDE is equal to the triangle 
CDE «=, becauſe they are on the ſame baſe DE, and between a 37. 7. 
the ſame parallels DE, BC; but ADE is another A, 
| An 
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Book VI. and equal magnitudes have to the ſame the ſame ratio b; 


b 7. 5. 
0 1. 6. 


411.4 


e 1. 6. 


f 9. 5. 


8 39.1. 


ELEMENTS 


therefore, as the triangle BDE to the triangle ADE, ſo is the 
triangle CDE to the triangle ADE. but as the triangle BDE 
to the triangle ADE, ſo is e BD to DA, becauſe having the 
ſame altitude, viz. the perpendicular drawn from the point E 
to AB, they are to one another as their baſes ; and for the 


ſame reaſon, as the triangle CDE to the triangle ADE, ſo is F the 


CE to EA. Therefore, as BD to DA, ſo is CE to EA d. line 
Next, let the fides AB, AC of the triangle ABC, or theſe ap 
TT of the 

A A ſegmen 
other 1 
ſtraight 
of ſet! 

D B N 1 
two equ 

B "Theo 
| D T's | . oa 

| C E B C BA pro 
fides produced, be cut proportionally in the points D, E, that — 
is, fo that BD be to DA, as CE to EA, and join DE; DE dere 
is parallel to BC. | | equal to 

The fame conſtruction being made, becauſe as BD to DA, angle £ 

ſo is CE to EA; and a; BD to DA, fo is the triangle BDE. cauſe th 
to the triangle ADE e; and as CE to EA, fo is the triangle = 

CDE to the triangle ADE ; therefore the triangle BDE is to EC, th 

the triangle ADE, as the triangle CDE to the triangle ADE; , 

that is, the triangles BDE, CBE have the ſame ratio to the ward a 

triangle ADE; and therefore f the triangle BDE is equal to AEC: 

the triangle CDE: And they are on the ſame baſe DE ; but has bee 
equal triangles on the fame baſe are between the ſame paral- the ang] 

lels g; therefore DE is parallel to BC. Wherefore, if a allo A 

ſtraight line, &c. Q. E. D. f angle 

quently 
equal t 
And be 
PROP. triangle 
but AE 


AC 
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PROP. III. THE OR. 


g the 

int E. : 

9 0 F the angle of a triangle be biſected by a ſtraight 
| - 942 line which alſo cuts the baſe ; the ſegments of the 
theſs baſe ſhall have the ſame ratio which the other ſides 


of the triangle have to one another: And if the 
| ſegments of the baſe have the ſame ratio which the 
other fides of the triangle have to one another, the 
ſtraight line drawn from the vertex to the point 
of ſection, biſects the vertical angle. 


Let the angle BAC of any triangle ABC be divided into 
two equal angles by the ſtraight line AD: BD is to DC, as 
BA to AC, 
Through the point C draw CE parallel» to DA, and let a 31. 2. 
0 BA produced meet CE in E. Becauſe the ſtraight line AC 
meets the parallels AD, EC, the angle ACE is equal to the 
DE alternate angle CAD b: But CAD, by the hypotheſis, is b 29. 1. 
equal to the angle BAD; wherefore BAD. is equal to the 
angle ACE. Again, be- 
DF cauſe the ſtraight line BAE E 
meets the parallels AD, | 
8 EC, the outward angle 
JF. BAD is equal to the in- 
ward and oppoſite angle 
10 AEC: But the angle ACE. 
has been proved equal to 
El the angle BAD; therefore 
if a alſo ACE is equal to the 
angle AEC, and conſe- 
quently the fide AE is | 
equal to the fidec AC: e 6. 1. 
And becauſe AD is drawn parallel to one of the ſides of the 
angle BCE, viz. to EC, BD is to DC, as BA to AE d; 42. 6. 
but AE is equal to AC; therefore, as BD to DC, ſo is BA 
Ae. | e 7. 5. 
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Book VI Let now BD be to DC, as BA to AC, and join AD; th, 
Lv angle BAC is divided into two equal angles by the ftraigh 
line AD. by 5 F 
The ſame conſtruction being made; becauſe, as BD to DC, 
ſo is BA to AC; and as 
BD to DC, ſo is BA to 
fr. 8. AE d, becauſe AD is pa- 
$3 - rallel to EC; therefore AR 
is to. AC, as BA to AEf: 
Conſequently AC is equal 
do AE g, and the angle 
AEC is therefore equal to 
the angle ACE h: But the 
angle AEC is equal to the e "IP 
outward and oppoſite angle — 
BAD; e le ACE B D C 
is equal to the ate angle CAD b: Wherefore alſo the 
angle BA is equal to the angle CAD: Therefore the angt 
BAC is cut into two equal angles by the ſtraight line AJ) 
Therefore, if the angle, &c. Q. K. DP). | 
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PROP. A. THE OR. 


18 the exterior angle of a triangle be biſed. 
ed by a ftraight line which alſo cuts the bat 
produced; the ſegments between the. biſeQing 
line and the extremities of the baſe have the ſame 
ratio which the other ſides of the triangle hve tt 


one another; And if the ſegments of the baft pro. HE 
duced have the ſame.ratio which the other ſides of tr: 
the triangle have, the ſtraight line drawn from tire opp 
vertex to the point of ſection biſects the exterid des, th 
angle of the triangle. be rati 

= 1 5 54 5 Let A 

Let the outward angle CAE of any triangle ABC be ©-BABC eq 
vided into two equal angles by the ſtraight line AD wid Hngle D. 
meets the baſe produced in D: BD is to DC, as BAH CI 
AC. angles A 
Throug Holo gou. 


equal to the alternate angle CADÞ : But CAD is equal b %. 
the angle DAE ©; therefore afo DAE is equal to the . Hyp 
gle ACF. Again, becauſe the ſtraight line FAE meets 
e parallels AD, FC, the outward angle DAE. is equal to 

e inward and oppoſite angle CFA: But the angle ACF has 

een proved to be equal D 

> the angle DAE ; &f 
erefore alſo the angle KR 
CF is equal to the 
ngle CFA, and conſe - 
vently the fide AF is 
ual to the fide AC d: 
Wd becauſe AD is pa- 
C ullel to FC, a fide of 
e triangle BCF, BD 
alſo te to DC, as BA to ICS 

he angel Fe; but AF is equal to AC; as therefore BD is to DC, e 2. 6. 
ne A) BS i: BA to AC. CARERS A 

Let now BD be to DC, as BA to AC, and join AD; the 

gle CAD is equal to the angle DAE. ' | 

The ſame conſtruction being made, becauſe BD is to DC, 

BA to AC; and alſo BD to DC, as BA to AFe; 
herefore BA is to AC, as BA to AFf; wherefore AC is f r. s. 


biſea. Dit the angle AFC is equal to the outward angle EAD, and 
e bat angle ACF to the alternate angle CAD ; therefore alſo 
eq AD is equal to the angle CAD. Wherefore, if the ex- 
ectim rior, &c. Q. E. D. | | 

e ſame | 

wn a, W. THEOR. 


L pro, HE ſides about the equal angles of equiangulat 
des df triangles are proportionals; and thoſe which 
m there oppoſite to the equal angles are homologous 
cterlaßh des, that is, are the antecedents or conſequents of 
be ratios. | \ | 
„ „Let ABC, DCE be equiangular triangles, having the angle 
be d. RBC equal to the angle DGE, and the angle ACB to the 
which nzle DEC, and conſequently a the angle BAC equal to the a 32. 2. 

BA to gle CDE. The fides about the equal angles of the tri- 
ngles ABC, DCE are proportionals; and thoſe are the ho- 
hroug Wl ologous ſides which are — to the equal angles. oj 

| d 


aD. Through C draw CF parallel to AD; and becauſe the Book VI. 
| Ara: ti Wi ight line AC meets the parallels AD, FC, the angle ACF — — 
b 29. 1. 
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Book VI. Let the triangle DCE be placed, ſo that its fide CE 

be contiguous to BC, and in the ſame ſtraight line with 
And becauſe the angles ABC, ACB are together leſs thy 

b 17.1. two right angles b, ABC and DEC, which is equal to Ac; 


iz, the 2 
EF, ar 
At th 


are alſo leſs than two right angle F. 
angles; wherefore BA, ED F qual to 
c cor, 29. 1. produced ſhall meet e; let them | he N 
be produced and meet in the <3 . 
point F; and becauſe the angle A 255 A 
p ABC is equal to the angle 1 
35. 1. DCE, BF is parallel d to CD. 5 1 
Again, becauſe the angle ACB E %, 
is equal to the __ DEC, AC x4 5 
is parallel to FE d: Therefore 4 ” 
FACD is a parallelogram; and RB C.-C ne. 
conſequently AF 1s equal to : 4 
34. 2. CD, and AC to FDe: And becauſe AC is parallel to E, . Ex. 
f 2. 6. one of the ſides of the triangle FBE, RA: AF:: BC : CE DI 
37.5. but AF is equal to CD; therefores, BA: CD. ge 
BC: CE; and alternately, AB: BC : : DC CE: Again iſ\ 417, 
becauſe CD is parallel to BF, BC: CE: FD : DE; UA EE 
FD is equal to AC; therefore, BC:CE:: AC: DE; ad n c 
alternately, BC: CA:: CE : ED. Therefore, becauſe it bs Ihe ore 
been proved that AB:BC::DC: CE; and BC: CA e 
CE: ED, ex quali, BA: AC:: CD: DE. Therefore th: Wi ole G 
fides, &c. Q. E. D. > equal 
erefor 
| | lame re: 
PROP.-V. T HE OR the ang] 
ABC 1s 
| | hdes, & 
F the ſides of two triangles, about each of their 
angles, be proportionals, the triangles ſhall be 
equiangular, and have their equal angles oppoſite to 
the homologous fides. 
| | | F ty 
Let the triangles ABC, DEF have their ſides proportion. one 
als, ſo that AB is to BC, as DE to EF; and BC to CA, equal 
EF to FD; and conſequently, ex æquali, BA to AC, as ED BWequiar 
to DF; the triangle ABC is equiangular to the triangle DEF, Mare op 


and their equal angles are oppoſite to the homologous fide, 
"TY N 
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iz. the angle ABC being equal to the angle DEF, and BCA to Book VI. 
EFD, and alſo BAC to EDF. N Ao npEs 

At the points E, F, in the ſtraight line EF, make the a 23. 1. 
angle FEG equal to the angle ARC, and the angle EFG 


qual to BC A; wherefore 
he remaining angle BAC D 


equal to the remaining | 
angle EGFb, and the tri- A b 32 1. 
angle — is therefore e- 
quangular to the triangle __ 
D EF; and W . E F 
ey have their ſides oppoſite 
o the equal angles propor- 
jonals c. Wherefore, as AB 1 "3 * 
IIc, fo is GE to EF; 
1 to FE, but as AB to BC, ſo is DE | | | | 
„ Cx; 2 EE; therefore as DE to EF, ſod GE to EF: There- d 11. J. 
CD - ee DE and GE have the fame ratio to EF, and conſe- 
"An quently are equal e: For the ſame reaſon, DF is equal to FG: e 9. 5. 
87 * And becauſe, in the triangles DEF, GEF, DE is equal to EG, 
E; 1d EF common, and alſo the baſe DF equal to the baſe GF; 
fe it hs berefore the angle DEF is equal f to the angle GEF, and f 8. r. 
„ CA e other angles to the other angles, which are ſubtended by 
fore e equal fides 3. Wherefore the angle DFE is equal to the & 4 
angle GFE, and EDF to EGF: and becauſe the angle DEF 
b equal to the angle GEF, and GEF to the angle ABC; 
erefore the angle ABC is equal to the angle DEF : For the 
lame reaſon, the angle A.CB is equal to the angle DFE, and 
the angle at A to the angle at D. Therefore the triangle 
ABC 1s equiangular to the triangle DEF. Wherefore, if the 
1 des, &c. Q. E. DP). 
ell 
nall be | 
oſite to PROP. VL THEON 
F two triangles have one angle of the one equal to 
portion. one angle of the other, and the ſides about the 
CA, equal angles proportionals, the triangles ſhall be 
52 7 equiangular, and ſhall have thoſe angles equal which 


as e are oppoſite to the homologous ſides, 
M 2 h Let 
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Book VI. 


b 32. 1, 


e 4. 6, 
d 11,5 
1 8 


4. 1. 


ELEMENTS 


Let the triangles ABC, DEF have the angle BAC in the 
one equal to the angle EDF in the other, and the ſides about 
thoſe angles proportionals; that is, BA to AC, as ED to DF; 
the triangles ABG, DEF are equiangular, and have the ange 
ABC equal to the angle DEF, and ACB to DEE. 

At the points D, „F, in the ſtraight line DF, make a the 
angle FDG equal to either of the angle BAC, EDF 5 and 
the angle DFG equal 
to the angle ACB; A 
wherefore the remain- 
ing angle at B is equal 
to the remaining one 
at Gb, and conſequent. 
Iy the triangle ABC ts 
equiangular to the tri- ü 
angle DGF; and there- Jl | 
fore. as HA to AC; ſo B C. E. F 
is eG to DF; But, by the hypotheſis, as BA to AC, ſo 5 
ED to DF; gs therefore ED to DF, fo is d GD to DF; 
wherefore ED is equal e to DG: And DF i is common to the 
two triangles EDF, GDE;_ therefore the two ſides ED, 
DF are equal to the- two fides GD, DF; but the angle EDI 
is alſo equal to the angle GDF; wherefore the baſe EF. is equal 
to the baſe FG; — the triangle EDF to the triangle 0b, 


and the remaining angles to the remaining angles, each u 


3 Hyp. 


each, which are ſubtended by the equal ſides: Therefore the 
angle DFG is equal to the angle DFE, and the: angle at G to 
the angle at E: But the an vs. DEG is equal to the angle 
ACB; therefore the angle ACB i is equal to the angle DPL; 
and the angle BAC is — to the angle EDF s; 9 


alſo the remaining angle at B is equal to the remaining angle 


at E. Therefore the triangle ABC is equian 
angle DEF. Wherefore, i 


to the tui. 
two triangles, &c. Q. E. D. 


PROP, 


F tw. 
to o 
two otl 
remain 
right a 
have tt 
propori 


Let tt 
one equ: 
the qngl 
DEF p. 
in the fi 
leſs than 
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For, 
greater 
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equal te 
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equal b 
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therefo 

has the 
to BG, 
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angle; 


Cin the 
es about 
to DF, 
ne angle 


ke a the 
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F 
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PROP. VII. T HE OR. 


F two triangles have one angle of the one equal 

to one. angle of the other, and the fides about 
two other angles proportionals, then, if each of the 
remaining angles be either Jeſs, or not leſs, than a 
right angle, the triangles ſhall be equiangular, and 
have thoſe angles equal about which the ſides are 
proportionals. | 


Let the two triangles ABC, DEF have one angle in the 
one equal to one angle in the other, viz. the angle BAC to 
the angle EDF, and the ſides about two other angles ABC, 


DEF proportionals, ſo that AB is to BC, as DE to EF ; and 


in the firſt caſe, let each of the remaining angles at C, F be 
leſs than a right angle. The triangle ABC is equiangular 
to the triangle DEF, that is, the angle ABC is equal to the 
angle DEF, and the remaining angle at C to the remaining 
angle at F. 

For, if the angles ABC, DEF be not equal, one of them is 
greater than the other : Let ABC be the greater, and at the 
point B, 1n the ſtraight line 
AB, make the angle ABG A. 
equal to the angle a DEF: ä D 
And becauſe the angle at 
A 15 equal to the angle at 


D, and the angle ABG to G 
the angle DEF; the re- 
maining angle AGB is B U. F 


equal b to the remaining 

angle DFE : Therefore the trian 1 1 ABG 1s equiangular to 
the triangle DEF; wherefore e, as AB is to BG, ſo is DE to 
EF; but as DE to EF, fo, by hypotheſis, is AB to BC: 
therefore as AB to BC, 675 is AB to BG d; and becauſe AB 
has the ſame ratio to each of the lines BC, BG; BC is equal e 
to BG, and therefore the angle BGC is equal to the angle 


a 23. 1. 


h 32. Is 


e 4. 6. 


d if. 5. 
e 9 5. 


BCG : But the angle BCG 1s, by hypotheſis, leſs than a right f 6. r. 


angle; therefore allo the angle BGC is les than a right angle, 
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Book VI. and the adjacent angle AGB muſt be greater than a wy 
; 13, . angle g. But it was proved that the angle AGB is equal u 
dthe angle at F; therefore the angle at F is greater than a righ 
angle: But, by the hypotheſis, it is leſs than a right angle, 

which is abſurd. Therefore the angles ABC, DEF are ng 


erefore 


unequal, that is, they are equal: And the angle at A is equi equian 
to the angle at D; wherefore the remaining angle at C ole A] 
equal to the remaining angle at F: Therefore the triangle bout the 
ABC is equiangular to the triangle DEF. proportic 
Next, let each of the angles at C, F be not leſs than a rigu Ine trian 
angle; the triangle ABC 15 alſo in this caſe equiangular to the monſtrat 
triangle DEF. ar to th. 
The ſame conſtruction A being bo 
being made, it may be and ſimi 
proved in like manner N Q. E. L 
that BC is equal to BG, Cok. 
and the angle at C equal | from the 
to the angle BGC: But B S E 7. a mean 
the angle at C is not lefs alſo tha 
than a right angle; therefore the angle BGC is not le baſe, an 
than a right angle: Wherefore, two angles of the trianęe Wi angles! 
BGC are together not leſs than two right angles, which is im triangle 
h 17. 1. poſſible h; and therefore the triangle ABC may be proved the tria 


be equiangular to the triangle DEF, as in the firſt caſe. 


PROP. Vl, THE OR. 


N a right angled triangle, if a perpendicular b: 

drawn from the right angle to the baſe;. the tr: 

angles on each fide of it are ſimilar to the whole 
triangle, and to one another, 
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Let ABC be a right angled triangle, having the right angt: 
BAC; and from the point A let AD be drawn perpendicular 
to the baſe BC : the triangles ABD, ADC are fimilar to the 
whole triangle ABC, and to one another. 

Becauſe the angle BAC is equal to the angle ADB, eaci 
of them being a right angle, and that the angle at B is com- 
a * * | 33 Mon 
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dan a vigh non to the two triangles IRE 4 
OI ABC, ABD; the remain- 1 —— 4 
anus angle ACB is equal to 
Zut angle e remaining angle BAD a=: 3L 
=" are nol terefore the triangle ABC erg N 
1 18 equal equiangular to the tri- 12 
te at Cie ABD, and the ſides 

ie triangle bout their equal angles are B + - ah + 

proportionals b; wherefore b 4. 6. 


lar + he triangles are ſimilar e: in the like manner it may be de- e 1. def. 6. 
to de monſtrated, that the triangle ADC is equiangular and fimi- 
ar to the triangle ABC: And the triangles ABD, ADC, 
deing both equiangular and fimilar to ABC, are equiangular 
D © _ to each other. Therefore, in a right angled, &c. 
7 1 From this it is manifeſt, that the perpendicular drawn 
— 4 from the right angle of a right angled triangle to the baſe, is 
4 a mean proportional between the ſegments of the baſe : and 
alſo that each of the ſides is a mean proportional between the 
not leb baſe, and its ſegment adjacent to that fide, For in the tri- 
terug angles BDA, ADC, BD : DA : DA DC Þ; and in the 
b mg triangles ABC, DBA, BC: BA:: BA: BD b; and in 


wo HY the triangles ABC, ACD, BC: CA:: CA: CDÞ, 
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PROP. IX. PROB. 
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52 1 ROM a given ftraight line to cut off any part 9 
7. required, that is, a part of which the line ſhall P 
note de a given multiple. | 4 
7 

ht angk Let AB be the given ſtraight line; it is required to cut off 1 


1dicuar from it a part of which AB ſhall be a given multiple. 

YI From the point A. draw a ſtraight line AC making any 

angle with AB; and in AY take any point D, and take AC 
4 ',_ 3" 


3, each 
S com- 
mol 


Ke 


— TSS 


* 


—_ — —_— 
1 — 
2. * by ” — 
Pay 3 
o 


— 


. . 


T — > 
* * 
ö 
_ — — 2 7 53> 
2 5 — 4 
= 
* A, 7 * 


— 


— 


CES 
3 So - 
— 


— 


on 
1 


- 
Sm — 


— 


1 


— 


— 


* 


168 


Book VI. the ſame multiple of AD, that AB is 
of the part which is to be cut off from 


2 2. 6, as CD is to DA, fo is a BE to EA; and, 
b 18, 5. by compoſition Þ, CA is to AD, as BA | 


« C5. therefore © BA is the ſame multiple of 


ELEMENTS 


it; join BC, and draw DE parallel to it: 
then AE is the part required to be cut 
off. 

Becauſe ED is parallel to one of the 
ſides of the triangle ABC, viz. to BC, 


to AE: but CA is a multiple of AD; 


AE: whatever part therefore AD is of AC, AE is 
ſame part of AB; wherefore, from the ftraight line AB th 
part required is cut off, Which was to be done. 


RON. X. PRO B. 


0 divide a given ſtraight line ſimilarly to a gi. 
ven divided ſtraight line, that is, into parts 

12 ſhall have the ſame ratios to one another which 

the parts of the divided given ftraight line have. 


Let AB be the ſtraight line given to be divided, and AC 
the divided line ; it 1s required to divide AB fimilarly to AC. 
' Let AC be N in the points D, E; and let AB, AC 
be placed fo as to contain any angle, and j join BC, and through 


2 37. 1. the points D, E, drawa DF, EG parallel to BC; and through 


D draw DHK parallel to AB; ; therefore each of the figures 


» b 34 1. FH, HB, is a parallelogram; wherefore DH is equal b to 


E 2. 


6. 


EG: and HK to GB: and becauſe 
HE is parallel to KC, one of the 
ſides of the triangle DKC, as CE 
to ED, ſo is c KH to HD: But 
KH is equal to BG, and HD to GF; 
therefore, as CE to ED, ſo is BG 
to GF: again, becanſe FD is paral- 
lel to EG, one of the fides of the 
triangle AGE, as ED.to DA, ſo is 
GF to FA: but it has been proved 


v4.4 
. 


Beca 
a fide c 
is b tc 
BD is 
1 
third p 
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that CE is to ED, as BG to GF; and as ED to DA, ſo GF Book VI. 
larly to AC. Which was to be done. 


PROP. XI. PROB. 


/ bay find a third proportional to two given ſtraight 
lines. : 


Let AB, AC be the two given ſtraight lines, and let them 
be placed ſo as to contain any 
angle; it is required to find a A 
third proportional to AB, AC. | 
Produce AB, AC to the points 
: D, E; and make BD equal to B C 
O à g. AC; and having joined BC, 
) parts through D, draw DE parallel to 


which = © 2 31. 1. 
ave. Becauſe BC 1s parallel to DE, 

a fide of the triangle ADE, AB ÞH E 
ad. Af is b to BD, as AC to CE: but b 2. 6 


o AC BD is equal to AC; as therefore AB to AC, fois AC to 
B. ACE. Wherefore to the two given ſtraight lines AB, AC a 
through third proportional CE is found. Which was to be done. 


through 
figures 
al b to wi. N | 
1 PROP. XI. OB. 
12 find a fourth proportional to three given 
ſtraight lines. | 
| Let A, B, C be the three given ſtraight lines; it is required 
15 to find a fourth proportional to A, B, C. 


Take two ſtraight lines DE, DF, containing any angle 
C EDF; and upon theſe make DG equal to A, GE equal to 
= ro ey YR | 


to FA: therefore the given ſtraight line AB is divided ſimi- 
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Book-VI. B, and DH equal to C;, and having joined GH, draw Ex WM tween. 
— D | a tional! 
A— - 
B 
G 1 E. 
/ their 
portic 
E 8 of th 
2 31. 1. parallel à to it through the point E: and becauſe GH is pa. their 
rallel to EF, one of the ſides of the triangle DEF, DG is to portic 
Þb2.6 GE, as DH to HF b; but DG is equal to A, GE to B, and 

J DH to C; therefore, as A is to B, ſo is C to HF. Where. L 

4 fore to the three given ſtraight lines, A, B, C a fourth pro. * 

| portional HF is found. Which was to be done. N 
8 une a: 

i qual a 
. * 
XY PROP. XII. PRO B. * 
| 4 , logran 
A 1 find a mean proportional between two given I «nd th 
2 ſtraight lines. | miete 
4 | 25 BC 
* Let AB, BC be the two given ſtraight lines; it is required 5 70 
E. ö to find a mean proportional between them VF. { 
* Place AB, BC in a ſtraight line, and upon AC deſcribe the I BF. 

? ſemicircle ADC, and from RE, 
* 4 11. x, the point B draw a BD at D Wher 
* right angles to AC, and join | parall 

b AD, DC. 

| i - Becauſe the angle ADC my 
"4 a in a ſemicircle is a right ortio 

47 5 31. 3. angle b, and becauſe in the KB Js 
ag? right angled triangle ADC, & 9 C | Be 
lb DB is drawn from the right | - fo is t 

5 angle perpendicular to the baſe, DB is a mean proportional GB ti 

P e Cor. 8.6. between AB, BC the ſegments of the baſe e; therefore be- FE ; 


tween 
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raw E tween the two given ſtraight lines AB, BC, a mean propor- Book VI. 
tional DB is found. Which was to be done. — 


PRO. AV. THEO & 


DAL parallelograms which have one angle of 

the one equal to one angle of the other, have 
their ſides about the equal angles reciprocally pro- 
portional : And parallelograms that have one angle 
of the one equal to one angle of the other, and 
I is pa their fides about the equal angles reciprocally pro- 
G is to Wi portional, are equal to one another. 


Let AB, BC be equal parallelograms, which have the 

angles at B equal, and let the fides DB, BE be placed in the 

ſame ſtraight line ; wherefore alſo FB, BG are in one ftraight 

line a: the ſides of the parallelograms AB, BC about the e- 4 41 
qual angles, are reciprocally proportional; that is, DB is to 

BE, as GB to BF. 

Complete the parallelogram FE ; and becauſe the paralle- 

logram AB 1s equal to BC, 

and that FE 15 another pa- A F 


rallelogram, AB 1s to FE, , _— 
23 BC to FE b: but as AB 1 ba 
to FE, fo is the baſe DB 1 oa hoy 


| 
\ 

ö 

, 
— 
# - 
- 


, 


given 


r 


required to BE ©; and, as BC to c 1. 6, 

1 FE, ſo is the baſe GB to 

ribe the BF; therefore, as DB to 
BE, ſo is GB to BF d. d Ix. 5. 


Wherefore, the fides of the G C 
parallelograms AB, BC a- 
bout their equal angles are reciprocally proportional. 

But, let the ſides about the equal angles be reciprocally pro- 
portional, viz. as DB to BE, ſo GB to BF; the parallelogram 
AB is equal to the parallelogram BC. 

Becauſe, as DB to BE, ſo is GB to BF; and as DB to BE, 
ſo is the parallelogram AB to the parallelogram FE ; and as 
| GB to BF, ſo is the parallelogram BC to the parallelogram 
ore be FE; therefore as AB to FE, ſo BC to FE d: wherefore the 

2 | | parallelogram 
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Book VT. 
e 9. 5. 


a 14. 1. 


d J. 5. 


d 11. 5. 


al: And triangles which have one angle in the one 


ELEMENTS 


parallelogram AB is equal e to the parallelogram BC. There, 
fore equal parallelograms, &c. Q. E. D. A to 4 


of. V. 1 Ok A to A 


EQUAL triangles which have one angle of the N. ſo 
one equal to one angle of the other, have their 
ſides about the equal angles reciprocally proportion. 


equal to one angle in the other, and their ſides a. 
bout the equal angles reciprocally proportional, are 
equal to one another. | 


Let ABC, ADE be equal triangles, which have the angle 
BAC equal to the angle DAE ; the ſides about the equi 
angles of the triangles are reciprocally proportional; that i; 
CA is to AD, as EA to AB. 

Let the triangles be placed ſo that their ſides CA, AD be 
in one ftraight line; wherefore alſo EA and AB are in 
one ſtraight line a; join BD. Becauſe the triangle ABC b 
equal to the triangle $3 72k 
AD E, and that ABD B 


F fo 

ang 
rectangp 
angle c 
rectang 
lines a 


15 another triangle ; a 5 
therefore as the tri- Let t 
angle CAB is to the VIZ. as 
triangle BAD, ſo is | AB, F 
triangle E AD to tri- C 5 Fron 
angle DAB ͤ b: but as AB, C 
triangle CAB to tri- and cor 
gle BAD, ſo is the to CD, 
ale CA to AD e; AG; 
and as triangle EAD the par 
to triangle DAB, ſo 1 procall 
is the baſe EA to AB e; as therefore CA to AD, fo is EA des al 
to AB d; wherefore the ſides of the triangles ABC, ADE one an 


about the equal angles are reciprocally proportional. 
But let the ſides of the triangles ABC, ADE about the 
equal angles be reciprocally proportional, viz. CA to AD,s 
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. 1 A - Book VL 
Ay AB; the triangle ABC is equal to the triangle 
Having joined BD as before; becauſe, as CA. to AD, ſo is 
A to AB; and as CA to AD, ſo is triangle ABC to tri- 
ngle BAD ©; and as EA to AB, fo is triangle EAD to 1. 6. 
angle BAD c; therefore d as triangle BAC to triangle 4 11. 5. 
AD, ſo is triangle EAD to triangle BAD; that is, the 
angles BAC, EAD have the ſame ratio to the triangle 
BAD : wherefore the triangle BAC is equal e to the triangle © 9: 5. 
DE. Therefore equal triangles, &c. Q. E. D. 
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1e angle 
1e equal 
that , 


AD be 
are in 


ABC 1 


[* four ſtraight lines be proportionals, the rect- 
angle contained by the extremes is equal to the 
rectangle contained by the means: And if the rect- 
angle contained by the extremes be equal to the 
rectangle contained by the means, the four ſtraight 
lines are proportionals. | 


Let the four ſtraight lines, AB, CD, E, F be proportionals, 
viz. as AB to CD, oE to F; the rectangle contained by 
AB, F is equal to the rectangle contained by CD, E. 

From the points A, C draw = AG, CH at right angles to 2 11. 1. 
AB, CD; and make AG equal to F, and CH equal to E, 
and complete the parallelograms BG, DH: becauſe, as AB 
to CD, ſo is E to F; and that E is equal to CH, and F to 
AG; AB is b to CD, as CH to AG : therefore the ſides of b 7. 5. 
the parallelograms BG, DH abqnt the equal angles are reci- 
procally proportional; but parallelograms which have their 
lides about equal angles reciprocally proportional, are equal to 
one another e; therefore the parallelogram BG is equal toe 14. 6. 
2 the 


is EA 
APE 
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Book VT. 


d 14. 6. 


ELEMENTS. 


the parallelogram DH : and the parallelogram BG Take 
contained by the ſtraight KR — ah a and that 
lines AB, F; becauſe &G | . H ſtraight! 
is equal to F; and the pa- FE ou: extreme: 
rallelogram DH is contain- | 33 cont? 
ed by CD and E; becauſe | | therefore 
CH is equal to E: there- G— " | by A, C 
fore the rectangle contain- ed by B 
ed by the ſtraight lines AB, | containe 
F.is equal to that which is 1 — e B; b 
contained by CD and E. A B C d Whherefor 

And if he rectangle contained by the ſtraight lines AB, by A, C 
F be equal to that Which is contained by CD, E; theſe four And 
lines are proportionals, viz. AB is to CD, as E to F. (quare o 

The ſame conſtruction being made, becauſe the rectangle The | 
contained by the ſtraight lines AB, F is equal to that which containe 
is contained by CD, E, and that the rectangle BG is con- of B 1s 
tained by AB, F, becauſe AG is equal to F; and the red. Id equal 
angle DH by CD, E, becauſe CH is equal to E; therefore equal to 
the parallelogram BG is equal to the parallelogram DH; and uined | 
they are equiangular: but the ſides about the equal angles of means, 
equal parallelograms are reciprocall proportional d: where. s te B. 
fore, as AB to CD, ſo is CH to AG; and CH is equal to E, B, ſo B 


and AG to F: as e ae AB is to CD, ſo E to F. Where. 
fore, if ſour, &c. Q. E. D. 


P R O P. XVII. T H E OR. 


UU 


F three ſtraight lines be proportionals, the red- 8e 
angle contained by the extremes is equal to the 

ſquare of the mean: And if the rectangle contain- Let 

ed by the extremes be equal to the ſquare of the ons 


mean, the three ſtraight lines are proportionals. milarl) 


Join 

Let the three ſtraight lines A, B, C be proportionals, vis. make 
as A to B, ſo B to C; the rectangle contained by A, C is e- angle 
qual to che ſquare of B. ing an; 
Take Where! 


rect- 
to the 
ntain- 


of the 
Is. 


als, viz. 
C is e- 


Take 
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Take D equal to B; and becauſe as A to B, ſo B to C, Book VI. 
and that B is equal to D; A is ® to B, as D to GC : but if four 
ſtraight lines be proportionals, the rectangle contained by the 
extremes is equal to that which 
i; contained by the means b: 
therefore the rectangle contained 
by A, C is equal to that contain- 
ed by B, D: but the rectangle 
contained by B, D is the ſquare 
of B; becauſe B is equal to D: 
therefore the rectangle contained 
by A, C is equal to the ſquare of B. 

And if the rectangle contained by A, C be equal to the 
ſquare of B; A is to B, as B to C. 

The ſame conſtruction being made, becauſe the rectangle 
contained by A, C is equal to the ſquare of B, and the ſquare 
of B is equal to the rectangle contained by B, D, becauſe B 
is equal to D; therefore the rectangle contained by A, C is 
equal to that contained by B, D: but if the rectangle con- 
tained by the extremes be equal to that contained by the 
means, the four ſtraight lines are proportionals b: therefore A 
is to B, as D to C; but B is equal to D; wherefore as A to 
B, ſo B to C. Therefore, if three ſtraight lines, &c. Q. E. D. 


a 7. 5» 


TT b 16. 6. 


2982 


Non en. No. 


PON a given ſtraight line to defcribe a recti- 
lineal figure ſimilar, and ſimilarly fituated to 
a given rectilineal figure. 


Let AB be the given ſtraight Tine, and CDEF the given 
rectilineal figure of four fides ; it is required upon tlie given 
ſtraight line AB to deſc a rectilineal figure ſimilar, and ſi- 
milarly ſituated to CDEP. 

Join DF, and at the points A, B in the ſtraight line AB, 
make a the angle BAG equal to the angle at C, and the a 23. 1. 
angle ABG equal to the angle CDF; therefore the remain- 
ing angle CFD is equal to the remaining angle AGB b: b 32. x. 
herefore the triangle FCD is equiangular to the N ge 
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Book VI GAB: again, at the points G, B in the 2 line Gy 


a 23. 1. 


ELEMENTS 


aſon tl 
e five 1 
becauſe | 
B, as | 
herefore 
ame rea 


make a the angle BGH equal to the angle DFE, and the 
angle GBH equal' to FDE ; therefore the remaining angle 
FED is equal to the remaining angle GHB, and the triangle 
FDE equiangular to the triangle GBH : then, becauſe the 
angle AGB 0 


is equal to H s DK 
the angle 8 | angular : 
CFD, and G 2 1 05 E FEKI 
H to | zual ang 
DFE, the L ind in t 
whole angle K ſides ma 
AGH is e- | | pne giv: 
qual to the h | 
wholeCFE: A B C D 


for the ſame reaſon, the angle ABH is equal to the angle 
CDE; alſo the angle at A is equal to the angle at C, and the 
angle GHB to FED: therefore the rectilineal figure ABHG 
is equiangular to CDEF: but likewiſe theſe figures have 
their ſides about the equal angles proportionals: becauſe the 


c 4 6. triangles GAB, FCD being equiangular, BA is © to AG, as 
DC to CF; and becaufe AG is to GB, as CF to FD; and (WIC 101 
as GB to GH, ſo, by reaſon of the equiangular triangles BGH, {AJ pli 
d 22.5. DFE, is FD to FE; therefore, ex aequali d, AG is to GH, 
as CF to FE; in the ſame manner it may be proved that 
AB is to BH, as CD to DE; and GH is to HB, as FE to Let A 
ED c. Wherefore, becauſe. the rectilineal figures ABHG, ual to 
__ CDEF are equiangular, and have their ſides about the equal at the 
e 1, def. 6. angles proportionals, they are ſimilar to one another e. has to th 
Next, Let it be required to deſcribe upon a given ſtraight C has 
line AB, a rectilineal figure ſimilar, and fimilarly ſituated to Take 
the rectilineal figure CDKEF, o EP, © 
Join DE, and upon the given ſtraight line AB deſcribe the C,fol 
rectilineal figure ABHG ſimilar, and ſimilarly ſituated to the Alternate 
quadrilateral figure CDEF, by the former caſe; and at the o DE, 
points B, H in the ſtraight line BH, Make the angle HBL e- F: bu 
qual to the angle EDK, and the angle BHL equal to the F, fo 
angle DEK; therefore the remaining angle at K is equal to C; the 
the remaining angle at L: and becauſe the figures ABHG, MAB. oT 
CDEF are ſimilar, the angle GHB is equal to the angle 0 BG: 
FED, and BHL is equal to DEK; wherefore the whole Ihe ſides 
angle GHL is equal to the whole angle FEK : for the ſame ngles A 


reaſon procally 


e angle 
and the 
ABHG 
es have 
ſe the 
AG, as 
); and 
3 BGH, 
to GH, 
ed that 
FE to 
\BHG, 
> equal 


ſtraight 
ited to 


ibe the 
to the 
at the 
[BL e- 
to the 
jual to 
BHG, 
angle 
whole 
> ſame 
reaſon 
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aſon the angle ABL is equal to the angle CDK : therefore Book VI. 


e five ſided figures AGHLB, CFEK D are equiangular ; and 
hecauſe the figures AGHB, CF ED are fimilar, GH is to 
B, as FE to ED; NN HL, fo is ED to EK e; 
herefore, ex quali d, d, GH is to HL, as FE to EK: for the 
ame reaſon, AB is to BL, as CD to DK: and BL is to LH, 
e DK to KE, becauſe the triangles BLH, DKE are equi- 
angular: cherefore, becguſe the five ſided figures AGHLB, 
FEKD are equiangular, and have their fides about the e- 
qual angles proportionals, they are ſimilar to one another: 
nd in the ſame manner a rectilineal figure of fix or more 
des may be deſcribed upon a given ſtraight line ſimilar t to 

pne given, and ſo on. Which was to be done. 


PROP. XIX. THE OR. 


IMILAR triangles are to one another in the du- 
O plicate ratio of their homologous ſides. 


Let ABC, DEF be ſimilar triangles, having the angle B 
qual to the angle E, and let AB be to BC, as DE to EF, fo 

at the ſide BC is homologous to EF a: che triangle ABC 
has to the triangle DEF, the duplicate ratio of that which 
BC has to EF. 

Take BG a third proportional to BC, EF Þ, ſo that BC is 
to EF, as EF to BG, and join GA : then, becauſe as AB to 
C, ſo DE to EF ; 
ternately e, e, Ag is 
o DE, as BC to 
EF: but as BC to 
F, ſo is EF to 
bG; therefore d as 
\Bto DE, fois EF 
0 BG: wherefore 

he ſides of the tri- B G | 

?ngles ABG, DEF which are about the equal angles, are reci- 

procally proportional but triangles which have the ſides a- 
N bout 


c 4. 6. 
d 22. 4 
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Book VE. GAB: again, at the points G, B in the ſtraight line aſon ti 

a 23. 1. make a the angle BGH equal to the angle DFE, and * e fixe 

angle GBH equal to FDE ; therefore the remaining angle becauſe 

FED is equal to the remaining angle GHB, and the triangle B, as | 
a FD E equiangular to the trian gle GBH: then, becauſe the herefor: 
wt angle AGB YEE ame res 
is equal to H ; | s < DK 


| the angle angular | 

C BGH to * — 7 tool ang 
= DFE, the 3 ind in t 
8 whole angle | K fides ma 
bl AGH is e- | | pne giv: 
i qual to the | 
= wholeCFE: 8 B 0 D 

i, for the ſame reaſon, the angle ABH is equal to the angle 

E. CDE; alſo the angle at A is equal to the angle at C, and the 


angle GHB to FED : therefore the rectilineal figure ABHG 

is equiangular to CDEF : but likewiſe theſe figures have 

their ſides about the equal angles proportionals : becauſe the 

c 4 6. triangles GAB, FCD being equiangular, BA is e to AG, a 
DC to CF; and becaufe AG is to GB, as CF to FD; and III! 

as GB to GH, ſo, by reaſon of the equiangular triangles BGH, d pli 

d 22. 5. DFE, is FD to FE; therefore, ex aequali d, AG is to GH, 
as CF to FE: in the ſame manner it may be proved that 

AB is to BH, as CD to DE: and GH is to HB, as FE Let 4 

ED e. Wherefore, becauſe the rectilineal figures ABHG, MſE9ual to 
CDEF are equiangular, and have their fides about the equal at the 

e 1, def. 6. angles proportionals, they are ſimilar to one another e. Pas to tl 
Next, Let it be required to deſcribe upon a given ſtraight” C has 

line AB, a rectilineal figure ſimilar, and fimilarly ſituated to Take 

the rectilineal figure CDKEF, o EF, 

Join DE, and upon the given ſtraight line AB deſcribe the C, ſo] 

rectilineal figure ABHG ſimilar, and fimilarly ſituated to the ternat 
quadrilateral figure CDEF, by the former caſe; and at the o DE, 

points B, H in the ſtraight line BH, Make the angle HBL e- WF : by 

qual to the angle EDK, and the angle BHL equal to the F, ſo 

angle DEK; therefore the remaining angle at K is equal to G; th 

the remaining angle at L: and becauſe the figures ABHG, Bro L 
CDEF are fimilar, the angle GHB is equal to the angle 0 BG: 

FED, and BHL is equal to DEK; wherefore the whole he fide 

angle GHL is equal to the whole angle FEK : for the ſame ngles / 


reaſon proca!ly 
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fon the angle ABL is equal to the angle CDK: therefore Book VI. 


cad * e five ſided figures AGHLB, CFEKD are equiangular; and 
g ange Penne the figures AGHB; CFED are fimilar, GH is to 


B, as FE to ED; and as HB to HL, fo is ED to EK e; 4. 6. 
herefore, ex æquali d, GH is to HL, as FE to EK : for the d 22. 5. 
ame reaſon, AB is to BL, as CD to DK: and BL is to LH, 
zs DK to KE, becauſe the triangles BLH, DKE are equi- 
angular : therefore, becguſe the five ſided figures AGHLB, 

FEKD are equiangular, and have their fides about the e- 
ual angles proportionals, they are ſimilar to one another: 
nd in the ſame manner a rectilineal figure of fix or more 

ides may be deſcribed upon a given ſtraight line ſimilar to 
ne given, and ſo on. Which was to be done. 


ö 

e angle 

and the a 

ABHG PROP. XIX. THE OR. 

es have | 

ſe the 

AG, as 8 1 | 

; and IMILAR triangles are to one another in the du- 

BG, plicate ratio of their homologous ſides. 

to GH, 

ed that i | 3 

FE to Let ABC, DEF be fimilar triangles, having the angle B . 

BHG, cual to the angle E, and let AB be to BC, as DE to EF, fo 4 

equal at the ſide BC is homologous to EF = : the triangle ABC ,,, def. 5. = 
has to the triangle DEF, the duplicate ratio of that which 

ſtraiglt C has to EF. | * 

ited to Take BG a third proportional to BC, EF b, ſo that BC is „ - 5 
0 EF, as EF to BG, and join GA : then, becauſe as AB to 5 4 

ibe the C, ſo DE to EF; 4 

| to the Hlternately c, AB is e 16. g. 1 

at the eo DE, as BC to | 

[BL e- F: but as BC to 7 

to the F, fo is EF to 7 

jual to ; therefore d az d 11. 5. 1 

.BHG, \Bto DE., ſoĩs EF . 

angle 0 BG: wherefore . . 

whole he ſides of the tri- B 7 

> ſame engles ABG, DEF which are about the equal angles, are reci- 1 

reaſon rocally proportional: but triangles which have the ſides a- : b 


N bout 
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Book VI. bout two equal angles reciprocally proportional are equal to one 
e 1s. 6. another e: there- A 

fore the triangle 

ABG is equal to 

the triangle DEF; 


and becauſe as BC D 

is to EF, ſo EF to 

BG; and that if 

three ſtraight lines FAD ers 
be proportionals, B G A ¹ 


the firſt has to the 


third the duplicate ratio of that which it has to the fe. 
cond ; BC therefore has to BG the duplicate ratio of tha 
f 1. 6, Which BC has to EF: but as BC to BG, ſo is f the tri 
angle ABC to the triangle ABG. Therefore the triangle 
ABC has to the triangle ABG the duplicate ratio of that 
which BC has to EF : but the triangle ABG is equal to the 
triangle DEF; wherefore alſo the triangle ABC has to the 
triangle DEF the duplicate ratio of that which BC has to 
EF. Therefore ſimilar triangles, &c. 3 
Cor. From this it is manifeſt, that if three ſtraight lines 
be proportionals, as the the firſt is to the third, ſo is any tri. 
angle upon the firſt to a ſimilar, and ſimilarly deſcribed ti. 
angle upon the ſecond. 


DROP. K. HT 


ImiLar polygons may be divided into the ſame 

number of ſimilar triangles, having the ſame 
ratio to one another that the polygons have; and 
the polygons have to one another the duplicate ratio 
of that which their homologous fides have. 


Let ABCDE, FGHKL be ſimilar polygons, and let AB 
be the homologous fide to FG: the polygons ABCDE 
FGHKL may be divided into the fame number of ſimilar 
triangles, whereof each to each has the fame ratio which the 
polygons have; and the polygon ABCDE has to the po- 
lygon FGHKL the duplicate ratio of that which the fide Ab 
has to the fide FG. | 

Join BE, EC, GL, LH: and becauſe the polygon ABCDE 
is ſimilar to the polygon FGHKL, the angle BAE is equal 

a1. def. 6. to the angle GFL a, and BA is to AE, as GF to FL*: 
wherefore, becauſe the triangles ABE, FGL have an angle 

in one equal to an angle in the other, and their ſides w_ 

Cle 
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heſe equal angles proportionals, the triangle ABE is equi- Book VI. 
| * b, and therefore ſimilar to the 1 FGLe; A t 1 2 
ore the angle ABE is equal to the angle FGL : and, be- 4. 6. 
cauſe the polygons are ſimilar, the whole angle ABC is equal 

to the whole angle FGH; therefore the remaining angle 

EBC is equal to the remaining angle LGH : and becauſe the 

triangles ABE, FGL are fimilar, EB is to BA, as LG to 

GF a; and alfo, becauſe the polygons are ſimilar, AB is to 

BC, as FG to GH a; therefore, ex æquali d, EB is to BC d 22. 5. 
3 LG to GH ; that is, the ſides about the equal angles 

EBC, LGH are proportionals ; therefore b the triangle EBC 

is equuangular to the triangle LGH, and ſimilar to it c. For 

the ſame reaſon, the triangle ECD likewiſe is ſimilar to the 

triangle LHK ; therefore the ſimilar polygons ABCDE, 

FGHKL are divided into the ſame number of ſimilar triangles. 


D C K H 


Alſo theſe triangles have, each to each, the ſame ratio 
which the polygons have to one another, the antecedents be- 
ing ABE, EBC, ECD, and the conſequents FGL, LG, 
LHK : and the polygon ABCD E has to the polygon FGHKL 
the duplicate ratio of that which the fide AB has to the ho- 
mologous fide FG. 
Becauſe the triangle ABE is ſimilar to the triangle FGL, 
ABE has to FGL the duplicate ratio © of that which the e 19. 6. 
lide BE has to the fide GL : for the ſame reaſon, the triangle 
BEC has to GLH the duplicate ratio of that which BE has 
to GL : therefore, as the triangle ABE to the triangle FGL, 
ſo f is the triangle BEC to the triangle GLH. Again, be- f 1. 5. 
cauſe the triangle EBC is fimilar to the triangle LGH, EBC 
has to LGH the duplicate ratio ef that which the fide E. C 
has to the fide LH : for the fame reaſon, the triangle ECD 
has to the triangle LHK, the duplicate ratio of that which 
EC has to LH: as therefore the triangle EBC to the triangle 
LGA, fo is f the triangle ECD to the triangle LAK : but it 
has been proved, that the triangle EBC is likezviſe to the 
2 triangle 
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* 


triangle LGH, as the triangle ABE to the triangle FGl. 
Therefore, as the triangle ABE is to the triangle FG, ſo i 
triangle EBC to triangle LGH, and triangle ECD. to tri. 
angle LHK : and therefore, as one of the antecedents to one 


K 1 Ec 
5 * 2 
10 | another 
* G Let ex 
ectiline: 
8 ; B. 
5 = + K H Becau 
of the conſequents, ſo are all the antecedents to all the con. 3 
8 12.5. ſequents g. Wherefore, as the triangle ABE to the triangle * 
FGL, ſo is the polygon ABC DE to the polygon FGHKL:WM.. * 
but the triangle ABE has to the triangle FG, the duplicate a ab 
ratio of that which the ſide AB has to the homologous ſide a Los 
FG. Therefore alſo the polygon ABC DE has to the poly- * 
gon FGHKL the duplicate ratio of that which AB has to AB ar 
the homologous fide FG. Wherefore ſimilar polygons, &. equiang 
E. D. 
Vos. 1. In like manner it may be proved, that ſimilar * 4 
four ſided figures, or of any number of ſides, are one to ano. When 
ther in the duplicate ratio of their homologous fides, and it N and has 
has already been proved in triangles. Therefore, univerſally I Th cref, 
ſimilar rectilineal figures are to one another in the duplicate 25 
ratio of their homologous fides. | 
Cor. 2. And if to AB, FG, two of the homologous fides, 
| 1 rr. def. s. a third proportional M be taken, AB has h to M the dupli 
| cate ratio of that which AB has to FG: but the four fided . 
figure or polygon upon AB has to the four ſided figure cr F fc 
polyzon upon FG likewiſe the duplicate ratio of that which We. 
AB has to FG: therefore, as AB is to M, ſo is the figure up- de 
on AB to the figure upon FG, which was alſo proved in tri- ſball 5 
i Cor 19. 6, angles i, "Therefore, univerſally, it is manifeſt, that if three rectili 
ſtraight lines be proportionals, as the firſt is to the third, ſo i ſtraigl 
any rectilineal figure upon the firſt, to a imilar and ſimilary MW ſhall ! 
deicribed rectilineal figure upon the ſecond. | 
Con. 3. Becauſe all ſquares are ſimilar figures, the ratio * 
of any two ſquares to one another is the ſame with the dupl- ¶ ¶ uon als 
7 


cate ratio of their ſides; and hence, alſo, any two ſimilar rec: 
tilineal figures are to one another as the ſquares of their ho- 

mologous des, k 
P R Of 
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to try. 
S do one 
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ECTILINEAL figures which are ſimilar to the 
ſame rectilineal figure, are alſo ſimilar to one 
another. . 


Let vert of the rectilineal figures A, B be fimilar to the 


G 
ectilineal fignre C: The figure A is ſimilar to the figure 
B. 
Becauſe A is Gmilar to C, they are equiangular, and” alfo 
have their ſides about the equal ge proportionals a. Again, a 1. def, 6. 
poker becauſe B is ſimilar to 
"50 WC, they are equiangu- 
GHRL: be 24 3 their 
duplicate fades about the equal 
zous tide fan gles proportionals a: 
he Poly-Witherefore the figures 
3 has to A, B are each of them 
ons, GK, equiangular to C, and 
n have the ſides about 
t ſimilr te equal angles of each of them and of C proportionals. 
to ano. Wherefore the rectilineal figures A and B are equiangular b, d 1. Ax. 1. 12 
: and 1 N and have their ſides about the equal angles proportionals c. e 11. 8. 2 
1werfal WT herefore A is ſimilar a to B. Q. E. D. 1 
luphcate ; 
us fides, | 
e dupl:- PROP. XXII THEOR. 4 
ur ſided 1 
3 1 5 Foe kirkight lines be proportionals, the ſimilar ' 
; 5 * rectilineal figures fimilarly deſcribed upon them 4 
Pan * ſhall alſo be proportionals; and if the ſimilar 7 
if three rectilineal figures ſimilarly deſcribed upon four | 7 
ird, {o i; ſtraight lines be proportionals, thole 0 lines 1 
imilar'y hall be proportionals. | A 
. 4 
he . Let the four ſtraight "IM AB, CD, EF, GH be propor- 1 
** Lonals, viz. AB to CD, as EF to GH, and upon AB, CD 1 
llar Tec- N let 6 0 
ieir ho- 3 1 


K OP. 
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Book VI let the ſimilar rectilineal figures KAB, LCD be fimilarly de. 
deere ; and upon EF GH the ſimilar rectilineal Laure: 
N NH in like manner: the rectilineal figure KAB is to LC) 
\ as MF to NH. 
a 11. 66 TO AB, CD take a third proportional a X; and to EF, 
| GH a third proportional O: and becauſe AB is to CD, x 
b it. 5. EF to GH, and that CD is b to X, as GH to O; wherefore, 
c22 5. ex æquali e, as AB to X, ſo EF to O: but as AB to X, 6 
d 2 cor. is d the rectilineal KA to the rectilineal LCD, and as EF t, 


E 


tios o. 


20. 6. O, ſo is d the rectilineal MF to the rectilineal NH: therefore, 
2 er, as KAB to LCD, ſo b is MF to NH. Let 
And if the rectilineal KAB be to LCD, as MF to NH; angle 
the ſtraight line AB is to CD, as EF to GH. lelogre 
e 12. 6. Make e as AB to CD, ſo EF to PR, and upon PR deſcribe revs? 
f 13. 6. © the reQtlineal figure SR fimilar and fimilariy fituated uff Tec 
| : f an 

K | HOES lelogr 
BC tc 
\ M: t 
| wich! 

CE. 

C I » oa comp 

fore 

Orig 8 ratio 

tios o 

| as B 

1 R des 

either of the figures MF, NH : then, becauſe as AB to CD) GG, 

o is EF to PR, and that upon AB, CD are deſcribed the ſi- K is 

milur and fimilarly ſituated rectilineals KAB, LCD, and up- gram 

on EF, PR, in like manner, the ſimilar rectilineals MF, SR; gran 

KAB is to LCD, as MF to SR; but, by the hypotheſis DC 

KAB 1s to LCD, as MF to NH; and therefore the rectilineal gran 

MF having the ſame ratio to each of the two NH, SR, theſe gran 

E 9. 5+» are equal g̃ to one another: they are alſo fimilar, and fimilar- lo 1s 

ly fituated ; therefore GH is equal to PR: and becauſe as AB e to 

to CD, ſo is EF to PR, and that PR is equal to GH; AB 5 ther 

to CD, as EF to GH. If therefore four ſtraight lines, &« para 
a Ce oa pe ior aud: 05 ſo tl 


"PROP. 
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tar ly de. 
jures MF 


o LC, PROP. XXIII. THE OR. 


to EF, 

CD, V 
herefore, 
to X, & 
as EF tg 
herefore, 


QuiaNGULAR parallelograms have to one ano- 
ther the ratio which is compounded of the ra- 
tios of their ſides. 


* 


Let Ad, CF be equiangular parallelograms, having the 
angle BCD equal to the angle ECG : the ratio of the paral- 
lelogram AC to the parallelogram CF, is the ſame with the 
ratio which is compounded of the ratios of their ſides. 

Let BC, CG be placed in a ſtraight line; therefore DC 
and CE are alſo in a ſtraight line a; and complete the paral- * 74: 7: 
lelogram DG; and, taking any ſtraight line K, make b as b 12. 6. 
BC to CG, ſo K to L; and as DC to CE, ſo make b L to 
M: therefore the ratios of K to L, and L to M, are the ſame 
with the ratios of the ſides, viz. of BC to CG, and DC to 
CE. But the ratio of K to M is that which is ſaid to be 


to NH; 


deſcribe 
uated to 


fore alſo K has to M the 


— ratio compounded of the ra- e 
tios of the ſides: and becauſe 15 N K 
as BC to CG, ſo is the paral- \ \ \ 
— lelogram AC to the parallelo- \ . | 
R CH 4; but as BC to B C 0 d 1.6, 
to CD, G, ſo is K to L; therefore | 
the fi- K is e to L, as the parallelo- ond 


nd up- gram AC to the parallelo- 
F, SR; gram CH: again, becauſe as 


otheſis DC to CE, fo is the parallelo- 
tilineal gram CH to the parallelo- EP 
L, theſe gram CF; but as DC to CE, K 1, NI 


1milar- lois L to M; wherefore L is 

© to M, as the parallelogram CH to the ogram CF : 

therefore, fince it has been proved, that as K to L, fo is the 

parallelogram AC to the parallelogram CH; and as L to M, 

ſo the parallelogram CH to the parallelogram CF ; ex æqua- 

if, K is to M, as the parallelogram AC to the parallelogram f 22. 5 
* N 4 CF: 


compounded © of the ratios of K to L, and L to M: where- 10. def. 5. 


P 
1 


W 4 


1 


2 
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Bock VI. CF: but K has to M the ratio which is compounded of the 

*=Y= ratios of the ſides; therefore alſo the parallelogram AC hy 
to the parallelogram CF the ratio which is compounded d 
the ratios of the ſides. Wherefore equiangular parallelograng 
Kc. Q. E, D. 


PROP. XXIV. THE OR. R 


TH parallelograms about the diameter of any Ml © fin 
parallelogram, are ſimilar to the whole, and to tilineal 
one another. 

Let A 


dure to | 


Let ABCD be a parallelogram, of which the diameter is *ch it 
AC; and EG, H the parallelograms about the diameter: N 
The parallelograms EG, HK are ſimilar both to the whole 'U 4 
parallelogram ABCD, and to one another. | ad M 
® 29. 1. Becauſe DC, GF are parallels, the angle ADG is equal * 
to the angle AGF : for the ſame reaſon, becauſe BC, EF are E 2 
parallels, che angle ABC is equal to the angle AEF: and ine b. as 
each of the angles BCD, EFG is equal to the oppoſite angle can pr 
b 34. 1. 'DAB b, and therefore are equal to one another, wherefore 
the parallelograms ABCD, AEF G are equiangular : and be- 
cauſe the angle ABC is equal to the angle AEE, and the 
angle BAC common to the two 
triangles BAC, EAF, they are 


equiangular to one another; there- A * * —— 

04.6. fore e as AB to BC, ſo is AE to | Y | | = 

| E#: and becauſe the oppolite G —_— H 

ſides of parallelograms are equal 1 

47.5. to one another b, AB is d to AD, | . | 

8 as AE to AG; and DC to CB, | 
as GF to FE ; ; andalſoCDNDto D K C cal fig 
DA, as FG to GA : therefore ABC: 


the fides of the parallelograms ABCD, AEFG about the e- night 
qual an gles are proportionals; and they are therefore ſimilar the fig 
e 1. def 6. to one another e: for the fome reaſon, the parallelogram "ibed 
Ak CD is fimilar to the parallelogram FHCK. Wherefore he re 
each of the j-irallelograms, GE, KH is fimilar to PB: but the pr 
pettilineal agures which are fimular to the ſame rectilineal fi- At 


gur, 


OF GEOMETRY 185 


ure, are alſo ſimilar to one ** f; therefore the paral- Book VI. 
be GE is fimilar to KH. Wherefore the parallelograms, YE 
E. D. £ 21. 6. 


PROP. XXV. PROB. 


O deſcribe a rectilineal figure which ſhall be 
ſimilar to one, and equal to another given rec- 


of an 
: tilineal figure, 


and to 


Let ABC be the given rectilineal figure, to which the fi- 
pure to be deſcribed is required to be ſimilar, and D that to 
which it muſt be equal. It is required to deſcribe a rectili- 
neal figure ſimilar to ABC, and equal to D. | 

738.4 the ſtraight line BC deſcribe a the parallelogram BE a cor. 45. r. 
qual to the figure ABC; alſo upon CE deſcribe © the paral- 


neter 1; 
a meter: 
> Whole 


2 *. lelogram CM qual to D, and having the angle FCE equal | 
F ""* Who 1 angle CB therefore BC and CF are in a ſtraight 
* *. line b, as allo LE and EM between BE and BF find e a , 715 r. 
* mean proportional GH, and upon GH deſcribe d the rectili- 4 — To 
and he. d 18, 6. 
nd the 
| k ; 
B 
H 
G E 
0 eal figure KGH ſimilar and ſimilarly ſituated to the figure 
1 \BC : and becauſe BC is to GH as GH to CF, and if three 
3 1 raight lines be proportionals, as the firſt is to the third, fo is 
STAR} the figure upon the firſt to the fimilar and ſimilarly de- e 2. cor. 
_— cribed figure upon the ſecond ; therefore as BC to CF, ſo is 25. 6. 
refore te reQlineal figure ABC to KGH : but as BC to CF, ſo is 
: 92 he parallelogram BE to che parallelogram EF: therefore f 1. 6. 


as 


gur, 
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Book VI. as the rectilineal figure ABC is to KGH, fo is the parallel 
1 gram BE to the parallelogram EF s: and the rectilineal f 
gure ABC is equal to the parallelogram BE; therefore the re 

b 14. 5. tilineal figure KG H is equal h to the parallelogram EF: but 
EF is equal to the figure D; wherefore alſo KGH is equal u 

D; and it is fimilar to ABC. Therefore the rectilineal 

gure KGH has been deſcribed fimilar to the figure ABC, a 

equal to D. Which was to be done, 


(Y.. 


ſquare | 


PROP. XXVI. THEOR. 


Let 4 

| | and let I 
F two ſimilar parallelograms have a commgq m_ — 
angle, and be fimilarly ſituated, they are abou” Fos 
the ſame diameter. | parts in 
| tained b 

Let the parallelograms ABCD, AEFG be fimilar and qual to 
milarly ſituated, and have the angle DAB common. AO fore gre 
and AEFG are about the ſame diameter. E. 1 


For, if not, let, if poſſible, the | 
parallelogram BD have its dia- A G D 
meter AHC in a different ſtraight 8 — 
line from AF the diameter of the Die 
parallelogram EG, and let GF Ef} 5 


: meet AHC in H; and through 
H draw HK parallel to AD or 
BC: therefore the parallelograms — IC 


ABCD, AKHG being about the B 
a 24. 6, ſame diameter, they are fimilar to one another a: wheretfo 
b 1. def 6. as DA to AB, ſo is b GA to AK: but becauſe ABCD a 
AEF are ſimilar parallelograms, as DA is to AB, fo 
c 11. 3. GA to AE; therefore e as GA to AE, ſo GA to Al 


wherefore GA has the ſame ratio to each of the ſtraight line 2 
4 9. 5. AE, AK; and conſequently AK is equal d to AE, the lan contalt 
to the greater, which is impoſlible : therefore ABCD and ſquare 
AKH are not about the ſame diameter; wherefore AB half ++ 
and X EFG muſt be about the ſame diameter. Therefore, | Biſe 
two ſimilar, & g. Q. E. D. | the ſq 
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is equal f 
Ulineal f 
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PROP. XXVII. THE OR. 


(Y all the rectangles contained by the ſegments 
of a given ſtraight line, the greateſt is the 
ſquare which is deſcribed on half the line. 


Let AB be a given ſtraight line, which is biſected i in C; 
and let D be any point in it, the 

ſquare on AC is greater than the n 
e AD, DB. | Win, enn 
For ſince the ſtraight line AB is divided into two equal 
parts in C, and into two unequal parts in D, the rectangle con- 
tained by AD and DB, together with the ſquare of CD, is e- 


cCOmmoer 
e about 


Ir and qual to the ſquare of AC a, The. ſquare of AC is there- 
Ake fore greater than the rectangle AD, PDE. Therefore, &c. 
EE. D. | 
D 
PROQP. XXVIII. PROB. 
0 divide a given ſtraight line, ſo that the rect- 


angle contained by its ſegments may be equal 
to a given ſpace; but that ſpace muſt not be greater 
than the ſquare of half the given line. 


* 


8 ; Let AB be the given ſtraight line, and let the ſquare upon 
1 k the given ſtraight line U be the ſpace to which the rectangle 


contained. by the ſegments of AB muſt be equal, and this 
quare, by the determination, is not greater than that upon 
half the ſtraight line AB. 

Biſect AB in D, and if the ſquare upon AD be equal to 
the __— upon C, the thing required 1 is done: But if it be ye 
equ 


a 5. 2, 


133 FLEMENTS 


Book VI. equal to it, AD muſt be greater than C, according to the de. 
termination: Draw DE at 
right angles to AB, and it] 
* it — to C; produce * 5 F Co 
ED to F, ſo that EF bee PC 

qual to AD or DB, and from 

the centre E, at the diſtance Nic 295 old [fs From es 


EF, deſcribe a circle meet - 1 5 ake th 
ing AB in G. Jon EG; * ay N 


— 


herefore 


and becauſe AB 1s divided angle A 
equally in D, and unequal- | e ſquar 
ly in G, the rectangle AG, GB, together with the ſquare of ore the 


DG is equal a to the ſquare of DB, that is, of EF or EG; 
but the ſquares of ED, DG are alſo equal to the ſquare of 
EG Þ ; therefore the*re&angle AG, GB, together with the 
ſquarę of DG, is equal to the ſquares. of ED and DG; take 
away the ſquare of DG from each of theſe equals ; therefore 
the remaining rectangle AG, GB is equal to the ſquare of 
ED, that is, of C: Wherefore the given line AB is divided 
is G, ſo that the rectangle contained by the ſegments AG, 
GB is equal to the ſquare upon the given ftraight line C. 
Which was to be done. - deve 


ained b) 
qual to t. 


5 


12434: AMT 988 Let £ 
m extre: 
PROP. XXX PROB Upon 
| | | c 

EY produce a given ſtraight line, fo that the CB ». 
the extremities of the given line and the point to _ 1 
which it is produced, may be equal to a given ſpace. . 95 
| | commo! 
Let AB be the given ſtraight line, and let the ſquare upon {Wſ'*mainc 
the given ſtraight line C be the ſpace to which the rectangle Mer D! 
under the ſegments of AB produced, muſt be equal. COntaine 
Biſe& AB in D, and draw BE at right angles to it, ſo that AB anc 
BE be equal to C; and having joined DE, from the centre Dp A 
at the diſtance DE deſcribe a circle meeting AB produced in * 

NE: e | REY. G. Or 


But £- 
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> the de. 


e rectangle AG, GB toge- 
her with the ſquare of DB 
equal à to the ſquare of 
DG, or of DE, that is, to 
he ſquares of EB, BD b. 
From each of theſe equals 
ake the ſquare of DB; 
herefore the remaining rect — — 

angle AG, GB is equal to C 

e ſquare of BE, that is, to the ſquare upon C. Where- 
fore the line AB is produced to G, ſo that the rectangle con- 
ained by the ſegments AG, GB of the line produced 1s e- 
qual to the ſquare of C. Which was to be done. 


6 B 


quare of 
or EG; 
Juare of 
vith the 
r 3 take 
herefore 
luare of | 
divided CROP. AXE. PR OH. 
its AG, 
line C. 


1 cut a given ſtraight line in extreme and 
mean ratio, 


Let AB be the given ftraight line; it is required to cut it 
in extreme and mean ratio. 

Upon AB deſcribe a the ſquare BC, and produce CA to D, 
ſo that the rectangle CD, DA may be equal to the ſquare 
CB b. Take AE equal to AD, and complete the rectangle 
DF under DC and AE, or under DC and DA. Then, be- 
cauſe the rectangle CD, DA is equal 
o the ſquare CB, the rectangle DF D 
equal to CB. Take away the | 
common part CE from each, and tte E 
remainder FB 1s equal to the remain. 4 5 


lat the 
tween 
"int to 
ſpace, 


re upon 

cine der DE. But FB is the rectangle 
| contained by FE and EB, that is, by 

fo tht MAB and BE; and DE is the ſquare 

ntre D Wpon AE; 88 AE is a mean 


uced in 


6. 


proportional between AB and BE e, 1 | 
or AB is to AE as AE to EB. C F 
But AB is greater than AE; 


wherefore 


189 


And becauſe AB is biſected in D, and L to G, Book VI. 
— 


2 46. Is 


b 29. 6. 


© 17. 6. 


190 


Book VI. wherefore AE is greater than EB e: Therefore the ſtraight 


e 14 


f3. def. 6, Was to be done. 


·g 11. 2. 


h 17. 6. 


a 8. 6. 


b 4. 6. 


e 2. Cor. 
20. 6. 


ELEMENTS 


line AB is cut in extreme and mean ratio in Ef; Whig 


Otherwiſe, 
Let AB be the given ſtraight line; it is required to cut i 


in extreme and mean ratio. 


| A to 
Divide AB in the point C, ſo that the rectangle containe 


herefor 


by AB, BC be equal to the ſquare of gether 

AC s: Then, becauſe the rectangle 4 Ter ur 
AB, BC is equal to the ſquare of AC, | 5 ether : 
as BA to AC, fo is AC to CBÞ: C is eq 


Therefore AB is cut in extreme and mean ratio in Cf, 


BA, 
Which was to be done. 


D. E. D. 


F twc 


prop 
t ONE 2 


arallel 


de in a 


POT. . FEE RK 


N right angled triangles, the rectilineal figure de. 
ſcribed upon the fide oppoſite to the right angle, 


is equal to the fimilar, and fimilarly deſcribed f-. We. 
gures upon the ſides containing the right angle. Nep. 


DE, BC 
Becau 
eets th 
he ſame 
vherefo1 
noles A 


Let ABC be a right angled triangle, having the right ang 
BAC: The rectilineal figure deſcribed upon BC is equal to 
the fimilar, and ſimilarly deſcribed figures upon BA, AC. 

Draw the perpendicular AD; therefore, becauſe in the 


right angled triangle ABC, AD is drawn from the right ange ne angl 
at A perpendicular to the baſe BC, the triangles ABD, ADñʒ ne at 5 
are ſimilar to the whole triangle ABC, and to one another out the 
and becauſe the triangle ABC is ſimilar to ADB, as CB νionals. 
BA, ſo is BA to BD b; and becauſe theſe three ſtraight line: Wi. CD 

are proportionals, as the firſt to the third, ſo is the figure upon Ingle A 
the firſt to the ſimilar, and ſimilarly deſcribed figure upon the farb to 1 


e ang] 
0 the ar 
ud angl 


ſecond © z Therefore as CB to BD, ſo is the figure ups 
C 


> 
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e ſtrai gt B to the fimilar and {imi- Book VI. 
Which ny deſcribed figure upon A 1 1 
A: and inverſelyd, as 15 
DB to BC, ſo is the fi 
don BA to that upon BC; 
r the ſame reaſon, as DC 
to cut i CB, ſo is the figure upon B. — ͤä— C 
A to that upon CB. D 
contained Wherefore, as BD and DC | x 
pgether to BC, ſo are the x | 
ves upon BA, AC to that upon BC e: But BD and DC 24. 5 
pether are equal to BC. Therefore the figure deſcribed on 
; C is equal f to the fimilar and fimilarly deſcribed figures f A. 5- 
in (Cf x AC. Wherefore, in right angled triangles, &c. 
PROP. XXXII. T H E OR. 
F two triangles which have two ſides of the one 
proportional to two ſides of the other, be joined 
t one angle, ſo as to have their homologous ſides 
arallel to one another; the remaining ſides ſhall 
GRE 5 e in a ſtraight line. 
Al 
hed : Let ABC, DCE be two triangles which have the two fides 
] A, AC proportional to the two CD, DE, viz. BA to AC, 
2 ; CD to DE; and let AB be parallel to DC, and AC to 
DE, BC and CE are in a ſtraight line. 
Becauſe AB is parallel to DC, and the ſtraight line AC 
ht angle Hncets them, the alternate angles BAC, ACD are equal; for * 29. l. 
equal une ſame reaſon, the angle CDE is equal to the angle ACD; 
AC. rherefore alſo BAC is equal to CDE: And becauſe the tri- 
wy ngles ABC, DCE have 
ne angle at A equal to | 
, AY dne at D, and the Ades a- 1 
nother *, out theſe an gles propor- 
s CB 0 BWonals, viz. BA to AC, 
at in BB: CD to DE, the tri- 
25 "2 ingle ABC is equiangu- 
Pon ©" ir to DCE : Therefore 
re upon b 6. 6. 


e angle ABC is equal 
0 the angle DCE: And 
we angle BAC. was pro- 


Cb 


> 
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Book VI. ved to be equal to AC D: Therefore the whole angle A 
is equal to the two angles ABC, BAC; add the comma 
angle ACB, then the angles ACE, ACB are equal to thi 
angles ABC, BAC, ACB: But ABC, BAC, ACB are equi 

e 32.1, to two right angles e; ©; therefore alſo the angles ACE, AC} 
are equal to two right angles: And fince at the point C, 
the ſtraight line AC, the two ſtraight lines BC, CE, whig 
are on the oppoſite fides of it, make the adjacent angle 

414.1. ACE, ACB equal to two right angles; therefore 4 BC and 
CE are in a ſtraight line. Wherefore, if two trinmgles, &c, 


QE. p. 


PROP. XXXII. THE OR. ky 


N equal circles, angles, whether at the centres 

circumferences, have the ſame ratio which the 

circumferences on which they ſtand have to one a. 
nother : 80 alſo have the ſectors. 


ples wh: 
HN: 4 
L be £ 
HN; a 
ge circur 
gle BG 
Je angle 
ich is de 
to EF, 
ole BA 
Allo, « 
the ſe 
C, CK 

hen, be 
Care e 
al ang! 
angle ( 
rence E 
art of th 
le rem 
rcle; 
OK a; 

ent CC 
ut ſimi} 
jual g t. 


Let ABC, DEF be equal circles; and at their centres the 
angles BGC, EHF, and the angles BAC, EDF at their ci 
cumferences; as the circumference BC to the circumference 
EF, ſo is the angle BGC to the angle EHF, and the angle 
BAC to the _ EDF; and alſo the ſector BGC to the 
ſactor EHF. 

Take any number of circumferences CK, KL, each equal to 
BC, and any number whatever FM, MN each equal to EF; 
and join GK, GL, HM, HN. Becauſe the circumference 
BC, CK, KL are all equal, the angles BGC, CGK, KGL ar: 

a 27.3 alſo a all equals: Therefore what multiple ſoever the circum: 
ference BL is of the circumference BC, the ſame multiple 5 
the angle BGL of the angle BGC: For the fame reaſon, 
whatever multiple the circuraference, EN is of the circum: 
ference EF, the ſame multiple 1s the angle EHN of the anglc 
EHF: And if the circumference BL be equal to the circum- 
ference EN, the angle BGL is alſo equala to the angle EHN; 
and if the circumference BL be greater than EN, likerriſe th 
angle BGL is greater than EHN ; and if leſs, leſs : Ther: 
being then four magnitudes, the two circumferences BC, Et, 


4 4. 


As 


2 
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wgle, A d the two an les BGC, EHF, of the circumference BC, and Book VI. 
comma the angle BGC, have been taken any equimultiples what- . 
jual to er, viz. the circumference BL, and the angle BGL; and of 1 
** egu e circumference EF, and of the angle EHF, any equimul- 
ont C. n 3 D 

IE, Which F 

2nt angles 

BC ai J. 
agles, &. 


2 


— 
- 8 * = LES 
- Y — * 


| 
B 1. M 


C. F 


24 ples whatever, viz. the circumference EN, and the angle A 
| nn: And it has been proved, that, 1f the circumference 1 
9 ONE gl be greater than EN, the angle BGL is greater than 
i HN; and if equal, equal; and if leſs, leſs: As therefore 
e circumference BC to the circumference EF, ſob is the b 5s. def. ;. 
ntres tel gle BGC to the angle EHF: But as the angle BGC is to 
their ch. e angle EHF, fo is © the angle BAC to the angle EDF, for e 15. 5. 
mferene ch is double of each d: Therefore, as the circumference BC d 20. 3. 
the ange 0 EF, ſo is the angle BGC to the angle EHF, and the 
7 to the ele BAC to the angle EDE. | x 
Alſo, as the circumference BC to EF, ſo is the ſector BGC 2 
r equalu he ſector EHF. Join BC, CK, and in the circumferences 
1 to E:. CK take any points X, O, and join BX, XC, CO, OK: 
hen, becauſe in the triangles GBC, GC K the two ſides BG, 


"IS 


pron Care equal to the two CG, GK, and that they contain e- 
| Iver angles ; the baſe BC is equal e to the baſe CK, and the e 4. 1, 
ultiple i angle GBC to the triangle GCK: And becauſe the circum- 
reason rence BC is equal to the circumference CK, the remaining 
eir * art of the whole circumference of the circle ABC, is equal to 
he angl de remaining part of the whole circumference of the ſame £ 
i tele: Wherefore the angle BXC is equal to the angle 1 


FHV, OK 2; and the ſegment BXC is therefore ſimilar to the ſeg- 2 
eie rh Bt COK f; and they are upon equal ſtraight lines BC, CK: f def. 3. | 
Tr." ſimilar ſegments of circles upon equal ſtraight lines, are = 
30 EF als to one another: * the ſegment BXC is equal g 24. 3. 4 
: to ö 


As | 
C | 
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Book VI. to the ſegment .COK : And the triangle BGC is to the 
triangle CGK ; therefore the whole, the ſector BGC, is equi 
to the whole, the ſetor CGK : For the ſame. reaſon, the ſe&g 
KG is equal to each of the ſectors BGC, CGK : In the ſan; 
manner, the ſectors EHF, FHM, MHN may be proved equi 
to one another: Therefore, what multiple ſoever the circun. 
ference BL is of the circumference BC, the ſame multiple F an 
the ſector BGL of the ſector BGC: For the ſame reaſon, be 
whatever multiple the circumference EN is of EF, the ſany line 
multiple is the ſector EHN of the ſector EHF: And if he conta! 


A 


circumference BL be equal to EN, the ſector BGL is equi ue fat 
to the ſector EHN ; and if the circumference BL be greater —_ 
than EN, the ſector BGL is greater than the ſeQor EHN; ABD, 
and if leſs, leſs : Since, then, there are four magnitudes, the dne, it 
two circumferences BC, EF, and the two ſectors BGC, EHF A 
and of the circumference BC, and ſector BCC, the circun. iſ Ad 
ference BL and ſector BGL axe any equal multiples whatever; 1 A 1 
and of the circumference EF, and ſector EHF, the circum: N 4 
ference EN and ſeQor EHN, are any equimultiples whatever e 
and that it has been proved, if the circumference BL be 
reater than EN, the ſector BGL is greater than the ſedu 
EHN ; and if equal, equal; and if leſs, leſs. Therefore b,: 
the circumſerence BC is to the circumference EF, ſo is the 
ſector BG to the ſector EHF. Wherefore, in equal circle 


b 5. def. 8. 


PROP. 


nal to thy 
5 1 equal 
the ſed 
.the ſame 
ved equa 
e circum. 
ultiple i 
e reaſon, 
the ſame 
nd if the 


M 


L is equi 
e greater 
r EHN; 
tudes, the 
C, ENF, 
e CLICUM- 
vhatever; 
e CL1ICUMls 
vhatever; 
e BL be 
the ſectar 
fore d, : 

ſo is the 
al circle 
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PROP. B. THEOR. 


F an angle of a triangle be biſected by a ſtraight 

line, which likewiſe cuts the baſe ; the rectangle 
contained by the ſides of the triangle is equal to the 
retangle contained by the ſegments of the baſe, to- 
gether with the ſquare of the ſtraight line biſecting 
the angle. 


Let ABC be a triangle, and let the angle BAC be biſected 
by the ſtraight line ; the rectangle BA, AC is equal to 
the rectangle BD, DC, together with the ſquare of AD. 

Deſcribe the circle a ACB about the triangle, and produce ® 5: 4 
AD to the circumference in E, 
and join EC: Then becauſe the A 


angle BAD is equal to the angle 
CAE, and the angle ABD to b 21. 3. 
the angle b AEC, for they are in B C 

the ſame ſegment; the triangles D 

ABD, AEC x are equiangular to 

one another : Therefore as BA 


to AD, ſo is e EA to AC, and e 4. 6. 
conſequently the rectangle BA, FL 
AC 1 equald to the reftangle wh 1 


EA, AD, that is e, to the rect- | | 

angle ED, DA, together with the ſquare of AD : But the 
refan le ED, DA is equal to the rectanglef BD, DC. f 3s. 3. 
Therefore the rectangle BA, AC is equal to the reQangle 

BD, DC, together with the ſquare of AD. Wherefore, if an 

angle, &c. Q. E. D. 


PROP. 


a 5. 44 


b 3.3. 


c 21. 3. 


d 4. 6. 


e 16. 6. 


See N. 


ELEMENTS 


PROP. c. THE OR. 


F from any angle of a triangle a ſtraight line be 
drawn perpendicular to the baſe ; the rectangle 
contained by the ſides of the triangle is equal to the 
rectangle contained by the perpendicular and the 
diameter ofthe circle deſcribed about the triangle, 
Let ABC be triangle, and AD the perpendicular from 
the angle A to the baſe BC; the rectangle BA, AC is equal 
to the rectangle contained by AD and the diameter of the 


circle deſcribed about the triangle. 
Deſeribe ® the circle ACB a- 
bout the triangle, and draw its 
diameter AE, and join EC: Be- 
cauſe the right angle' BDA is e- 
qualÞ to the angle ECA in a ſe- 
micircle, and the angle ABD to 
the angle AEC in the ſame ſeg- 
ment ©; the triangles ABD, 
AEC are equiangular: 'There- 
fore, as 4 BA to AD, fois EA 
to AC; and conſequently the 
rectangle BA, AC is equal e to B ‚ 

the rectangle EA, AD. If therefore, from an angle, &c. 


8 


. a | 
* 1 — ; 
= , : 
4 

L & \ 
B | 
\ 

. / D 


FPR. O P. D. HT ON. 


TK rectangle contained by the diagonals of a 
quadrilateral inſcribed in a circle, is equal to 
both the rectangles contained by its oppoſite ſides. 


Let ABCD be any quadrilateral inſcribed in a circle, and 
join AU, BD; the rectangle contained by AC, BD is equal 
3 9 5 = | ; : IP + ; to 


angular 
Wheref 
ſo is BI 
quently 
is equal 
CE: A 
ABE 
DBC, « 
the ang 
ABE. i 
angle B 
to AE, 
is equal 
has bee 
the wh 
DC, tog 
rectangl 


Fa 
ext 
the po 
any pe 
lines d 
have 
the ſa1 
to the 


Let 4 


in C, a 


le, Kc. 


s of a 
ual to 
ides. 


le, and 
is equal 
| to 
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Make the angle ABE equal to the angle DBC; add to each 
of chefe the common angle EBD, then the angle ABD is e- 
qual to the angle EBC: And the angle BDA is equal a to 


the angle. BCE, becauſe they are in the ſame ſegment; there- 


fore the triangle ABD is equi- ] 12 17700 
angular to the triangle BCE: | | 
Wherefore b as BC is to CE, 
ſo is BD to DA; and conſe- _ 
quently the rectangle BC, AD 
is equal e to the rectangle BD, 
CE : Again, becauſe the angle 
ABE, is equal to the angle 
DBC, and the angle a BAE to 
the angle BDC. the triangle 
ABE is equiangular to the tri- 
angle BCD: As therefore BA badi net 

to AE, ſo is BD to DC; wherefore: the rectangle BA, DC 
is equal to the rectangle BD, AE: But the rectangle BC,. AD 
has been ſhewn equal to tlie rectangle BD, CE; therefore 
the whole rectangle AC, BD d is equal to the rectan le AB, 
DC, together with the rectangle AD, BC. "Therefore the 
rectangle, &c. Q. E. D. | 


PROP. E. IT H E OR. 


F a ſegment of a circle be biſected, and from the 
extremities of the baſe of the ſegment, and from 
the point of biſection ſtraight lines be inflected to 
any point in the circumference, the ſum of the two 
lines drawn from the extremities of the baſe will 
have to the line drawn from the point of biſection 
the ſame ratio which the baſe of the ſegment has 
to the baſe of half the ſegment. 


Let ABD be a circle, of which AB is a ſegment biſected 


in C, and from A, C and B to D, any point whatever in the 
| O 3 circumference, 


197 
eee e e ot 900 NOR 


d 1. 2. 
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Book VI. circumference, let AD, CD, BD be drawn; the ſum of the 
two lines AD and DB has to DC the ſame ratio that BA hy 
to AC. 

For fince ACBD is a quadrilateral inforibed3 in a circle, of 
which the diagonals are AB and CD, the rectangles AD, CB, 
P. 6. and DB, AC are together equal to the retangle® AB, CD. 
But the rectangle AD, BC is e- 
qual to the rectangle AD, AC, D 
becauſe BC is equal to AC; 
and therefore the two rect- 
angles AD, AC and BD, AG 
are equal to the rectan gle 
AB, CD. But the two re&- 
angles AD, AC, and BD, AC, 
are the rectan gle contained 
by AC, and the ſum of the 

b 1. 2. lines AD and DBb. Wherefore 
the rectangle contained by AC 
and the ſum of the lines AD, 


point 
FB: : BE 


vo tria 
tional th 


DB is equal to the rectangle AB, + 
CD; and becauſe the ſides of equal r mo are recipro- 1 
. DBF, ar 
Þ x4. 6. cally proportional e, the ſum of AD an 22 to DCs 


qual ang 
alternate. 
But beca 
AE: El 
P'R ED. FT HE OK 79 


F two points be taken in the diameter of a circle, i, d F. 


ſuch that the rectangle contained by the ſeg- IDG: Df 
ments intercepted between them and the centre of Miz been 
the circle be equal to the ſquare of the ſemidiame- Wex quo 
ter; and if from theſe points two ſtraight lines be {therefore 
inflected to any point whatſoever in the circumfe. I G, an. 
rence of the circle, the ratio of the lines inflected WM'"* BC! 
'will be the ſame with the ratio of the ſegments in- 
; tercepted between the two firſt mentioned points 
and the circumference of the circle. 


AB to AC. QUE. D. 


Let ABC be a circle, of which the centre is D, and in DA 
produced, let the points E and F be ſuch that the rectangle 


OF GEOMETRY. — 


D, DF is equal to the ſquare of AD; Siren 
point B in the circumference, let EB, FB be drawn 
FB: BE:: FA: AE. 

Join BD, and becauſe the rectangle FD, DE is e ual to the 

ſquare of A, __ 15 . FD: :D: DB: Dk». The a 17. 6. 


of the 
BA. ha 


rele, af 
D, CB, 
B, CD. 


fo We FDB, BDE have therefore the ſid es propor- 
tional that are 1 the common angle D; therefore they 
e equiangular angle DEB being equal to the angle b 6. 6. 
DBF, and DBE” to "DEE, Now, fince the fides about theſe 
ual angles allo-propor onal e, FB: BD: BE: ED, and e 4. 6. 
alternately d. WES: ED, or FB: BE : AD: DE. d 16. 5. 
But becauſe FD: DAr: : DRA: DE, n FA: ;DA:: e 7. 5. 
AE: E ang alt alte ernately e, \FA : AE: A: ED. Now, 
it has een” ſhewn has FB E: : A : DE, thereford f f 11. 5. 
FB: BH: : FX: AE. Therefore, &c.. Q. E. D. 

Cos. f AR be drawn, beckuſe FB : BEI FA : AE, the 


recipro- 
DCs 


cares ple FBE is biſefteds by AB. Allo, fince FD : B:: g 6. 
le 1Cg- DC: DE, by-compoſitionb;,FC : DC:: CE: ED, and fince it h 18. fl 
1tre of Nia been ſhewn that FA: AD (DC)::AE: ED, therefore, 

liame- Mex æquo, FA: AE::FC:CE. But FB: BE:: FA: AE, 

ges be cherefore, FB: BE : FC: CE f; fo that if FB be produced 

mfe. Wo G, and if BC be drawn, the angle EBG 1s biete by the , * 
nected N BC. 17 
nts in- * ä | 

points 7: "Qi PROP, 

in DA 


:Qtangl 


* 


5 


* 


"1 
6 
5 
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PROP. 6. THER. 


=y 


5 n 21 apt one 

5 F fc the extremity r the Hombtes of a circle 

a ſtraight line be drawn in the circle, and jj 

either within the-circle er produced without It, it 

meet a line perpendicular to the fame diameter, thy 

rectangle contained by the ſtraight line drawn in 

the circle, and the ſegment of it intercepted be. 

tween the extremity of the diameter and the per. 

pendicular, is equal to the rectangle contained hy 

the diameter and the ſegment of it cut off by the 
perpendicular. 

Let ABC be a circle, of which AC is a diameter, let DF 


he perpendicular to the diameter. AC, and let AB meet DE 


in F; the rectangle BA, AE is equal to the rectangle CA, AD 
e BC, Tg becauſe * is an Ps in a ſemicircle 
Ape» hy 40 : nn 


a 37. 3. it is a right angle a: Now, the angle ADF is alſo a righ 
angle b; and the angle BAC is js 5 the ſame with DAT, 
or vertical to it; therefore the! trian * ABC, ADF ar 

. equiangular, and BA: AC:: AD: A | therefore alſo tit 
rectangle BA, AF, contained by the „ is equal to 

d 16, 6. the rectangle AC,AD contained by the means d. If theretors 

&c. 2 E. H. 

PRO 


' i 
terſec 
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interſe 
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Join 
ſcribed 
circle 
triangl 
AF fo 
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ADF 
amete! 
A, E, 
circum 
circle. 
angle 
angle 
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angles 
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Roar. . 

a cin k diculars drawn from the th 
„ and if perpen iculars rawn irom the t Tee 
* it. angles of any triangle to the oppoſite ſides in- 
eter, the terſe one another in the ſame point. 
7 x 0 Let ABC be a triangle, BD an! CE two perpendiculars 
ted be. interſecting one another in F; let AF be joined, and, produced 
the perl if neceſſary, let it meet BC in G, AG is perpendicular to BC. 
ined by Join DE, and about the triangle AEF let a circle be de- 
; by then ſcribed, AEF ; then, becauſe AEF is a right angle, the 

circle deſcribed about the 

triangle AEF will have A 
2 AF for its diametera. In 4. 
Aras — the ſame manner, the circle . 
7 deſcribed about the triangle 
A, AD. . 
amicircl e ADF has AF for its di- 
Pp WW ameter; therefore the points 
4 A, E, F and D are in the 

circumference of the ſame 

circle. But becauſe the 
2 angle LFB is equal to the 
K angle DFC b, and alſo the b 15. l. 
— angle BEF to the angle w 


F CDF, being both right B * C 
angles, the triangles BEF 

£1 and CDF are equiangular, and therefore BF: EF:: CF: FD, e 4. 6. 

THTF | or alternately d, BF: FC:: EF: FD. Since, then, the fides d 16. s. 
about the equal angles B FC, EFD are proportionals, the tri- 

angles BFC, EFD are alſo equiangulare e; wherefore the angle e 6. 6, 

FUB is equal to the angle EOF. But EDF is equal to 

EAF, becauſe they are angles in the ſame ſegment ; there- f 21. z. 
a right fore the angle EAF is equal to the angle FCG : Now, the 

: DAF angles AEF, CFG are alſo equal, becauſe they are vertical 

DF ar angles; therefore the remaining angles AEF, E GC are allo 

alſo te equal g: But AEF is a right angle, therefore FGC 1s a right g 371. 
equal u angle, and AG is perpendicular to BC. Q. E. D. 
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BOOK VI. 


. 


DEFINITIONS. 


21D n 360 I. 
ſtraight line is perpendicular, or at right angles to a Book VII. 


A plane, when it makes right angles withevery ö 
line meeting it in that plane. 


II. 


A plane is perpendicular to a when the ſtraight lines 
drawn in one of the planes perpendicularly to the common 
on of the two. Rn are 3 to the other 
Plane. 


III. 


The inclination of a ſtraight line to a plane is the acute angle 
contained by that ſtraight line and another drawn from 
the point in which the firſt line meets the plane, to the 

Nr 


2 


5 A 
+. . 
. 


204 


Book VII. 
— — 


See N. 


See N. 
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point in which a perpendicular to the plane drawn fro 
any point of the firſt line above the plane, meets the (any 


4- * 


plane. N LO 
IV. 


The inclination of a plane to a plane is the acute angle co 
tained by two ſtraight lines drawn from any the ſame poi 
of their common ſection at right angles to it, one upon on 
plane, and the other upon the other plane. 

Two planes are ſaid to have the ſame, or a like inclination t 
one another, which two other planes have, when the {ai 
angles of inclination are equal to one another. 


VI. 


Parallel planes are ſuch as do not meet one another thoug 
produced. TE 


d ſphere 
micircle 


420 0 8 
| VII. b 
A Solid is that which has length, breadth, and thickneſs. 
31 VIII. 1 | 
A. ſolid angle 1s that which is made by the meeting of mor 


than two plane angles, which are not in the ſame plane, u 
one point. \ 


e axis 
ſemacir 


he centr 


CIS ET Me ' ar: 7d. 12 

1132 732% 01759 iis E. um ni nn oel : 

Similar ſolid figures are ſuch as are contained by the ſam 
number of ſimilar planes fimilarly fituated, and having lik 
inclinations to one another. 


he dian 
throug] 
perficie 


14 * 


| | * : x 8 ICAL 1 cone 1 
| | A e We eee, e Burke angled 
A pyramid is a ſolid figure contained hy planes that are cor Wh. 

ſtituted betwixt one plane and a point above it in whud 
they meet. GE 
ne axis 


X triangl 


"awn fron 


nation tt 
the ai 


T thoug 


| ſphere is a ſolid figure 
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XI. 
priſm is a ſolid figure contained by plane figures, of which 
= that are oppſ ſite are equal, ſimilar, and parallel to one 
another ; and the others parallelograms. 


XII. 


| narallelopiped i is a ſolid figure contained by ſix quadrilate- 


ral figures, whereof every oppoſite two are parallel. 


XIII 
cube is a ſolid figure contained by fix th r 


+ , 


deſcribed by the revolution of a ſe- 
mcirete about a diameter, which remains unmoved. 


xv. 
e axis of a ſphere is the fixed * line about which the 


ſemicircle revolves. 
XVI. ps Haig 
he centre of a ſphere is the ſame with that of the ſemicircle. 


XVII. 


he diameter of a ſphere 15 any ſtraight line which paſſes 
through the centre, and is terminated both ways by the ſu- 
perficies of. the 9 


XVIII. 


cone 1s a ſolid figure deſcribed by the revolution of a right 
angled triangle about one of the ſides containing the night 
angle, which ſide remains fixed. 


XIX. 
te axis of a cone is the fixed ſtraight line about which the 
triangle revolves. 
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The baſe of a cone is the circle deſcribed by that fide cn 
taining the right angle, which revolves. 


XX . 

A cylinder is a ſolid figure deſcribed by the revolution of fil It it t 

right angled parallelogram about one of its ſides which g te pl 
mains fixed. 


XXI. 
The axis of a cylinder is the fixed ſtraĩght line about which 
the parallelogram revolves. 
XXII. 


The baſes of a cylinder are the circles deſcribed by the tn 
revolving oppoſite ſides of the parallelogram. 


XVXIII. 


Similar cones and cylinders are thoſe which have their ax: 
and the diameters of their baſes proportionals. 


A 
ä 
Let t 
ther in 
plane. 
Let: 
ſtraight 
be tan 
neceſia 
point C 
E, C a 
line E 
ſon, the 
ſame; 
in it: 
lines E. 
but the 
and BC 


PRO! 
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Ga PROP. I. THEOR. 
NE part of a ſtraight line cannot be in a plane see N. 

9 and another part above it. 

If it be poſſible, let AB. part of the ſtraight line ABC, be 

n the plane, and the part BC above it: and fince the ſtraight 

ine AB 1s 1n the plane, it can 

he produced in that plane: let 

t be produced to D: Then 

\BC and ABD are two \ 


tion of 
which n 


aight lines, and they have 
e common ſegment AB, 


which is impoſhble b. There- | E FR ang 
fore ABC is not a ſtraight line. Wherefore one part, &c. 
the t. E. D. 
* 


PROP H. To. 
their axs 


NY three ſtraight lines which meet one ano- 
ther, not in the ſame point, are in one plane. 


Let the three ſtraight lines AB, CD, CB, meet one ano- 
ther in the points B, C and E; AB, CD, CB are in one 
plane. r MY 

Let any plane paſs through the 
ſtraight line EB, and let the plane 
be tarned about mw 8 if 
neceſſary, until it through the 

"RO! point C: Then, becauſe the points 
E, C are in this plane, the ſtraight 
line EC is in it ®: for the ſame rea- 
ſon, the ſtraight line BC is in the 
lame ; and, by the hypotheſis, EB is 
in it: pie Bu the three ſtraight 
lines EC, CB, BE are in one plane: 
but the whole of the lines DC, AB, 
and BC produced, are in the {ame plane with the parts of _ 

* 


o 
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Book VII. EC, EB, BC b. Therefore AB, CD, CB, are all in ont 


D 1. 9. 


65 def 1. 
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plane. Wherefore, &c.; Q. E. Pt ( 
Cos. It is manifeſt, that any two Arzight lines which cut 
one another are in one plane. N OY 


3 


r R 0 F. * T a E O R. 

F two Aiden eut one another, their common ſec. Nual to o 
tion is a ſtraight line. beg. ſides equi: 

i een ee and beca 


Lit two planes AB, BC cut one nabe and let B and D Fünen 
he two points in the line of their common Koh. From 3er me 


to D draw the ſtraight line 8D; 8 | -T to 
and becauſe the points B and D | B | ® F Te 
are in the plane AB, the ſtraight ; 2. 
line BD is in that plane à: for the : r 1. 
ſame reaſon it is in the plane CB; | F * l 
the ſtraight line BD is therefore .. | . 1a Br. 

common to the planes AB and BC, c ; my 
the ang] 

or it is the common ſection of q 
theſe planes. Therefore, Kc. DR By wy" 0 
QED On: 51 1100 61 111 81 10 4 8 
5 | . . 1 4383-323 JV; 4 t | d to the | 
GE is e 
F 227 164A 3315 * ready pri 
„ K G N EET Eon 


1 he baſe 

J* a ſtraight line ſtand at light 1 to EF of Nad conſe 
two ſtraight lines in the point of their interſec- re FE 

line drav 
therefore 
meets it 


la 
Let the ſtrai ght line EF ſtand at right angles to each of the Eras 


ſtrazght-lines AB, CD in E, the point of their interſection: ¶ to the pl 

EF is alſo at right angles to the plane paſſing through AB, Bi... &c 

CD. ' 

Take the ſtraight lines JAE, EB, CE, ED all equal to one 

Woh, and through E aw, in che plane 3 in Which are fo 
1 


tion, it will alſo be at right angles to the plane 
in which theſe lines are. 


% 0 
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in one Mcp any ſtraight line GEH; and join AD, CB; then, from Book VII. 
my point F in EF, draw FA, FG, FD, FC, FH, FB: and —Y— 

becauſe the two ſtraight lines, AE, ED are equal to the two 

BE, EC, and that they contain equal angles a AED, BEC, as. s. 

the baſe AD is equal b to the baſe BC, and the angle d 4. 1. 

DAE to the angle EBG: and the angle AEG is equal to 

e angle BEH =; therefore the triangles AEG, BEH have 

vo angles of one equal to two angles of the other, each to 

ach, and the ſides AE, EB, adjacent to the equal angles, e- 

qual to one another; wherefore they ſhall have their other 

ides equal c: GE is therefore equal to EH, and AG to BH : c 26. 1. 

and becauſe AE is equal to EB, and FE common and at 

right angles to them, the baſe AF is equal b to the bale EBS U 41. 

for the ſame reaſon, CF is equal to FD: and becauſe AD is 

qual to BC, and AF to FB; 

ind becauſe the baſe DF was pro- F 

ed equal to the baſe FC; there- 

fore the angle FAD is equal d to 

e angle FBC. Again, it was 

proved that GA is equal to 

BH, and AF to FB; and 

the angle FAG has alſo been 

proved equal to the angle FBH ; 4 

therefore the baſe GF is equal 


5 
to the baſe FH: And becauſe G — N 
GE is equal to EH, as was al- SY H 
ready proved, and EF is com- 
mon to the triangles GFE, HFE; 1 3 
and alſo the baſe GF equal to CY” 
he baſe FH; the angle GEF is equal d to the angle HEF ; 
and conſequently each of theſe angles is a right e angle. There- « 7: deſ. i. 
tore FE makes right angles with GH, that is with any ftraight 
line drawn through E in the plane paſſing through AB, DC; 
therefore it makes right angles with every ſtraight line which 
meets it in that plane. But a ſtraight line is at right angles to 
a plane when it makes right angles with every ſtraight line F 
; 5 a which meets it in that plane f: therefore EF is at right angles f 1. def. 7. 
on: | 


h AB 7 the plane Q which are AB, CD. Wherefore, if a ſtraight 
ne, &c. Q. E. D. 


uch cut 


ach of 
terlec- 
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Book VII. EC, EB, BC b. Therefore AB, CD, CB, are all in one CD any 


b 1. 7 


65 def 1 


plane. Wherefore, Sc. QF. H. my poin 

Cor. It is manifeſt, that any two ſtraight lines which cut becauſe t 
one another are in one plane. 1 BE, EC. 
| the baſ⸗ 
DAE tc 
the angle 
two ang] 
zach, anc 


TROP, II. THX OR. 


F two planes cut one another, their common ſec. Nual to o 
tion is a ſtraight line. ſides equ 
and beca 

Let two planes AB, BC cut one another, and let B and e 


he two points in the line of their common ſection. From B 
to D draw the ſtraight line BD | 
and becauſe the points B and D RB 
are in the plane AB, the ſtraight 
. line BD 1s in that plane = : for the 


qual to 
and beca 
ed equa 
fore the: 


fame reaſon it is in the plane CB; 4. 

the ſtraight line BD is therefore B an 

common to the planes AB and BC, 0 he ang] 

or it is the common ſection of 

theſe planes. Therefore, &c. | PR A es G 

ogy 7 N | gs refore 

Q. Typ d 7 | 1 i JON 72; d to the 

GE 13 E 

| | ready pr 

mon to tl 

PRO P. Tv. 12 UK ind alſo 

NY the baſe 

J* a ſtraight line and at right angles, to each of ſÞndconſ, 

two ſtraight lines in the point of their interſec- E FE 

tion, it will alſo be at right angles to the plane 3 

in which theſe lines are. meets it 
a pl 

Let the ſtrai ght line EF ſtand at right angles to each of the EN 

ſtraight lines AB, CD in E, the point of their interſection: ¶to the pl 

EF is allo at right angles to the plane paſſing through Ah, line, &c 


CD. 
Take the ftraight lines JAE, EB, CE, ED all equal to one 


another; and through E draw, in che plane 3 in which are 4 
Cb, 


In one 


uch cut 


In ſec- 


ach of 
terſec- 
plane 


1 of the 
ſection: 
gh AB, 


1 to one 
are Ah, 
Cb, 
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CD any ſtraight line GEH; and join AD, CB; then, from Book VII. 
my point F in EF, draw FA, FG, FD, FC, FH, FB: and. 
hecauſe the two ſtraight lines, AE, ED are equal to the two 

BE, EC, and that they contain equal angles a AED, BEC, as. s. 
the baſe AD is equal b to the baſe BC, and the angle » 4. 1. 
DAE to the angle EBC: and the angle AEG is equal to 

the angle BEH 3; therefore the triangles AEG, BEH have 

two angles of one equal to two angles of the other, each to 

ach, and the ſides AE, EB, adjacent to the equal angles, e- 

qual to one another; wherefore they ſhall have their other 

ides equal e: GE is therefore equal to EH, and AG to BH: e 26. 1. 
and becauſe AE is equal to EB, and FE common and at 

right angles to them, the baſe AF is equal b to the bale FBy „ 41. 
for the ſame reaſon, CF is equal to FD: and becauſe AD is 

qual to BC, and AF to FB; 
and becauſe the baſe DF was pro- F 
ed equal to the baſe FC; there- 
fore the angle FAD is equal d to 

the angle FBC. Again, it was 
proved that GA is equal to 

BH, and AF to FB; and 

he angle FAG has alſo been 
proved equal to the angle FBH ; A 


therefore the baſe GF 1s equal 

b to the baſe FH: And Bad G A ZN 
GE is equal to EH, as was al- — H 
ready proved, and EF is com- 

mon to the triangles GFE, HFE; 1 3 
and alſo the baſe GF equal to | 

the baſe FH; the angle GEF is equal d to the angle HEF ; 

and conſequently each of theſe angles is a right e angle. There- 7. deſ. i. 
tore FE makes right angles with GH, that is with any ſtraight 

line drawn through E in the plane paſſing through AB, DC; 

therefore it makes right angles with every ſtraight line which 

meets 1t in that plane. But a ſtraight line is at right angles to 

a plane when it makes right angles with every ſtraight line 4 
which meets it in that plane f: therefore EF is at right angles f 1. def. 7. 


to the plane in which are AB, CD. Wherefore, if a ſtraight 
une, &c, Q. E. D. 


d 8. 1. 


C 


P PROP. 
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the three ſtrai 


ſo at right an 
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F three ſtraight lines meet all in one point, and; 
ſtraight line ſtand at right angles to each 5 
them in that point: theſe three ſtraight lines are i 
one and the ſame plane. 


Let the ſtraight line AB ſtand at right angles to each 6 
the ſtraight lines BC, BD, BE, in B, the point where the 
C, BD, BE are in one and the ſame plane. 

If not, let, if it be poſſible, BD and BE be in one plane, an 
BC be above it; and let a plane paſs through AB, BC, th 
common ſection of which with the plane, in which BD an 
BE are, ſhall be a ſtraight a line; let this be BF: therefar 

ht lines AB, BC, BF are all in one plane, v 
that which . 0 through AB, BC; and becauſe. AB ſtand 
at right angles to each of the ſtraight lines BD, BE, it is a 
b to the plane paſſing through them; and 


c 1.def.7. therefore makes right angles © with 


every ſtraight line meeting it in that A] 
plane ; but BF which 1s in that 
plane meets it: therefore the angle 
ABF 1s a right angle ; but the 
angle ABC, by the hypotheſis, is 
alſo a right angle; therefore the 
angle ABF is equal to the angle 
ABC, and they are both in the 
plane, which is impoſſible : 
therefore the ſtraight line BC is not 
above the plane in which are BD 
and BE : Wherefore the three 
ſtraight lines BU, BD, BE are in one and the ſame plane 
Therefore, if three ſtraight lines, &c. Q. E. D. 
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plan 


Let the 
le ; Al 
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B, and 
cauſe A 
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th ever) 
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angles. 
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e AB 
mmon, 
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Book VII. 
c hos 
Ron VI. 1 EE OR 
it, and Mr two ſtraight lines be at right angles to the ſame 
each 0 plane, they ſhall be parallel to one another. 
CS ATE 11 
Let the ſtraight lines AB, CD be at right angles to the ſame 
ie; AB is parallel to CD. 
o each ¶ Let them meet the plane in the points B, D, and draw the 
here theyWaight line BD, to which draw DE at right angles, in the 
e plane; and make DE equal to 
plane, aui B, and join BE, AE, AD. Then, A C 
„BC, thWcauſe AB is perpendicular to the | 
BD ne, it ſhall make right = angles at. def. 7. 


th every ſtraight line which meets it, 

d is in that plane: but BD, BE, 

nich are in that plane, do each of 

m meet AB. Therefore each of * 

angles ABD, ABE is a right angle: B 1) 
the ſame reaſon, each of the angles 

DB, CDE is a right angle: and be- 

e AB is equal to DE, and BD 

mmon, the two fides AB, BD, are E 

ual to the two ED, DB; and 

y contain right angles therefore the baſe AD is equal b to b 4. 1. 

baſe BE. Again, becauſe AB is equal to DE, and BE to 

), and the baſe AE common to the triangles ABE, EDA; 

angle ABE is equal c to the angle EDA: but ABE is a « s. x. 

tht angle; therefore EDA is alſo a right angle, and ED per- 

ndicular ts DA: but it is alſo perpendicular to each of the 

0 BD, DG: Wherefore ED is at right angles to each of 

three ſtraight lines BD, DA, DC in the point in which 

meet: Therefore theſe three ſtraight lines are all in the 

he plane d: but AB is in the plane an which are BD, DA, 

auſe any three ſtraight lines which meet one another are in 

plane e: Therefore AB, BD, DC are in one plane; and 

h of the angles ABD, BDC is a right angle; therefore AB 

ple! f to CD. Wherefore, if two ſtraight lines, &c. 28. 2 
D. | 


d 5. 7. 
e 2. 7. 
0 P. 


P 2 ROE. 


a 6 


7 


F two ftraight lines be parallel, and one of ther 
is at right angles to a plane; the other alſo ſha 
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THEOR. 


be at right angles to the ſame plane. 


Let AB, CD be two parallel ARR lines, and let one 
them AB be at right angles 


to a plane; the other CD 
is at right angles to the 


ſame plane. 
For, if CD be not per- 


pendicular to the plane to 
which AB is perpendicu- 


lar, let DG be perpendicu- 


lar to it. 


parallel to AB: DG and 


Then a DG 1s 


DC: therefore are both pa- 


rallel to AB, and are drawn 


E 


G 


{4 


— 


b II. Ax. 1. through the ſame point D, which is impoſſible b. 


a 4. 7. 


WO ſtraight lines which are each of them p 
rallel to the ſame ſtraight line, though not bo 


P-R QF. . THEOQOR; 


— 


in the ſame plane with it, are parallel to one anotti 


Let AB, CD be each of them 
the ſame plage with it; AB ſhall be parallel to CD. 

In EF take any point G, from which draw, in the plit 
paſſing through EF, AB, the ſtraight line GH at g 
angles to EF; and in the plane pa 
draw GK at right angles to the ſame EF. And becauſe 
is perpendicular both to GH and GK, EF is * | 


parallel to EF, 


and not 


paſſing through EF, (l 


the pla 
| to A] 
AB is ati 
0 the plat 
he ſame 
> likew? 
azles te 
GK. T 
D are « 
t right 
plane H. 
wo ſtraię 
re para] 
o CD. 
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the plane HGK paſſing through them: and EF is paral- Book VIE. 
to AB; therefore 3 


\B is at right angles b Hh b 7. 7. 
the plane HGK For A B 
| he ſame reaſon, CD 18 
of the likewiſe at right E.— 


les to the plane G F 
K. Therefore AB, | 
D are each of them C 

7 -D 


t right angles to the = 
line HGK. Bur if \ 
wo {traight lines are at right engles to he ſame plane. they 
re parallel © to one another. Therefore AB is parallel c 6. 7. 
o CD. Wherefore two ſtraight lines, &c. Q. E. D. 


PROP. IX. THE OR. 


F two ſtraight lines meeting one another be pa- 

rallel to two others that meet one another, 
10ugh not in the ſame plane with the firſt tu o; the 
rſt two and the other two ſhall contain equal 
Ingles. 


Let the two ſtraight lines AB, BC which meet one ano- 
er be parallel to the two fraight lines DE, EF that meet 
In: another, and are not in the ſame 

pI” with AB, BC. "The angle "= 


them B. is equal to che angle DEF. 
not bol Take BA, BC, ED, EF all equal to | 
e anche r; and join AD, CF, BE, A — 


C. DF : becauſe BA is equal and | 
arailel to ED. therefore AD is a | 4% 2. 


and not ot) equal and parallel to BE. For 

D. he ſame reaſon, F is equal and paral- 

the pa to BE. Therefore AD and CF | 

H at e each of them equal and PRE 4 


0 kE. But ſtraight lines that are 
| to the , ſtraight line, though 


Ys. (l 
Lil 


pendicul 


ot in the ſame plane with it, are pa D F 
lb to one another. Therefore A.) 1s parallel to CF; b 8. 2, 
+ and 


0 
\ 
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* 


2 


12. 1. 


b 11. 1. 


e 31. 1. 


Book VIL and it is equal to it, and AC, DF join them towards the ſan 
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parts; and therefore : AC is equal and parallel to DF. A 
becauſe AB, BC are equal to DE, EF, and the baſe AC 
the baſe DF; the angle ABC is equal e to the angle DE 
Therefore, if two ſtraight lines, &c. Q. E. D. 


PROP. X. THEOQOK 


O draw a ſtraight line perpendicular to a plan 
from a given point aboye it. 


Let A be the given point above the plane BH; it is: 
quired to draw from the point A. a ſtraight line perpendicul 
to the plane BH. © 

In the plane draw any ſtraight line BC, and from the pou 
A draw a AD perpendicular to BC. If then AD be all 
perpendicular to the plane BH, the thing required is altea 
done ; but if it be not, from, | 
the point D draw Þ, in the 

lane BH, the ftraight line | E. 
E at right angles to BC; TN 7 
and from the point A draw | 
AF perpendicular to DE; G: N 


in 


— 


R 
ling through ED, DA. And GH. is parallel to BC ; but, 
two ftraight lines he parallel, one of which is at right 2ngl 
to a plane, the other ſhall be at right e angles to the ſan 
Plane; wherefore GH is at right angles to the plane. throuy 
ED, DA, and is perper dicular f to every ſtraight line mee 
ing it in that plane. But AF, which is in the plane throug 
ED, DA, meets it: Therefore GH. is perpendicular | 
AF; and 'conſequently AF is perpendicular to GH 
and AF is alſo perpendicular to DE : Therefore AF is pe 
pendicular to each of the ſtraight lines GH, DE. But! 


a ſtraight hine ftands at right angles to each of two ſtraig 
lineq in the point of their interſection, it ſhall alſo he at ri 
g T . - . 4 S * 4 ” * a — ange 


. gles to t 


ng thro! 
-ndicula! 


, above 


RO! 


cal 


he plar 


e but 
bove t! 


For, if 
gut aug 
lane, an 
rough ] 
lane is 
elr com 
} AE ar 
d the gn 
loht an, 
ne meet 
JAE, v 
eets C. 
ght ang 
AE is 
dre the 
e angle 
ne plan 
Iſo, fro 


endicul; 
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ds the fan uales to the plane paſſing through them d. And the plane paf.Book VII. 

DF. * 1 through ED, GH is the * 4 BH; therefore AF is oo — 

naſe AC endicular to the plane BH; ſo that, from the given point 

ngle DER, above the plane BH, the ftraight line AF is drawn per- l 
ndicular to that plane. Which was to be done. | 
Cos. If it be required from a point C in a plane to 2 
ret a perpendicular to that plane, take a point A above the b 
lane, and draw AF perpendicular to the plane, then, if from 
2 line be drawn parallel to AF, it will be the perpendicu- 

required; for being parallel to AF it will be perpendicu- 


0 plan to the lame plane to which AF is perpendicular e. 


I: it is PROP. XI. THE OR. . 
rpendicul: 

ROM the ſame point in a given plane, there 

1 the pou cannot be two ſtraight lines at right angles to 

D be Wh: plane, upon the ſame fide of it: And there can 
is ara: but one perpendicular to a plane from a point | 
bove the plane. 


For, if it be poſſible, let the two ſtraight lines AC, AB be at E 
gut angles to & given plane from the ſame point A in the 
H lane, and upon the ſame ſide of it; and let a plane paſs f 
rough BA, AC; the common ſection of this with the given 

lane is a ſtraight a line paſſing through A: Let DAE be n 3. - | 
eir common ſection: Therefore the ſtraight lines AB, AC, | 1 
JAE are in one plane: And becauſe CA is at right angles 
d the given plane, it ſhall make 

ight angles with every ſtraight B C 

ne meeting it. in that plane. 125 

JAE, which is in that plane, 
eets CA; therefore CAE is a 
ght angle. For the ſame reaſon 
AE is a right angle. Where- 
dre the angle CAE is equal to | | KF 
e angle BAE; and they are in ; A B 
ne plane, which is impoſſible. | 

lo, from a point above a plane, there can ve but one per- 
ndicular to that plane; for, if there ccull be two, they 
P 4 3 would 
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Book VII. would be parallel b to one another, which is abſurd. There. Let A 


b 6. 3. fore, from the ſame point, &c. Q. E. D. | parallel 
ame pla 
| DE, EF 
PROP. XII. THEOR. From 
| which pe 
2 5 G; and 
LANES to which the ſame ſtraight line is per. WM allel to 
pendicular, are parallel to one another. through 
| . hall mal 
Let the ſtraight line AB be perpendioular to each of the wih © 
planes CD, EF; theſe planes are parallel to one another. line me: 
If not, they ſhall meet one another when produced; let plane e. 
them meet; their common ſection | lines Gl 
ſhall be a ſtraight line GH, in which plane m 
take any point K, and join AK, fore eac] 
BK : Then, becauſe AB is perpen- BGH, ] 
dicular to the plane EF, it is per- angle: 

a 1. def.. pendicular a to the ſtraight line BK BA is p 
which is in that plane. Therefore (for ea 
ABK is a right angle. For the parallel 
ſame reaſon, BAK is a right angle; angles C 


wherefore the two angles ABK, | : And B 

BAK of the triangle ABK are = right a 

equal to two right angles, which is | | reaſon, 
D 


b 17. 1. impoſſible b: Therefore the planes ſtraight 
CD, EF, though produced; do not ont BA, B 

c 6, del, 7-meet one another; that 15, they are parallel e. Therefore to the 1 
planes, &c. Q. E. D. ig "91 33 

| to hic 

1 | to one 

PROP. Alt THE OK rallel t 

ſtraight 


F two ſtraight lines meeting one another, be pa- 
[| rallel to two ſtraight lines which meet one ano- 
ther, but are not in the ſame plane with the firſt 
two; the plane which paſſes through theſe is pa- 
rallel to the plane paſling through the others. 


Let 


There. 
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Let AB, BC, two ſtraight lines meeting one another, be Book VII. 
parallel to DE, EF that meet one another, but are not in the 
ame plane with AB, BU: The planes through AB, BC, and 
DE, EF ſhall not meet, though produced 

From the point B draw BG perpendicular à to the plane a 10. 7: 
which paſſes through DE, EF, and let it meet that plane in 
G; and through G draw GH parallel > to ED, and GK pa- b 31. 1. 
rallel to EF: And becauſe BG is perpendicular to the plane 
through DE, EF, it 
ſhall make right angles 
with every ſtraight 


line meeting it in that I 
plane ©. But the ſtraight B — F e 1. def. 7. 


lines GH, GK in that K 
plane meet it: There- C 
fore each of the angles | | 


BGH, BGK 1s a right | 
angle: And becauſe N *) —_ 
BA is parallel d to GH H d 8. 5. 


(for each of them 1s 
parallel to DE,) the | 
angles GBA, BGH are together equal © to two right angles: e 29. r. 
And BGH is a right angle; therefore alſo GBA is a 
right angle, and GB perpendicular to BA : For the ſame 
reaſon, GB is perpendicular to BC: Since therefore the 
ſtraight line GB ſtands at right angles to the two ſtraight lines 
BA, BC, that cut one another in B; GB is perpendicular f f 4. 7. 
to the plane through BA, BC: And it is perpendicular to the 
plane through DE, EF; therefore BG is perpendicular to 
each of the planes through AB, BC, and DE, EF: But planes 


to which the ſame * line is perpendicular, are parallels f 12. 7. 


to one another: Therefore the plane through AB, BC is pa- 
rallel to the plane through DE, EF. Wherefore, if two 
raight lines, &c. Q. E. D. 


PROP. 


4 = = Maia. 


. Fa 
- — —— — 


i 
+ 
3 
£ 
4 
7 
a 
f 
| 
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PROP. XIV. THE OR. 


F two parallel planes be cut by another plane, 
their common ſections with it are parallels, 


Let the parallel planes AB, CD be cut by the plane 
EFHG, and let their common ſections with it be EF, GH; 


EF 1s parallel to GH. 
For the ſtraight lines F 


H 


EF and GH are in the 
fame plane, viz. EFHG, B 
which cuts the planes 
AB and CD; and they 
do not meet though pro- 
duced ; for the planes in | 
which they are do not 


CL 


meet; therefore EF E. 4 
a 30. def.. and GH are parallel 2, : 


Q. E. D. 


PROP. XV. THEO R. 


FF two parallel planes be cut by a third plane, 


they have the ſame inclination to that plane. 


Let AB and CD be two parallel planes, and EH a third 


plane cuttin 5 them: The planes AB and CD 


clined to EH. | 


are equally in- 


Let the ſtraight lines EF and GH be the common ſeRton 


of the plane EH with the two planes AB 


and CD ; and 


from K any point in EF, draw in the plane EH the ftraight 
line KM. at right angles to EF, and let it meet GH in L; 
draw alſo KN at right angles to EF in the plane AB : and 
through the ſtraight lines KM, KN, let a plane be made 
to paſs cutting the plane CD in the line LO. And becauſe EF 
and GH are the common ſections of the plane EH with the 


rwo 


two par 
But EF 
KN and 
cauſe it 
angles tc 
KM a 
therefor 
alſo at 1 
to the 
e and it 
fore at r 
to the lir 
which i 
that pla 
fore, ſin 
LO are 
angles t 
EH, th: 
plane E 
clinatio 
KM ani 
parallel 
angle N 
inclinat 
inchnat 
fore, & 
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two parallel planes AB and CD, EF is parallel to GH. Book VII. 
But EF 1s at right angles to the plane that paſſes through 024% 
KN and KM b, be- b 4- 7. 
cauſe it is at right 


lane, angles to the lines 
2 KN and KN: E . G 
therefore GH is a #6 
* alſo at right angles A C 
Plane the ſame pl | 
7, UA; ns | « DE, L | 
' Wc and it is there- * wry Oc 17 
H fore at right angles N : 
ö to the lines LM, LO B. D O | 
RD which it meets in 
that plane. There- F | H 
fore, ſince LM and 
LO are at tright 
angles to LG, the common ſection of the two planes CD and 
EH, the angle OLM is the inclination of the plane CD to the 
| plane EH d. For the ſame reaſon the angle MKN is the in- d ,. def. 5. 
| clination of the plane AB to the plane EH. But becauſe 
KM and LO are parallel, being the common ſections of the 
parallel planes AB and CD with a third plane, the interior 
angle NKM is equal to the exterior angle OLMe; that is, the e 29. 1. 
inclination of the plane AB to the plane EH, is equal to the 
inclination of the plane CD to the ſame. plane EH. There- 
lore, &c. Q. E. D. | | | | 
plane, 
ne. * 
a third | 
ly in- 8 
ſection FRO. 
; and | 
traight 
in L; 
: and 
made 
aſe EF 
ith the 
rwo 


G, KL, MN, in the points A, E, B; 


9 4. 7. 


b 2. 6. 


© 4 11. 5 
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PROP. XVI. THE OR. 


Tf two ſtraight lines be cut by parallel planes, they 
ſhall be cut in the {ame ratio. 


Let the ſtraight lines AB, CD be cut Te the Jo plang 


: As AES 
to EB, 87 CF to FD. 


Join AC, BD, AD, and let AD meet the plate KL in the 


point X; and j join EX. XF: 
Becauſe the two parallel 
planes KL, MN are cut by 
the plane EB DX, the com- 
mon ſections EX, BD, are 
parallel a. For the ſame rea- 
ſon, becauſe the two parallel 
planes GH, KL are cut by 
the plane AXFC, the com- 
mon ſections AC, XF are pa- 
rallel: And becauſe EX is 
parallel to BD, a ſide of the 
triangle ABD, as AE to EB, 
ſo is b AX to XD. Again, 
becauſe XF is parallel o 
AC, a ſide of the triangle 
ADC, as AX to XD, ſo is 
CF to FD: And it was pro- 


ved that AX is to XD, as AE to EB: Therefore e, as AE 
to EB, ſo is CF to F D. Wherefore, 1f two ſtraight lines, 


1 3 


! * 


PROP. XVII. THE OR. 


F a ſtraight line be at right angles to a plane, 
every plane whi h paſſes through it ſhall be at 


right angles to tnat plaue. 


Let 


is likes 
therefo1 
to FG 

fore FC 
plane is 
lines dr 
mon {et 
any {tr 
gles to 
to be 
plane ] 
ner, 1t 
AB ar 
ſtraigh! 
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Let the ſtraight line AB be at right angles to a plane Rook VII. 
CK; every plane which paſſes through AB ſhall be at right Y” 
angles to the plane CK. 
Let any plane DE paſs through AB, and let CE be the 
common ſection of the planes DE, CK; take any point F in 
CE, from which draw FG in the plane DE at right angles to 
CE: And Becauſe AB 1s 
| erpendicular to the plane 
Ss AE x CK, therefore it is alſo ' D f — A 
; erpendicular to ever | 
L in the fratoht line meeting it 4 | | 
that plane a; and conſe- K at. def. 2. 
—— | WT quently it is perpendicular 
to CE: Wherefore ABF | 
7 is a right angle; but GFB | | 
is likewiſe a right angle; 
therefore AB 85 A 7 b L ＋ B E. b 28. 1. 
to FG, And AB is at right angles to the plane CK; there- 
55 fore FG is alſo at right angles to the ſame plane c. But one c . 7. 


plane is at right angles to another plane when the ſtraight 
lines drawn in one of the planes, at right angles to their com- 

mon ſection, are alſo at right angles to the other plane d; and d 2. def, 3. 
any ſtraight line FG in the plane DE, which is at right an- 
Me gles to CE the common ſection of the planes, has been proved 
N to be perpendicular to the other plane CK; therefore the 
/ plane DE is at right angles to the plane CK. In like man- 
ner, it may be proved that all the planes which paſs through 
AB are at right angles to the plane CK. Therefore, if a 


_ ſtraight line, &c. Q. E. D. 


t lines, 
e FEED 


F two planes cutting one another be each of them 
perpendicular to a third plane, their common 
plane, ſection ſhall be perpendicular to the ſame plane. 
be at 
Let the two planes AB, BC be each of them perpendicular 
to a third plane, and let BD be the common ſection of the 
1 firſt two; BD is perpendicular to the plane ADC. 


From 
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Book VII. From D in the plane ADC, draw DE perpendicula: ere the 
Ab, and DF to DC. Becauſe DE is perpendicular to AD, auſe BI 


Let the ſolid angle at A be contained by the three plane {Wan fou 
angles BAC, CAD, DAB. Any two of them are greater W Take 
than the third. joints B. 

If the angles BAC, CAD, DAB be all equal, it is evi. Id angle 
dent that any two of them are greater than the third. But ]WBD, I 
if they are not, let BAC be that angle which is not leſs than erefore 


the common ſection of the planes B 25 been 
AB and ADC; and becauſe the plane her DC 
AB is at right angles to ADC, DE = 1 auſe D. 
« 2. def. 7. is at right angles to the plane AB a, 0 grea 
and therefore alſo to the ſtraight line ater d 
v r. def. 7. BD in that plane b. For the ſame rea- angle D. 
ſon, DF is at right angles to DB. DAB, L 
Since BD is therefore at right angles han the 
to both the lines DE and DF, it is at 5 he ang! 
right angles to the plane in which DE hem, 15 
and DF are, that is, to the plane kc, Q. 
© 4. 7. AD Cc. Wherefore, &c. Q. E. D. AF = 0 
7 PROF. M. THEOR VI 
" F a ſolid angle be contained by three plane angles, 
5 ] any two of them are greater than the third. Firſt, 
1. : ngles B 
4 


9 
=z WV > 


Rb 


| either of the other two, and is BC: 1 
2 greater than one of them DAB; r than 
ö and at the point & in the ſtraight he angle 
A! line AB, make, in the plane which han BD 
4 ſſes through BA, AC, the angle ples | 
7 a 23. 1. BAE equala to the angle DAB; and \CD, . 
5 make AE equal to AD, and through * r than t 
4 Edraw BEC cutting AB, AC inthe 7 CD, C 
1 points B, C, and join DB, DC. B ; E (ales I 
| And becauſe DA is equal to AE, : qual tc 


and AB is common to the two triangles ABD, ABE, herefo1 
and alto the angle DAB equal to the angle EAB ; there i DB ar 


fore 


2 


— ng —— 
— © - 
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icula t fore the baſe DB is equal b to the baſe BE. And be-Book vil. 
to AD, Wauſe BD, DC are greater © than CB, and one of them BD 
§deen proved equal to BE a part of CB, therefore the o- bz, 


her DC is greater than the remaining part EC. And be- 
auſe DA. is equal to AE, and AC common, but the baſe 
DC greater than the baſe EC; therefore the angle DAC is 
eater d than the angle EAC; and, by the conſtruction, the d 25: 7- 
ngle DAB is equal to the angle BAE ; wherefore the angles 
DAB, DAC are together greater than BAE, EAC, that is, 
han the angle BAC. But BAC is not leſs than either of 
he angles DAB, DAC; therefore BAC, with either of 
hem, is greater than the other, Wherefore, if a ſolid angle, 


Re. Q. E. D. 


8 


PROP. XX. THE OR. 


VERY ſolid angle is cgatained by plane angles 
which together are leſs than four right angles. 


Firſt, Let the ſolid angle at A be contained by three plane 
ngles BAC, CAD, DAB. Theſe three together are leſs 
an four right angles. 

Take in each of the ſtraight lines AB, AC, AD any 
points B, C, D, and join BC, CD, DB: then, becauſe the ſo- 


t is evi. Id angle at B is contained by the three plane angles CBA, 
1. But BD, DBC, any two of them are greater à than the third; a 19. 7. 
eſs than Nherefore the angles CBA, ABD are greater than the angle 


BC : for the ſame reaſon, the angles BCA, ACD are great- 
r than the angle DCB; and 

he angles CDA, ADB greater D 
han BDC: Wherefore the fix 
ples CBA, ABD, BCA, 
| 2 CDA, ADB are great- 4 
r than the three angles DBC, 

CD, CDB : but ho three 1 & N 

ngles DBC, BCD, CDB are B J "gs 

qual! to two right angles b: b 23. 1. 
herefore the fix angles CBA, ABD, BCA, ACD, CDA, 

z are greater than two right angles: and becauſe the 

three 
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Book VII. three angles of each of the triangles ABC, ACD, Ab 


are equal ro two right angles, therefore the nine angles. 
theſe three triangles, viz. the angles CBA, BAC, AC} 
ACD, CDA, DAC, ADB, DBA, BAD are equal to { 
right angles: Of theſe, the fix angles CBA, ACB, ACT 
CDA, ADB, DBA are greater than two right angle 
therefore the remaining three angles BAC, DAC, BAI 
which contain the ſolid angle at A, are leſs than four rig 
angles. 
New, Let the ſolid angle at A be contained by any nun 
ber of plane angles BAC, CAD, DAE, EAF, FAB; the 
together are leſs than four right angles. 
Let the planes in which the angles are, be cut by a plan 
and let the common ſections of it with thoſe planes be B( 
CD, DE, EF, FB: and becauſe the folid angle at B is co 
tained by three plane angles 
CBA, ABF, FBC, of which any 
a 19. . two are greater 2 than the third, 
the angles CBA, ABF are great- 
er than the angle FBC: fer the 
ſame reaſon, the two plane angles B 
at each of the points C, D, E, F, 
viz. the angles which are at the | 
baſes of the triangles having the 
common vertex A, are greater (C 
than the third angle at the ſame 


ngle at 


F two 
equa 
the 11 
e one 
he two 
ther, tl 


Let A( 
umber © 
e plane 
ane AF 
O, and 
F to thi 
the pla 
d ſimile 
Let the 
es KM 
C, wil 
e equal 


5 


* 
Ls 
+ 
- 
y 
- 
* 
' 
. 
on. 
25 
1 Y 


"4 — * k » 
MEE 


point, which is one of the angles A aalen 
1 of the polygon BC DEF: there- D E pint N 
| fore all the angles at the baſes of ciding v 
— the triangles are together greater than all the angles of . = > 
is polygon : and becauſe all the angles of the triangles are with A 
1 | gether equal to twice as many right angles as there are Mm B. 
y b 32. 1. angles b; that is, as there are ſides in the polygon BCD on. 

; and becauſe all the angles of the polygon, together with f e AC 
8 right angles, are likewiſe equal to twice as many right ang dne ſan 
4 e 1. cor. as there are ſides in the poly gon e; therefore all the angle HR will! 
33. 1. the triangles are equal to all the angles of the polygon to... c. tl 
1 ther with four right angles. But all the angles at the baſes s KN 
q the triangles are greater than all the angles of the polyg 13 ſhes 
if ; as has been proved. Wherefore, the remaining angles oft le with 

f triangles, viz. thoſe at the vertex, which contain the al - 
| We cqua 
| 3 E. D, 
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D, ADWngle at A, are leſs than four right angles. Therefore every Book VII. 
angles {ſolid angle, &c. Q. E. D. RTE Laos 
C, ACE | 
= to] PROP. XXI. THE OR 
B, ACH | f . 
K _ F two ſolids be contained by the ſame number of 
* f equal and ſimilar planes, ſimilarly ſituated, and 
the inclination of any two contiguous planes in 
any nunWhe one ſolid be the ſame with the inclination of 
XB; the two equal, and ſimilarly ſituated planes in the 
THY ther, the ſolids themſelves are equal and ſimilar. 
nd 
es be Let AG and KQ be two ſolids contained by the ſame 
B 65 cumber of equal and fimilar planes, ſimilarly fituated, io that 
e plane AC is ſimilar and equal to the plane KM, the 
A. ane AF to the plane KP; BG to LQ, GD to ON, DE to 
O, and FH to PR. Let alſo the inclination of the plane 
F to the plane AC be the ſame with that of the plane KP 
the plane KM, and ſo of the reſt; the ſold KQ 1 equal 
d ſimilar to the ſolid AG. 
Let the ſolid K Q be applied to the ſolid AG, ſo that the 
C, which R G 1 
E equal and b | 
lar, ma | D F 2 P 
Þ incide 4 FS 22 | 
dint N co- o. 9 N | M a 8. Ax. 1 
3 ciding with 
3 e point D, YN aa 
— am A, I. X 
BDI B, and 
r with ion. And becauſe the plane KM coincides with the 
— ht ang ane AC, and, by h theſis, the inclination of KR to KM 
, S angle the lame with the inclination of AH to AC, the plane 
gon tn will be upon the plane AH, and will coincide with it, 
the baſes auſe they are fimilar and equal a, and becauſe their equal 
ie poly es KN and AD coincide. And in the fame manner, 
.ngles ff 1s ſhewn that the other planes of the ſolid KQ coin- 
n he u with the other planes of the ſolid AG, each with each: 


ere fore the ſolids K and AG do wholly coincide, and 
equal and fimilar to one another. Therefore, &c. 


E. D. 
Q or. 
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Book VII. 
PROP, XXII. THE OR. 
F a ſolid be contained by ſix planes, two and ty Hr a ſo 
of which are parallel, the oppoſite planes are to tu 
milar and equal parallelograms. to twe 
eir bat 
Let the folid CDG H be contained by the parallel plane 13 
AC, GF; BG, CE; FB, AE: its oppoſite planes are ini 5. 
lar and equal parallelograms. * hy 
Becauſe the two parallel planes BG, CE, are cut by tl; AEx 
214. ). plane AC, their common ſections AB, CD, are parallel a. A 10 EG 
| 
gain, becauſe the two parallel planes BF, AE, are cut by th produ 
plane AC, their common ſections AD, BC are parallel: HM. 
and AB is parallel to CD; therefore AC is a parallelogran N 4 
In like manner, it may be proved ; Ms 
that each of the figures CE, FG, A 
GB, BF, AE is a parallelogram : 
Join AH, DF; and becauſe AB B H X 
is parallel to DC, and BH to CF; 41 RN 
the two ſtraight lines AB, BH, 6 s 
which meet one another, are pa- 
rallel to DC and CF, which C 
meet one another; wherefaore, tho | L S 
the firſttwoare not in the ſame plane 
with the other two, they contain e- E 
bg.7. qual angles b; the angle ABH is 
| therefore equal to the angle DCF. > firaigh 
And becauſe AB, BH, are equal to DC, CF, and the ang aight lin 
ABH equal to the mg DCF; therefore the baſe AH WW, KA, 
s 4. 1. equal c to the baſe DF, and the triangle ABH to the ti! and 
angle DCF: For the fame reaſon, the triangle AGH is equi, AG 
to the triangle DEF; and therefore the parallelogram BG Wſuuſe th 
equal and ſimilar to the parallelogram CE. In the fan parallel 
manner it may be proved, that the parallelogram AC is eq elogram 
and ſimilar to the parallelo GF, and the parallelogtu e three 
AE to BF. Therefore, i a ſold, &c. Q. E. D. three p 
| ſolid A 
equal A! 
P ROF sol 
| ar plan 
* * le], and 
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PROP. XXIII. THEOR. 
and ty Mr a ſolid parallelepiped be cut by a plane parallel 
s are to two of its oppoſite planes, it will be divided 
to two ſolids, which will be to one another as 
eir baſes. 
ol "_ Let the ſolid parallelepiped ABCD be cut by the plane 
Sn: V, which is parallel to the oppoſite planes AR, HD, and 
wal vides the whole into the ſolids ABFV, EGCD ; as the 
Wet? e AEFY to the baſe EHCF, fo is the ſolid ABFV to che 
r b EGCD. 4 
m 11 Produce AH both ways, and take any number of ſtraight 
liel ge HM, MN, each equal to EH, and any number AK, KL 
Slogramen equal to EA, and complete the parallelograms LO, KY, 
Q, MS, and the ſolids LP, KR, HU, MT: then, becauſe 
ny Xx 133 L 
P |RR VID W * 
G Z 
| 4 
K A EJ[HIIMLN 
L 
E 0 ä 9 3 
e ſtraight lines LK, KA, AE are all equal, and alſo the 
the ane ight lines KO, AY, EF, which make equal angles with 
ſe AH KA, AE, the parallelograms LO, KY, AF are e- 
to the tn! and fimilar a: and likewiſe the parallelograms KX, , .. 
3H is equa, AG; as alſo b the parallelograms LZ, KP, AR, b 2. 7. 
ram BC Wiſe they are oppoſite planes. For the ſame reaſon, 
the parallelograms EC, HQ, MS, re equal à; and the pa- 
\ C is eq elograms HG, HI, IN, as alſo b HD, MU, NT; there- 


rallelogtue three planes of the ſolid LP, are equal and fimilar 


). three planes of the fold KR, as alſo to three planes of 
folidd AV: but the three planes oppoſite to theſe three 

0 equal and ſimilar to them b in the ſeveral ſolids; there- 
PR e the ſolids LP, KR, AV are contained by equal and ſi- 


ar planes. And becauſe the planes LZ, KP, AR are pa- 
lel, and are cut by the plane XV, the inclination of LZ 
2 to 
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Book VII. to XP is equal to that of KP to PB, or of AR to BV c; and 


& I» 7 
d 21. 7. 


e 5. def. s. 


f 1. T6. 


the ſame is true of the other contiguous planes, therefore the 
ſolids LP, KR. and AV, are equal to one another d. For the 
ſame reaſon, the three ſolids ED, HU, MT are equal to one 
another; therefore what multiple ſoever the bafe LF is df 
the baſe AF, the ſame multiple is the ſolid LV of the ſolid 
AV; for the ſame reaſon, whatever multiple the baſe NF j; 
of the baſe HF, the ſame multiple is the ſolid NV of the 
ſolid ED : and if the baſe LF be equal to the baſe NF, the 
ſolid LV is equal d to the ſolid NV; and if the baſe LF be 


greater than the baſe NF, the ſolid LV is greater than 
the ſolid NV; and if leſs, leſs. Since then there are four 


_ B G 1 


—— 


Z 


K [A EITHIINMILIN 


0 YE 6- @ 3 


magnitudes, viz. the two baſes AF, FH, and the two ſo 


lids AV, ED, and of the baſe AF and ſolid AV, the balt 


LF and ſolid LV are any equimultiples whatever ; and « 


the baſe FH and ſolid ED, the baſe FN and ſolid NV ar 


any equimultiples whatever; and it has been proved, that 
the baſe LF is greater than the baſe FN, the ſolid LV. 
greater than the ſolid NV; and if equal, equal; and if le 
leſs : Therefore e, as the baſe AF is to the baſe FH, ſo 
the ſolid AV to the ſolid ED. Wherefore, if a ſolid, & 
Q. E.'D. 

Cor. Becauſe the parallelogram AF is to the parallelogran 
FH as XF to FC f, therefore the ſolid AV is to the ſolid El 
as XF to FC. IE 


PROP. XXIV. THEOR. 


2 a ſolid parallelepiped be cut by a plane paſlin 
through the d gonals of two of the oppolit 
planes, it ſhall be cut in two equal priſms. 


Let A 
nals of tt 
are draw 
CD, FE 
ame pla 
diagonal: 
in which 
themſel v 
CDEF 
two equa 

Becaul 
c to the t 
angle D. 
parallelo, 
milar to 
the pare 
therefore 
the priſm 
they are 
AC, EB 
by the pl 
priſm CE 
by the pl 


N. B. 


tioned in 


lelograms 


e: and 
ore the 
For the 
to one 
F is of 
he ſolid 
e NF 5 


of the 
NF, the 
> LF be 
ter than 
are four 


* 


diagonals CF, DE are in the plane 
in which the parallels are, and are 
themſelves parallels b: and the plane 
CDEF ſhall cut the ſolid AB into 
two equal parts. 

Becauſe the triangle CGF is equal 
to the triangle CBF, and the tri- 
angle DAE to DHE; and that the 
parallelogram CA 1s equal d and ſi- 
milar to the oppoſite one BE ; and 
the parallelogram GE to CH: 
therefore the planes which contain 
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B 


A 


E. 


the priſms CAE, CBE, are equal and fimilar, each to each; and 
ley are alſo _— inclined to one another, becauſe the planes 
AC, 


EB are p 


el, as alſo AF and BD 


, and they are cut 


220 


Let AB be a ſolid parallelepiped, and DE, CF the diago- Book VII. 
nals of the oppoſite parallelograms AH, GB, viz. thoſe which 
are drawn betwixt the equal angles in each: and becauſe 
CD, FE are each of them parallel to GA, though not in the 
ame plane with it, CD, FE are parallel a; wherefore the 3 8. J. 


b 14. 7. 


© 34. . 


d 22. 7. 


by the plane CE e. Therefore the priſm CAE is equal to the e 21. 7. 
priſm CBE e, and the ſolid A is cut into two equal priſms 


by the plane CDEF. Q. E. D. 


N. B. The inſiſting ſtraight lines of a parallelepiped, men- 
tioned in the following propoſitions, are the ſides of the paral- 
lelograms betwixt the baſe and the plane parallel to it. 
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Book VII. herefore | 
—— the baſe 15 
| PROP. XXV. THEOR gofite to 

, a 4 the priſm 

H, is eq 

fore ſolid 


OLID parallelepipeds upon the ſame baſe, and 
of the ſame altitude, the inſiſting ſtraight line 
of which are terminated in the ſame ſtraight line 
in the plane oppolite to the baſe, are equal to one 


another. 
OLI 


of 
of whic 
lines in 
one ano 


Let the ſolid parallelopipeds AH, AK be upon the ſame 
baſe AB, and of the ſame altitude, and let their inſiſting 
ſtraight lines AF, AG, LM, LN, be terminated in the ſame 
ſtraight line FN, and CD, CE, BH, BK be terminated in the 
fame ſtraight line DK; the ſolid AH is equal to the ſoli 


AK. | | Let th 
a 34-1: Becauſe CH, CK are parallelograms, CB is equal a to cx AB, anc 
of the oppoſite ſides DH, EK; wherefore DH is equal ti nes AF 
EK: add, or take away the common part HE; then DE iin the fa: 
b 38. 1. equal to HK: Wheretore alſo the triangle CDE is equal » to one anot 
c 36.1. the triangle BHK: and the parallelogram DG is equal c tc Produ 
the parallelogram HN. For the ſame reaſon, the triangle another 
AFG is equal to the triangle LMN, and the parallelogram CR. B 


d 22, J. CF is equal d to the parallelogram BM, and CG to BN; fat 


H K 


1 
Os 2 
i B 
7 


A = ” 


they are oppoſite. Therefore the planes which contain the 

priſm DAG are ſimilar and equal to thoſe which contain the 

priſm HLN, each to each ; and the contiguous planes are alk 

£15 7. equally inclined to one another e, becauſe that the paralk 
planes AD and LH, as alſo AE and LK, are cut by the ſams 

#21. 2. Plane DN : therefore the priſms DAG, HLN are equal. | 
| therefore 


rallel, : 
the par 


ale, and 
ht line 
ht line 
to one 


the ſame 
| inſiſting 
the ſame 
ed in the 
the folic 


a to eac 
equal do 
a DE 1 
qual b tc 
qual © te 
triangle 
lelogran 
BN; for 


1tain the 
tain the 
; are all 

parallel 
the ſame 
ual f 
herefore 
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herefore the priſm LNH be taken from the ſolid, of which Book VII. 
me baſe is the parallelogram AB, and FDKN the plane op- 
polite to the baſe; and if from this ſame ſolid there be taken 
he priſm AGD, the remaining ſolid, viz. the parallelepiped 
H, is equal to the remaining parallelepiped AK. There- 
fore ſolid LL ay &c. Q. E. D. 


PROP. XXVI. THE O R. 


OLID parallelepipeds upon the ſame baſe, and 
of the ſame altitude, the inſiſting ſtraight lines 


of which are not terminated in the ſame ſtraight 
lines in the plane oppoſite to the baſe, are equal to 
one another. 


Let the parallelepipeds CM, CN, be upon the ſame baſe 
AB, and of the fame altitude, but their inſiſting ſtraight 
lines AF, AG, LM, LN, CD, CE, BH, BK, not terminated 
n the ſame ſtraight lines; the ſolids CM, CN are equal to 


one another. 


Produce FD, MH, and NG, KE, and let them meet one 
another in the points O, P, Q, R; and join AO, LP, BQ, 


CR. Becauſe the planes * LBHM and AC DF are pa- ar. def 5. 


rallel, and becauſe the plane LBHM is that in which are 
the parallels LB, is: in which alſo is the figure 


BLPQ ; 
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Book VII. BLPQ; and becauſe the plane ACDF is that in which 
are the parallels AC, FDOR, and in which alſo is the f. 
gure CAOR; therefore the figures BLPQ, CAOR are 
in parallel planes. In like marmner, becauſe the planes ALNG 
and CBKE are parallel, and the plane ALNG is that in which 
are the parallels AL, OPGN, and in which alſo is the figure 
ALPO ; and the plane CBKE is that in which are the para. 
lels CB, RQEK, and in which alſo is the figure CBQR, 
therefore the figures ALPO, CBQR are in parallel plane, 
But the planes ACBL, ORQP are alſo parallel; there. 


fore the ſolid CP is a parallelepiped. Now the ſolid para} 


b 25. 7. lelepiped CM is equal b to the ſolid parallelepiped CP; becaufc 
they are upon the ſame baſe, and their inſiſting ftraight 
lines AF, AO, CD, CR; LM, LP, BH, BQ are in the ſame 


ſtraight lines FR, MQ; and the ſolid CP is equal b to the ſo- 


lid CN ; for they are upon the ſame baſe ACBL, and their 
inſiſting ſtraight lines AO, AG, LP, LN; CR, CE, BO 
BK are in the ſame ſtraight lines ON, RK : therefore the ſo- 
lid CM is equal to the ſolid CN, 


pipeds, &c, Q. E. D. 


Wherefore ſolid. parallele- 
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OLID parallelepipeds which are upon equal 
baſes, and of the ſame altitude, are equal to one 
another. | | 


Let the ſolid parallelepipeds, AE, CF, be upon equal baſes 
AB, CD, and be of the ſame altitude: the ſolid AE is equal 
to the ſolid CF. | | ' | 

Caſe 1. Let the inſiſting ſtraight lines be at right angles to the 
baſes AB, CD, and let the baſes be placed in the ſame plane, 
and fo as that the fides CL, LB be in a ſtraight line; there- 
fore the ſtraight line -LM, which is at right angles to the plane 
in which the baſes are, in the | 
two ſolids AE, CF; let the other inſiſting lines of the ſolids 
be AG, HK, BE; DF, OP, CN: and firſt, let the angle 
ALB be equal to the angle CLD; then AL, LD are in a 


point L, is common a to the 2 11. 7. 


ſtraight Ime d. Produce OD, HB, and let them meet in Q, b 14. +. 


and complete the ſolid parallelepiped LR, the baſe of which 
is the parallelogram LQ, and of which LM is one of its in- 
ting ſtraight lines: therefore, becauſe the parallelogram AB 
is equal to CD, as the baſe AB is to the bale LO, ſo is e the 


baſe CD to the ſame LQ; and becauſe the ſolid parallelepi- 
ped AR is cut b | | 


CAE»: 6 
which is parallel | 
to the ' oppoſite X M E 
planes AK, DR; | * 
25 the baſe AB is G Tic * 
to the baſe LQ, ſo | Q 
5 d the ſolid AE © 7 Ha 
to the ſolid LR: X 
for the ſame rea- C ” 
ſon, becauſe the ſo- A. 8 © Sh ff 
lid parallelepiped | 
CR is cut by the ; 
plane LMFD, which is parallel to the oppoſite planes CP, 
BR; as the baſe CD to the baſe LQ fo is the ſolid CF to 
the 


C 7. 8. 


d 23. 7. 
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the ſolid LR: but as the baſe AB to the baſe LQ, ſo the 
baſe CD to the baſe LQ, as has been proved: therefore az 
the ſolid AE to the ſohd LR, ſo is the ſolid CF to the ſolid 
LR; and therefore the ſolid AE is equal e to the ſolid CF, 

But let the ſolid parallelepipeds SE, CF be upon equal 
baſes SB, CD, and be of the ſame altitude, and let their in. 
ſiſting ſtraight lines be at right angl-s to the baſes; and place 

he baſes 5B, CD in the ſame plane, ſo that CL, LB be in x 
ſtraight line; and let the angles SLB, CLD be unequal; the 
folid SE is alſo in this caſe equal to the ſolid CF. Produce 
DL, T'S until they meet in A, and from B draw BH paral. 
lel to DA ; and let HB, OD produced meet in and com- 
plete the ſolids AE, LR: therefore the ſolid AE, of which 
the baſe is the parallelogram LE, and AK the plane oppoſite 
to it, is equal f to 410 
the ſolid SE, of P n 
which the baſe is | 
LE, and SX the N M E. 
plane oppoſite; | 
for they are upon GT 
theſame baſe LE, 
and of the ſame | | 
altitude, and their | „ 
infiſting ſtraight C L 
lines, viz. LA, LS, | r 
BH. BT; MG, 4 a 2 
MU, EK, EX are - 
in the ſame ſtraight, lines AT, GX: and becauſe the paral- 
lelogram AB is equal g to SB, for they are upon the fame 
baſe LB, and between the ſame parallels LB, AT; and becauſe 
the baſe SB is equal to the baſe CD; therefore the baſe AB * 
equal to the baſe CD; but the angle ALB is equal to the 
angle CLD: therefore, by the firſt caſe, the ſolid AE is equal 
to the ſolid CF; but the ſolid AE is equal to the ſolid SE, as 
wil demonſtrated ; therefore the ſolid SE is equal to the ſo- 
id CF. 

Caſe 2. If the inſiſting ſtraight lines AG, HK, BE, 
LM; CN, RS, DF, OP, be not at "right angles to the 
baſes AB, CD; in this caſe likewiſe the fold AE is e— 
qual to the ſolid CF. Becuſe ſolid parallelepipeds on the 
ſame haſe, and of the ſame altitude, are equal h, if two ſo- 
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id parallelepipeds be conſtituted on the baſes AB and CD Book Vir. 
—— 


M : Pe 2 


8 Bo 
1 4/ 9 


of the ſame altitude with the ſolids AE and CF, and with 
their N lines perpendicular to their baſes, they will be 
equal to the ſolids AE and CF; and, by the firſt caſe of this 
propoſition, they will be equal to one another; wherefore, 
the ſolids AE and CF are alſo equal. Wherefore, ſolid pa- 
tallelepipeds, &c. Q. E. D. | 


o. AAVIL. THEO 


OLID parallelepipeds which have the ſame al- 
titude, are to one another as their baſes. 


Let AB, CD be ſolid parallelepipeds of the ſame altitude : 
they are to one another as their baſes ; that is, as the baſe AE 
to the baſe CF, ſo is the ſolid AB to the ſolid CD. 

To the ſtraight line FG apply the parallelogram FH equal 


1 to AE, ſo : : 
that the angle HD KR & cor. 45.1, 
FGH be e- N 

qual to the 


angle LCG; 
and complete 
the ſolid paral- 
lelepiped GK 
upon the baſe 
FH, one of whoſe inſiſting lines is FD, whereby the ſo- 
nds CD, GK muſt be of the ſame altitude, Therefore the 
{cl;d 
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Book VII. ſolid AB is equal b to the ſolid GK, becauſe they are upon 
b 27. 7. 


e 23. 7. 


e 4. 5. 
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equal baſes AE, FH, and are of the ſame altitude : and he. 
cauſe the ſolid parallelepiped CK is cut by the plane DG 
which is parallel to its oppoſite planes, the baſe HF is c 9 
the baſe FC, as the ſolid HD to the ſolid DC : But the baſe 
HF is equal to the baſe AE, and the ſolid GK to the ſolid 
AB: therefore, as the baſe AE to the baſe CF, ſo is the ſo. 
lid AB to the folid CD. Wherefore ſolid parallelepiped; 
&c. Q. E. D. 

Cox. 1. From this it is manifeſt, that priſms upon triangy. 
lar baſes, of the ſame altitude, are to one another as their baſe, 
Let the priſms BNM, DPG the baſes of which are the tri. 
angles AEM, CFG, have the ſame altitude; complete the 
parallelograms AE, CF, and the ſolid parallelepipeds AR, 
CD, in the firſt of which let AN, and in the other let CP 
be one of the inſiſting lines. And becauſe the ſolid paral. 
lelepipeds AB, CD have the ſame altitude, they are to one 
another as the baſe AE is to the baſe CF; wherefore the 

riſms, which are their halves 4 are to one another, as the 
baſe AE to the baſe CF; that is, as the triangle AEM to 
the triangle CFG. 


Cok. 2. Alſo a priſm and a parallelepiped, which have the 
ſame altitude, are to one another as their baſes ; that is, the 
priſm BNM 1s to the parallelepiped CD as the triangle AEM 
to the parallelogram LG. For by the laſt Cor. the priſm BNM is 
to the priſm DPG as the triangle AME to the triangle CGF, 
and therefore the priſm BNM is to twice the priſm DPG « 
the triangle AME to twice the triangle CGF e; that is, the 


priſm BNM 1s to the parallelepiped CD as the triangle AME 
to the parallelogram LG. 
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PROP. XXIX. THEOR. 


OLID parallelepipeds are to one another 1n the 
ratio that is compounded of the ratios of their 
baſes, and of their altitudes. ES 


Let AF and GO be two ſolid parallelepipeds, of which the 
baſes are the parallelograms AC and GK, and the altitudes, 
the perpendiculars let fall on the planes of theſe baſes from 
any point in the oppoſite planes EF and MO; the ſolid 
AF 1s to the ſolid GO in a ratio compounded of the ra- 


tios of the bafe AC to the baſe GK, and of the perpendicular 


on AC to the perpendicular on GK. 

Caſe 1. When the inſiſting lines are perpendicular to the 
baſes AC and GK, or when the ſolids are upright. 

In GM, one of the infiſting lines of the ſolid GO, take 
GQ equal to AE, one of the inſiſting lines of the ſolid AF, 
and through Q let a plane paſs parallel to the plane GK, 
meeting the other inſiſting lines of the ſolid GO in the 
points R, S and 0 
T. It is evi- P p 
dent that G8 is N 
a ſolid parallele- n 
piped a, and that 5 F ＋ 8 
it has the ſame al- f 
titude with AF 5 F 
viz, GQ or AE. 1 77 ＋* R 
Now the ſolid 
AF is to the ſo- 
lid GO in a ra- 
tio compounded 
of the ratios of 
the ſolid AF to 


X 
D 


F% 
A 


B G H 


a 22. 7. 


the ſolid GS b, and of the ſolid GS to the ſolid GO; but theb 10. def. 5. 


ratio of the ſolid AF to the ſolid GS, is the ſame with that 


of the baſe of AC to the baſe GK ©, becauſe their altitudes © 28. 7. 


AE and GQ are equal; and the ratio of the ſolid G8 to 
to GM d; 423: 7. 


the ſolid GG, is the ſame with that of G 
therefore, the ratio which is compounded of the ratios 
of the ſolid AF to the ſolid Gs, and of the ſolid GS to 

| the 
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e E. 5. 


d 27. 7. 


'F: wn 


f 12. 6. 


h 1. 6. 


k E. 5. 


and of the altitude AE to the altitude GMe. 


ELEMENTS 


Book VII. the ſolid GO, is the ſame with the ratio which is com. 
pounded of the ratios of the baſe AC to the baſe GK, 


But the ratio 


of the ſolid AF to the ſolid GO, is that which is compound. 


ed of the ratios of AF to GS, and of GS to GO; 


there. 


fore, the ratio of the ſolid AF to the folid GO is compound. 
ed of the ratios of the baſe of AC to the baſe GK, and of the 


altitude A to the altitude GM. 


Caſe 2. When the inſiſting lines are not perpendicular to 


the baſes. 


Let the parallelograms AC and GK be the baſes as be. 


fore, and let AE 
and GM be the 
altitudes of two 
parallelepipeds Y 
and Z on theſe 
baſes. Then, if 
the upright para- 
lelepipeds AF 
and GO be con- 
ſtituted on the 
baſes AC and 
GK, with the al- 
titudes AE and 
GM, they will be 


T 
[ 
| AE 2 
1 
E 8 
* % 
A B 


equal to the parallelepipeds Y and Z d. 


0, 


P 


Nu 


Looks 


G 


HI 


Now, the ſolids AF 
and GO, by the firſt caſe, are in the ratio compounded of 
the ratios of the baſes AC and GK, and of the altitudes AE 


and GM; therefore alſo, the ſolids Y and Z have to one ano- 
ther a ratio that is compounded of theſe ns ratios. There- 


fore, &c. 


Q. E. D. 


CoR. 1. Hence, two ſtraight lines may be found having 


the ſame ratio with the two parallelepipeds AF and GO. 


To AB, one of the fides of the parallelogram AC, apply 
the parallelogram BV equal to GK, having an angle equal to 


the angle BADe; and as AE to GM, ſo let AV be to AXf, 


then AD is to AX as the ſolid AF to the ſolid GO. For 
8 10.def. 5. the ratio of AD to AX is compounded of the ratios g of AD 
to AV, and of AV to AX; but the ratio of AD to AV is 
the ſame with that of the parallelogram AC to the- parallelo- 
gram BV h or GK; and the ratio of AV to AX is the ſame 
with that of AE to GM ; therefore, the ratio of AD to AX 
is compounded of the ratios of AC to GK, and of AE to . 

b ut 


But the 7 
of the fa 


AF tot] 

Cook. 
compour 
For eve! 
titude w 


OLI. 
8 alti 


and p: 
baſes a 


Let £ 
the baſe 
and let 
KQ are 
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KO be 
KO to 
alſo by 
theſis, 
KM as 
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the far 
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it has to 
wheref 
15 equa 
But tt 
AG 15 
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KO, at 
the rat 
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apply 
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But the ratio of the ſolid AF to the ſolid GO is compounded Book VII. 
of the ſame ratios ; therefore, as AD to AX, ſo is the ſolid * 
AF to the ſolid GO. 

Cor. 2. Hence all priſms are to one another in the ratio 
compounded of the ratios of their baſes, and of their altitudes. 
For every priſm is equal to a parallelepiped of the fame al- 
titude with it, and of an equal baſe l. 


128. cor. 2. 
7. 


e ee 


80L¹D parallelepipeds which have their baſes and 

altitudes reciprocally proportional, are equal; 
and parallelepipeds which are equal, have their 
baſes and altitudes reciprocally proportional. 


Let AG and KQ be two ſolid parallelepipeds, of which 
the baſes are AC and KM, and the altitudes AE and KO, 
and let AC be to KM as KO to AE, the ſolids AG and 
KQ are equal. . 1 | 

As the baſe AC to the baſe KM, ſo let the ſtraight line 
KO be to the ſtraight line S. Then, ſince AC is to KM as 
KO to 8, and 
allo by hypo- 


IT 5 


theſis, AC to 

KM as KO to | \ 9 * 
1 

AE, KO has you 


the ſame ra- | 
tio to S that | C 
ithas to AEa; : J M 
wherefore AE N EY | 

i; equal to S b. A B E iS b 9. 5 
But the ſolid IK 3 

AG is to che . | 

1d K in the ratio compounded of the ratios. of AE to 

NO, and of AC to KM, that is, in the ratio compounded of c 29. ;. 
the ratios of AE to KO, and of KO to S. And the ratio of 

AE to S is alſo compounded of the ſame ratioz4; there- d 10. def. 5: 
fore, the ſolid AG has to the ſolid KQ the ſame ratio that » 
AE has to S. But AE was proved to be equal to 8, there- 
tore AG is equal to K Q. | 


Again, 
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Book VII. Again, if the ſolids AG and K be equal, the baſe AC; 
— to the baſe KM as the altitude KO to the altitude AE, Tak. 
8, ſo that AC may be to KM as KO to 8, and it will be 
ſhewn, as was done above, that the ſolid AG is to the ſb. 
lid KQ as AE to S; now, the ſolid AG is, by hypotheſi, 
equal to the ſolid K therefore, AE is equal to S; but, by 
conſtruction, AC is to KM as KO is to S; therefore, AC h 
to KM as KO to AE, Therefore, &c. Q. E. D. 
Cor. In the ſame manner, may it be demonſtrated, that 
equal priſms have their baſes and altitudes reciprocally pro. 
portional, and converſely. | 


PRO. F. XXAL THE QR. 


QIMILAR ſolid parallelepipeds are to one another 
in the triplicate ratio of their homologous fides, 


Let AG, KQ be two fimilar parallelepipeds, of which AB 
and KL are two homologous fides ; the ratio of the ſolid AG 
to the ſolid KQ 1s triplicate of the ratio of AB to KL. 

Becauſe the ſolids are fimilar, the parallelograms AF, KP 
2 9. def. 7.are ſimilar a, as alſo the parallelograms AH, KR; therefore 
the ratios of AB 
to KL, of AE HK G 
to KO, and of 
AD to KN, are E 7 R 
b 1. def. 6. all equal. But 5 1 
the ratio of the {| P 
fold AG to the P C 
ſolid K is com- N — 
pounded of the 4 x Y 
ratios of AC to \ =. L 
KM, and of AE © 
| to KO. Now, the ratio of AC to KM, becauſe they are 
© 14. 6. equiangular parallelograms, is componnded e of the ratios f 
AB to KL, and of AD to KN. Wherefore, the ratio d 
AG to KQ is compounded of the three ratios of AB to KL, 
AD to KN, and AE to KO; and theſe three ratios have al. 
ready been proved to be equal; therefore, the ratio that 5 
- compound 
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compounded of them, viz. the ratio of the ſolid AG to the Book VII 
ſolid K Q, is triplicate of any of them d; it is therefore tripli- q 42 de 5. 
cate of the ratio of AB to KL. Therefore, fimilar ſolid pa- 
rallelepipeds, &c. Q. E. D. | 
Cor. 1. If as AB to KL, ſo KL to , and as KL to m, ſo 
ton, then AB is to a as the ſolid AG to the ſolid EQ. 
For the ratio of AB to » is triplicate of the ratio of AB to 
KL e, and is there: ore equal to that of the ſolid AG to the ſo- e cor. 12. 
ld K. def. 5. 
Cor. 2. As cubes are fimilar ſolids, therefore the cube 
on AB is to the cube on KL in the triplicate ratio of 
AB to KL, that is in the ſame ratio with the ſolid AG to the 
ſolid KQ. Similar ſolid papallelepipeds are therefore to one 
another as the cnbes on their homologous ſides. 
Cox. 3. In the fame manner it is proved, that fimilar 
priſms are to ont another in the triplicate ratio, or in the ra- 
tio of the cubes, of their homologous ſides. 


PROP. XXXIL T HE O'R. 


F two triangular pyramids which have' equal ba- 
les and altitudes be cut by planes that are pa- 
allel to the baſes, and at equal diſtances from them, 


the ſections are equal to one another. 


Let ABCD and EFGH be two pyramids, having equal 
ales BDC and FGH, and equal altitudes, viz. the perpendi- 


A L. 


eee e 3 
lars AL and ES drawn from A and E upon the planes 


0 
— AGING A EEE BS. _— 
- => l — — 

N FT * | - 
3 
. — <v + 
=" - — = 2 
2 1 22 0 . — - 4 


= l 


* 
n , 
£ — 
— - — 2 
_— l 


— 
1 
* 


— —ů—ů— 
* 


2 
r 


n 2 


1 


——— 


* — — 
"=> 2 


'F "= 


Þ F - 


- — << eat SED - = * 


= a. „ — 
5 — — 
«* 
9 


EF 


=". 
* 
= 


-”, Aw — 
-_ 


\ 


242 


Book VII. BDC and FGH; and let them be cut by planes parallel iy 


ELEMENTS 


—— BDC and FG, and at equal altitudes QR and ST abo bake. 
thoſe planes, and let the ſections be the triangles KLM, ons 5 

NOP; KLM and NO are equal to one another. * 5 

Becauſe the plane ABD cuts the parallel planes BDC, c ed 


A 14. 7. 


C 16. 7. 
d 18. 5. 


e 22. 6. 


14. 5 


KLM, the common ſections BD and KM are parallel a. Fy 
the ſame reaſon, DC and ML are parallel. Since therefore KM 
and ML are parallel to BD and DC, each to each, though not 
in the ſame plane with them, the angle KML 1s equal to the 
angle BDC b. In like manner the other angles of theſe tr. 
angles are proved to be equal; therefore, the triangles are e. 
quiangular, and conſequently ſimilar ; and the ſame is true o 
the triangles NOP, FGH. 


A 


equal t 


\ Serie 
CIFC 
e ſum « 
ſolid le 
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Let Z b 
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1 8933 G 
Now, fince the ſtraight lines ARQ, AKB meet the par 
lel planes BDC and KML, they are cut by them propor: 
tiona ly e, or QR: RA::BK:KA; and AQ: AR:: Ab 
: AK d, for the fame reaſon, ES: ET:: EF: EN; therefore 
AB: AK: : EF: EN, becauſe AQ is equal to ES, and Ak 
to ET. Again, becauſe the triangles ABC, AKL are fimilz 
AB: AK:: BC: KL; and for the fame reaſon 
EF:EN::FG: NO; therefore, + 
| BC: KL: : FG: NO. And, when four ſtraight lines 
are proportionals, the fimilar figures deſcribed on them are 
alſo proportionals e; therefore, the triangle BCD is to tit 
triangle KLM as the triangle FGH to the triangle NOP; 
but the triangles BDC, FOH are equal; therefore, the tr: 
angle KLM is alſo equal to the triangle NOP f. Therefore, 
&c. Q. E. DPD —— 
Con. 1. Becauſe it has been ſhewn that the triangle KIM 
is ſimilar to the .baſe BCD, therefore, any ſection of a tr: 


pagu-ar pyramid parallel to the baſe, is a triangle fimilar t 
the 
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arallel tg 


1 above 
s KLM, 


be baſe. And in the ſame manner it is ſhewn, that the ſec- Book VII. 
ons parallel to the baſe of a polygonal pyramid are fimilar 
the baſe. 

Cor. 2. Hence alſo, the ſections parallel to the baſes of 


a ny vo polygonal pyramids, and at equal diſtances from the baſes, 
707 "Wc equal to one another. 

fore KM 

ough * 

17 PROP. XXXIII. THE OR. 

heſe tri. 


Series of priſms of the ſame altitude may be 

circumſcribed about any pyramid, ſuch that 
e ſum of the priſms ſhall exceed the pyramid by 
ſolid les than any given ſolid. 


Let ABCD be a pyramid, and Z + a given ſolid; a ſeries 
priſms having all the ſame altitude, may be circumſcribed 
bout the pyramid ABCD, fo that their ſum ſhall exceed 
BCD by a ſolid leſs than 2 

Let Z be equal to a priſm ſtanding on the ſame baſe with 
te pyramid, viz. the triangle | 

D, and having for its alti- W V 


ES are e. 
IS true 0 


le the perpendicular drawn F 

m a certain point E in the 

AC upon the plane BCD. N 0 

evident, that CE multipli- 

by a certain number 7: will T 87 

greater than, AC; divide \ | 

into as many equal parts I M. 
e paral- J equal p 8 
prop chere are units in m, and let R 2 

R:: Ae be CF, FG, GH, HA, q 6 * 
herefote ch of which will be leſs K L 
and An CE. Through each of 5 Q 
e ſimilu points F, G, H let planes 832 E. 
. made to paſs parallel to the | 

ane BCD making with the BU EF. D 
ght line of the pyramid the ſec- R 8 
hem aF F PO, GRS, HTU, which 
- to wel be all fimilar to one ano- 
NO and to the baſe BCD =. C t ce 66; 
the ti em the point B draw in the _ 5 
nere fore of the triangle ABC the ſtraight line BK parallel to 


R 2 CF 


ay ſolid Z is not repreſented in the figure of this or the following Pro- 
Jon, 


le KIM 
of a tri 


milar to 
the 
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Book VII. CF meeting FP produced in K. In like manner, from | 
—— draw DL parallel to CF, meeting FQ in L: Join KL, 2 
br r. def. 7. it is plain, that the ſolid KBC DLF is a priſm b. By the (any 
conſtruction, let the priſms PM, RO, IV be deſcribed. 
ſo, let the ſtraight line IP, 
which is in the plane of he 


triangle ABC be produced till RING V 
it meet BC in h; and let M Fi 
be produced till it meet DC 
in g: Join hg; then hCgQFP N 0 
is a priſm, and is equal to the TE U 
d 1.cor. 28. priſm PM4, In the fame man- | 
T- ner is deſcribed the priſm m / \ 
equal to the priſm RO, and I IN 
the priſm qU equal to the | IP 
priſm TV. The ſum, there- 4 r 
fore, of all the inſcribed K —— : L 
priſms h, ms, and qU is P "T0 
equal to the ſum of the priſms | /| WW 26 N 
PM, RO and IV, that is, to FE | | 
the ſum of all the circum- B 71 
ſcribed priſms except the h ＋ 5 
priſm BL ; wherefore, BL ad 
\ is the exceſs of the priſms | 
; circumſcribed about the py- C N. 
ramid ABCD above the ä 
priſms inſcribed within it. But the priſm BL. is leſs tha 
the priſm which has the triangle BCD for its baſe, and for i 
altitude the perpendicular from E upon the plane BCD; 
the priſm which has BCD for its baſe, and the perpendicul 
from E for its altitude, is by hypotheſis equal to the given (ol 8 
Z; therefore, the exceſs of the circumſcribed, above the u ; 
ſcribed priſms is leſs than the given ſolid Z. But the ex mid 
of the circumſcribed priſms above the inſcribed is greater tha the fa 
their exceſs above the pyramid ' ABCD, becauſe ABCD BCD th 
greater than the ſum of the inſcribed priſms. Much mae priſms 
therefore, is the excels of the circumſcribed priſms above NI. PS) 
pyramid, leſs than the ſolid Z. A ſeries of priſms of the fu which 
altitude has therefore been circumſcribed about the pyramg- Points 
ABCD exceeding it by a ſolid leſs than the given ſolid .de par: 
Q. E. D. Ws | Ic ſectios 
PRO there! 
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PROP. XXXIV. THEOR. 


JYRAMIDS that have equal baſes and altitudes 
are Equal to one another. 


Let ABCD, EFGH be two pyramids that have equal 
ales BCD, FGH, and alſo equal altitudes, viz. the perpen- 
iculars drawn from the vertices A and E upon the planes 
CD, FGH : The pyramid ABCD is equal to the pyramid 
FGH. . 

If they are not equal, let the pyramid EFGH exceed the 


* 


leſs tha 


and for it 


framidd ABCD by the ſolid Z. Then, a ſeries of priſms 
eater tui the fame altitude may be deſcribed about the p id 
BCD that ſhall exceed it, by a ſolid leſs than Z ; let theſe be 
ach mae priſms that have for their baſes the triangles BCD, NQL, 
above RI, PSM. Divide EH into the fame number of equal parts 


f the fue which AD is divided, viz. HY, TU, UV, VE, and through 
pyrami e points T, U and V, let the ſections TZ W, UZX, VOY be 
1 ſolid ade parallel to the baſe FGH. The ſection NQL is equal to 


e ſection WZ. Tb; as alſo ORI to XU, and PSM to TV; 
id therefore, alſo the priſms that ſtand upon the equal ſections 
3 are 


PRO! 


Rook VII, 
— — 


b 32. 7 
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Book VII. are equal e, that is, the priſm which ſtands on the baſe BC) 
F. and which is between the planes BCD and NQL is equal tot 
7. priſm which ſtands on the baſe FGH, and which is between t 
planes FGH and WZT; and fo of the reſt, becauſe the 
have the ſame altitude; wherefore, the ſum of all the priſm 


VE 


deſcribed about the pyramid ABCD is equal to the ſum of a di 
thoſe deſcribed about the pyramid EFGH. But the ex lar baſe 
of the priſms deſcribed about the pyramid A BCD abon 

Let th 

and let I 

ABC DF 

triangula 

Join A 

gram, of 

equal a te 

the baſe 

equal Þ t 

baſe 15 th 

the poin 

which th 

and vert 

pyramid 

: amid D 

k baſes, vi: 

| and the! 

the pyramid ABCD is leſs then Z.; and therefore, the exce{iftude of t 

of the priſms deſcribed about the pyramid ' EFGH abo bre, th 

the pyramid ABCD is alſo leſs than Z. But the excels BEC, 
the pyramid EFGH above the pyramid ABCD is equal "other. 

Z, by hypotheſis; therefore, the pyramid EFGH excec ABEC, 

the pyramid ABCD, more than the priſms deſcribed aboWhpriim . 

EFGH exceed the ſame pyramid A BCD. The pyram priſm / 

EF GH is therefore greater than the ſam of the priſms dM Vieref 
ſoeribed about it, which is impoſſible. The pyramids ABC Cor, 

EFGH, therefore, are not unequal, that is, they are equal the third 

one another. Therefore, pyramids, &c. Q. E. D. lame al 

| — other fig 

| baving t 
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Book VII. 
— — 
PRUFP. . IHEUR 


VERY priſm having a triangular baſe may be 
divided into three pyramids that have triangu- 
lar baſes, and that are equal to one another. 


Let there be a priſm of which the baſe 1s the triangle ARC, 
and let DEF be the triangle oppoſite to the baſe : The priſm 
ABCDEF may be divided into three equal pyramids having 
tnangular baſes, 

Jom AE, EC, CD; and becauſe ABED is a parallelo- 
cram, of which AE is the diameter, the triangle ADE. is 
equal a to the triangle ABE: therefore the pyramid of which 3 34. 1. 
the baſe is the triangle ADE, and vertex the point C, is 


equal d to the pyramid, of which the FL b 34. 5 
baſe is the triangle ABE, and vertex 

the point C. But the pyramid of N 
which the baſe is the triangle ABE, 5 

and vertex the point C, that is, the | 
pyramid ABCE is equal to the py- 

amid DEF C f, for they have equal | 
baſes, viz. the triangles ABC, DFE, { | 

and the ſame altitude, viz. the alti- | 
tude of the priſm ABC DEF. There- . 1 
tore, the three pyramids ADEC, 

ABEC, DFEC are equal to one a- 

nother, But the pyramids ADEC, 

ABEC, DFEC make up the whole A — 

prim ABC DEF; therefore, the l 
priſm ABC DEF is divided into three equal pyramids. 
Wherefore, &c. Q. E. D. 

Cor. 1. From this it is manifeſt, that every pyramid 1s 
the third part of a priſm which has the ſame baſe, and the 
lame altitude with it; for if the baſe of the priſm be any 
other figure than a triangle, it may be divided into priſms 
having triangular baſes. 

Cok. 2. Pyramids of equal altitudes are to one another as 
their baſes ; becauſe the priſms upon the fame baſes, and 
of the fame altitude, are © to one another as their baſes. c 1. cor. 28. 
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BOOK VIII. 


DEFINITIONS. 
I, 


U 


II. 


e perimeter of any figure is the length of the line or lines 
by which it is bounded. 


AXIOM. 


he leaſt line that can be drawn between two points, is a 
ſtraight line; and if two figures have the ſame ſtraight line 
for their baſe, that which is contained within the other, if 
its bounding line or lines be not any where convex toward 


the baſe, has the leaſt perimeter. 


Cor. x. Hence, the perimeter of any polygon inſcribed in 
circle is leſs than the circumference of the circle. 

Cor. 2. If from a point two ſtraight lines he drawn 
puching a circle, theſe two lines are together greater than the 
arch 
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N arch of a circle is any part of the circumference. Dock VIII. 


* * 
2. 
hb = 


8 rr 


* — — 
a - 
—— a> 
= - >» 
- _ . - 


22 
. — = 
— — 
— UP — — £5 g 


3 K — 
— gt — 


= 3 


\ = 


# —_ — 


—— 
— 


: = _— XM 
—_ „ — 
2 
— - 
_ ; 


— — — — — — — — 
1 - ” 


: [ 
: 
: LI 
„ 
, 
* 
w% 
"4 ; 
* 
* 
mo 


— = —— — 


92 . 1 Wy 
- <I>. - =_— 
- — » % 
——_- * 
— l - . 


— 
uy 
— 


2 
\ 


232 


= D © ae 
i > 


DIM 
= 


2S +. 
. 


wn 


— 


A 


_ —. 
— 


Book VIIL arch intercepted between them ; and hence, the perimeter 
any polygon deſcribed about a circle is greater than the cis. 


ELEMENTS 
cumference of the circle, 


+ Yo WEE & © Jew Þ 


F from the greater of two, unequal magnitude; 
there be taken away its half, and from the re. 
mainder its half; and ſo on: There ſhall at length 
remain a magnitude lels than the leaſt of the pro- 
poſed magnitudes. | 


— a6 , * 


Let AB and C be two unequal magnitudes, of which AB 
15 the greater. If from AB there be taken a- 

way its half, and from the remainder its 5 
half, and ſo on; there ſhall at length re- A | 
main a magnitude leſs than C. 

For C may be multiplied fo as at length 
to become greater than AL. Let it be ſo K lp 
multiplied, and let DE its multiple be | 
greater than AB, and let DE be divided 
into DF, FG, GE, each equal to C. From Hy 
AB take BH equal to its half, and from 
the remainder, AH take HK equal to its | 
half, and fo on, until there be as many di- 3 
viſions in AB as there are in DE: And | | 
let the diviſions in AB be AK, KH, HB; : i 
and the diviſions in ED be DF, FG, GE. RB G FT 
And becauſe DE 15 greater than AB, and 
that EG taken from DE is not greater than its half, but BH 
taken from AB 1s equal to its half; therefore the remainder 
GD is greater than the remainder HA. Again, becauſe GD 
is greater than HA, and that GF is not greater than the halt 
of GD, but HK is equal to the half of HA; therefore, the 
remainder FD is greater than the remainder AK. And FD 
is equal to C, therefore C is greater than AK; that is, AK B 
te than C. Q. E. D. Frog off 7. 
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EY QUILATERAL polygons of the ſame number 

of ſides inſcribed in circles, are ſimilar, and 
are to one another as the ſquares of the diameters of 
the circles. 


Let ABC DEF and GHIKLM be two equilateral polygons 
of the ſame number. of fides inſcribed--in--the circles ABD, 
and GHK ; ABCDE and GHIKLM are fimilar, and are to 
one another as the __— of the diameter of the /circles 
ABD, GHK. 

Find N and O ie centres of hd) "circles; join AN and 
BN, as alſo GO and HO, and produce AN and G0 till they 
meet the circircumferences in D and K. 


— 


M 


a 


Becauſe the ſtraight lines AB, BC, CD, DE, EF, FA, are 
all equal, the arches AB, BC, CD, DE, EF, FA are alſo 
equal a, For the ſame reaſon, the arches GH, HI, IK, KL, à 28. 3. 
LM, MG are all equal, and they are equal in number to the 
others; therefore, whatever part the arch AB is of the whole 
circumference ABD, the ſame is. the arch GH of the cir- 
cumference GHK. But the angle ANB is the ſame part of 
four right angles, that the arch AB 1s of the circumference 
ABDb; and the angle GOH is the ſame part of four Þ 27 3. 
right angles that the arch GH 1s of the circumference GHK b, 
therefore the angles ANB, GOH are each of them the ſame 
part 


» 
1 
N i 
To. _ 
% 
7 
| . 
th 
e * 
N. * 
0 
q 4 
| / 
[2 N 
: 
* 
4 


Fd 
. 
i 


10 ELEMENTS 


Book VIII. part of four right angles, and therefore they are equal 
e to one another. The iſoſceles triangles ANB, GOH are 
c 6.6. therefore equiangularc, and the angle ABN equal to the 


HE 


angle GHO; in the ſame manner, by joining NC, OF, a 
it any be proved that -the angles NBC, OHI are equal «Wh 
| bout th 
Let A 
circle R 
polygon 
circle. 
Find 
arch AI 
circle in 
KL is . 
Produ 
| EN, an 
to one another, and to the angle ABN. Therefore the HG. 
whole angle ABC is equal to the whole GHK 7; and the ſame Beca\ 
may be proved of the angles BCD, HIK, and of the reſt. WW AGH i 
Therefore, the polygons ABCDEF and GHIKLM ae equi- W the circ 
angular to one ayother ;, and fince/ they are equilateral, the LHG, 
ſides about the equal angles are, proportionals ; the polygon angles b 
d 1. def. 6. ABQD is therefore ſimilar to t 1 = GHIKTM d. And are two 
becauſe ſimilar polygons are as the ſquares of their hamolo- Wl angle H 
© 20. 6, gous ſides e, the polyg onA BC DEF to the polygon GHIKLM angles 
as the ſquare of A to the ſquare of. GH; but begauſe the HGL, « 
triangles ANB, GOH are equiangular, the "AB is to e fide 
1 4. 6. the ſquare of GH as the ſquare of AN to the ſquare of GO ', theſe tr 
» x5. 8. Or as tour tunes the ſquare of AN to four times the ſquare : of they ar 
3 -.cor 8. GO, chat is, as the ſquare of ADto the ſquare of GK b. There- Is equa! 
2. fore alſo, the polygon ABCDEF is to the polygon GHIKLM the tria 
as the ſquare of AD to the ſquare of GK; and they have al- becauſc 
ſo been thewn to be ſimilar. Therefore, &c. Q. E. D. GL, a 
Con. Every equilateral polygon inſeribed in a circle is alſo and all 
equiangular. For the iſoſceles triangles, which have their com- equal 
mon Vertex in the centre, are all equal and ſimilar; therefore, to the 
the angles at their baſes are all equal, and the angles of the celes, 
polygon are therefore alſo equal. = the a 
; ö | | ſtructi 
2 or pe 


re the 
e ſame 
e reſt, 
> equi- 
U, the 


ly gon 
And 


efore, 
f the 


OP. 


P OP. NLP: OK 


PR fide of any equilateral polygon: inſcribed 
in a circle being given, to find the fide of a 
polygon of the ſame number of ſides deſeribed a- 
bout the circle. ents 


Let ABCDEF be an equilateral polygon inſcribed in the 
circle ABD; it is required to find the fide of an equilateral! 
polygon of the ſame number of ſides deſcribed about the 
circle, 

Find G the centre of the circle; join GA, GB, biſect the 
arch AB in H; and through H draw KHL touching the 
circle in H, and meeting GA and GB produced in K and L.; 
KL is the fide of the polygon required. 

Produce GF to N, ſo that GN may be equal to GL; join 
KN, and from G draw GM at right angles to KN, join alli 
HG. 

Becauſe the circumference AB is biſected in H, the angle 


AGH is equal to the angle BGH; and becauſe KL touches a 27. +: 


the circle in H, the angles 
LHG, KHG are right 
angles Þ ; therefore, there 
are two angles of the tri- 
angle HGK, equal to two 
angles of the triangle 
HGL, each to each. But. 
the fide GH is common to 
theſe triangles ; therefore 
they are equal c, and GL 
s equal to GK. Again, in 
the triangles KGL,KGN, 
becauſe GN is equal to 
GL, and GK common, 
and alſo the angle LGK 


equal to the angle KGN; therefore the baſe KI. is equal 
But becauſe the triangle KGN is ifoſ- a 4, ; 
celes, the angle GEN is equal to the angle GINK, and 
the angles GMK, GMN are both right angles by con- 
ſtruction; wherefore, the triangles GM R, GMN have two 
angles of the one equal to two angles of the other, and they 

| | have 


to the baſe KNd. 
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Book VIII have alſo the fide GM common, therefore they are equal c, an 

N the ſide KM is equal to the ſide MN, ſo mar KN i biete 

in M. But KN is equal to KL, and therefore their halves 

KM and KH are alſo equal. Wherefore, in the triangle; 
GKH, GKM, the two ſides GK and KH are equal to the 
two GK and KM, each to each; and the angles GK H, GKN 
are alſo equal, therefore GM is equal to GH d; wherefore, the 
point M is in the circumference of the circle ; and becauſe 
KMCG is a right angle, KM touches the circle. And in the 
lame manner, by joining the centre and the other angular 
points of the inſcribed polygon, an equilateral polygon may 
be deſcribed about the circle, the fides of which will each 
be equal to KL, and will be equal in number to the fides of 
the inſcribed polygon. Therefore, KL is the fide of an equi. 
lateral polygon deſcribed about the circle of the ſame number 
of ſides with the inſcribed polygon ABCDEF ; which was 
to be found, | 

Cor. Becauſe GL, GK, GN, and the other ſtraight lines 
drawn from the centre G to the angular points of the poly. 
gon deſcribed about the circle ABD are all equal; if a circle 
be deſcribed from the centre G, with the diſtance GK, the 
polygon will be inſcribed in that circle ; and therefore, it 
15 ſimilar to the polygon ABC DEF e. 


e 2. 3. 


p R O P. IV. THE OR. 


A Circle being given, two ſimilar polygons may 
A be found, the one deſcribed about the circle, 
and the other inſcribed in it, which ſhall differ from 
one another by a ſpace leſs than any given ſpace, 


Let ABC be the given circle, and the ſquare of D any 
given ſpace ; a polygon may be inſcribed in the circle ABC, 
and a ſimilar polygon deſcribed about it, ſo that the difference 
between them ſhall be leſs than the ſquare of D. 

In the circle ABC apply the ftraight line AE equal to D, 
and let AB be a fourth part of the circumference of the 
circle. From the circumference AB take 'away its half, and 
from the remainder its half, and ſo on till the circumference 
AF is found leſs than the circumference AE a. Find the cen. 
tre G; draw the diameter AC, as alſo the ſtraight. lines AF 
and FG; and having biſected the circumference AF in K, 


join 


join KG, ; 
GA and 
Becauſe 
mon angle 
GAF are 
GKH, CI 
fre the tr 
And be 
arch AB 
on, AF w 
in the a 
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pin KG, and draw HL touching the circle in K, and meeting — 


GA and GF produced in H and L; join CF. 

Becauſe the iſoſceles triangles HGL and AGF have the com- 

mon angle AGF, they are equiangular b, and the angles GHK, b 6. 6. 

GAF are therefore equal to one another. But the angles 

GKH, CFA are alſo equal, for they are right angles; there- 

fore the triangles HGK, ACF are likewiſe equiangular e. . 
And becauſe the arch AF was found by taking from the 

arch AB its half, and from that remainder its half, and fo 

on, AF will be contained a certain number of times exaQly 

in the arch AB, and therefore it will alſo be contain- 

d a certain number of times exactly in the whole cir- 

umference ABC; and the ſtraight line AF is therefore the 

fide of an equilateral polygon inſcribed in the circle ABC. 

Wherefore alſo, HL is the tide of an equilateral polygon of 

the fame number 

of ſides deſcribed a- 

bout ABC d. Let 

the polygon de- 

ſeribed about the 

ircle be called M, 

and the polygon” * 

mſcribed be called 

N; then, becaule 

heſe polygons are 

milar e, they are as 

tic ſquares of the 

komologous ſides 

HL and AF f, that 

3, becauſe the tri- 

ngles HLG, AFG 

re ſimilar, as the | 

quare of HG to the 

quare of AG, that is of GK. But the triangles HGK, ACF 

have been proved to be ſimilar, and therefore, the ſquare of AC 

5 to the ſquare of CF as the polygon M to the polygon N; and, 

by converſion, the ſquare of A C is to its exceſs above the ſquare 

{ CF, that is, to the ſquare of AF s, as the polygon M to its g 47. z. 

xcels above the polygon N. But the ſquare of AC, that is, 

the ſquare deſcribed about the circle ABC is greater than the 

qulateral polygon of eight ſides deſcribed about the circle, 

decauſe it contains that polygen ; and, for the ſame reaſon, 

he polygon of eight tides is greater than the polygon of ſix- 

een, and ſo on; therefore, the ſquerc of AC is greater than 
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any polygon deſcribed about the circle by the continual hi. 
ſection of the arch AB; it is therefore greater than th 
polygon M. Now, it has been demonſtrated; that the 
ſquare of AC is to the ſquare of AF as the polygon M to the 
difference of the polygons ; therefore, ſince the ſquare of Ac 
is greater than M, the ſquare of AF is greater than the dif. 
ference of the polygons h. The difference of the polygons i 
therefore leſs taan the ſquare of AF; but AF is leſs than D; 
therefore, the difference of the polygons is leſs than the ſquare 
of D, that is, than the given ſpace. Therefore, &c. Q. E D. 
Cor. 1. Becauſe the polygons M and N differ from one 
another more than either of them differs from the circle, the 
difference between each of them and the circle is leſs than the 
ven ſpace, viz. the ſquare of D. And therefore, however 
all any given ſpace may be, a polygon- may be inſcribed in 
the circle, and another deferibed about it, each of which ſhall 
differ from the circle by a ſpace leſs than the given ſpace. 
Cox. 2, The ſpace B which is greater than any poly gon that 
can be inſcribed in the circle A,and leſs than any polygon that 


can be deſcribed about it, is equal to the circle A. If not, 
let them be unequal ; and firft, let B exceed A by the ſpace 
C. Then, becauſe the polygons deſcribed about the circle A 
are all greater than B, by hypotheſis; and becauſe B 15 great- 
er than A by the ſpace C, therefore, no polygon can be de- 
ſer bed about the circle A, but muſt exceed it by a ſpace 
greater than C, which is abfurd. In the ſame manner, if! 
be leis than A by the ſpace C, it is hen that no polygon 
can be inſcribed in the circle A, but 1s eſs than A by a {pace 
greater than C, which. is alſo abſurd. % Therefore, A. and » 
are not unequal, that is, they are equal Jo one _— 51 
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VERY circle is equal to the rectangle contain- 
Led by the ſemidiameter, and a ſtraight line 
qual-to half the circumference. 


Let: ABC be a circle, of which the centre is D, and the 
ametcr AC; if in AC produced there be taken AH equal 
o half the circumference, the circle is equal to thte rectangle 
ontained by DA and AH. | 

Let AB be the fide of any equilateral polygon in- 
ribed in the circle ABC; bife& the circumference 
B in G, and through G draw EGF touching the circle, 
id meeting DA produced in E, and DB produced in 
; LF will be the fide” of an equilateral polygon deſcribed 
bout the circle ABC a. In AC produced take AK equal to 
ill tie perimeter of the polygon whoſe ſide is AB; and AL 
qual to half the perimeter of the polygon: whoſe fide is EF. 
hen AK will be leſs, and AL greater than the ſtraight line 
Hb. Now, becauſe in the triangle EDF, DG is drawn 


* 
WA 
i OR 


4 2 1 
— D , . 


pendicular to the baſe, the triangle EDF is equal to the rect- 
Sie contained by DG and the half of EF c; and as the ſame 
une of all the other equal triangles having their vertices 
D, which make up the polygon deſcribed about the 
ce; therefore, the whole polygen is equal to the rectangle 
6 contained 
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Cor. 
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proved 1 


gon d, or by DA and AL. But AL is greater than AH, ther, 
ore the rectangle DA, AL is greater than the rectang 
DA, AH; the reQangle DA, AH is therefore leſs than thy 
rectangle DA, AL, that is, than any polygon deſcribed about 
the circle ABC. 

Again, the triangle ADB is equal to the rectangle contain 
ed by DM the perpendicular, and one half of the baſe A} 
and it is therefore leſs than the rectangle contained by DG 


or DA, and the half of AB. And as the ſame is true of all 
the other triangles having their vertices in D, which make 
up the inſcribed polygon, therefore the whole of tlie inſcribed 
polygon is leſs than the rectangle contained by DA, and AK 
half the perimeter of the polygon Now, the rectangle DA 
AK is leis than DA, AH; much more, therefore, is the po. 
lygon. whoſe fide is AB leſs than DA, AH; and the red. 
angle DA, AH is therefore greater than any polygon in- 
ſcribed in the circle ABG. But the ſame reQangle DA, 
AH has been proved to be leſs than any polygon deſcribed 
about the circle ABC; therefore, the rectangle DA, AH 
equal to the circle ABC e. Now, DA is the ſemidiameter o 
the circle ABC, and AH the half of its circumference. There- 
fore, &c. .. 

Cox. 1. Hence, a polygon may be deſcribed about 3 
circle, the perimeter of which ſhall exceed the circumference 
of the cirele by a line that is leſs than any given line, Let 
NO be the given line. Take in NO the part NP leſs than 
its half, and leſs alſo than AD, and let a polygon be _— 

: about 
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_ 007 about the circle ABC, ſo that its exceſs above ABC may be Book VIII. 
„there ec than the ſquare of NP f. Let the fide of this polygon bef T. or. J. 
—_ EF. And ſince, as has been proved, the circle is equal to 8. 
ver ww de rectangle DA, AH, and the polygon to the rectangle 
ed abou 5 A, AL, the exceſs of the polygon above the circle is equal 
so the rectangle DA, HL; therefore the rectangle DA, HL 
2 is leſs than the ſquare of NP; and therefore, ſince DA is 
* 1 greater than NP, HL is leſs than NP, and twice HL leſs than 
Do twice NP, wherefore, much more is twice HL leſs than NO. 


But HL 1s the difference between half the perimeter of the 
polygon whoſe fide is EF, and half the circumference of the 
cirele; therefore, twice HL is the difference between the 
whole perimeter of the polygon and the whole circum- 
ference of the circle. The difference, therefore, between 
the perimeter of the polygon and the circumference of the 
circle 15 leſs than the given line NO. "2 

Cor. 2. Hence alſo, a polygon may be inſcribed in a circle, 
ſuch that the exceſs of the circumference above the' perimeter 
of the polygon may be leſs than any given line. This is 
proved like the preceding. / \ 
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IRCLES are to one another in the duplicate 
ratio, or as the ſquares of their diameters. 


| | In the 

Let ABD and GHL be two circles, of which the diame. ny poly, 
ters are AD and GL; the circle ABD is to the circle CH ace Q 
as the ſquare of AD to the ſquare of GL. the circle 


Let ABCDEF and GHKLMN be two equilateral poiy ſquare of 
ons of the ſame number of ſides inſcribed in the circde HL as 
BD, GHL; and let Q be ſuch a ſpace that the ſquare oc. Q. 
AD is to the ſquare of GL as the circle ABD to the ſpace Q, 
| 4 Cok. 1 
B C | nother as 
Let th 
of the cu 
cumferen 
AO, X, 
herefore 
ſquare of 
to the {q 
P. Thi 
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Becauſe the polygons ABCDEF and GHKLMN are equik- 
teral and of the e number of ſides, they are ſimilar *, an 
are as the ſquares of the diameters of the circles in which they 
are inſcribed. Therefore, as the ſquare of AD to the ſquare 
of EI, ſo is the polygon ABCDEF to the polygu 

GHELMN; 
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3HKLMN ; but as the ſquare of AD to the ſquare of GL, Book VIII. 
is the circle ABD to the ſpace Q ; therefore, the polygon 
ABCDEF is to the polygon GHKLMN as the circle ABD 
to the ſpace QM But the polygon ABC DEF is leſs than the 
circle ABD, therefore GHKLMN is leſs than the ſpace Q b; b 14. 7. 
wherefore, the ſpace Q is greater than any polygon inſeribed 
in the circle GHL. | 

In the ſame manner it is demonſtrated, that Q is leſs than 
any polygon deſcribed about the circle GHL; wherefore, the 
pace Q is equal to the circle GHL ©. Now, by hypotheſis, c 2. cor. 4. 
the circle AB is to the ſpace Q as the ſquare of AD to the 8. 


Iplicats 
ters. 


- dame. 


dle GHL 


al poiy{Wſquare of GL; therefore, the circle ABD is to the circle 
e circleGHL as the ſquare of AD to the ſquare of GL. Therefore, 
ſquare cc. Q.E. 4 0 

ſpace () Focdlizola 


Cor. x. Hence, the circumferences of circles are to one a- 
nother as their diameters. | 
Let the ſtraight line X be equal to half the circumference 
f the circle ABD, and the ſtraight line Y to half the cir- 
cumference of the circle GHL: And becauſe the rectangles 
AQ, X, and CP, Y are equal to the circles ABD and GHL d; d 5. 8. 
herefore the rectangle AO, X is to the rectangle GP,Y as the 
{quare of AD to the ſquare of GL, or as the ſquare of AO 
to the {quare of 
P. Therefore, X 8 
Iternately the 
rectangle AO, 
is to the —— — — 
Iquare of AO, 
as the rectangle GP, X to the ſquare of GP; but rectangles 
hat have equal altitudes are as their baſes e, therefore X is to e r. 6. 
AO as Y to GP; and again, alternately, X is to X as AO 
to GP, and taking the doubles of each, the circumference 
ABD is the circuraference GIL as the diameter AD to the 
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fore, the 1 
to P, 2 


Book VIII. Cor. 2. The circle that is deſcribed upon the fide of x 
right angled triangle oppoſite to the right angle, is equal to 
the two circles deſcribed 


on the other two ſides. = ame wit! 
Forthe circle deſcribed up- if N to ( 
.Þ on SR 1s to the circle de- ereforc 


ſcribed upon RT as the 10s of A 


p 8 ſquare of SR to the ſquare parallelog 
. of RT; and the circle deſcri- of the ſar 
bed upon JTS is to the circle R T e para 
deſcribed upon RT as the ſquare of ST to the ſquare of RT. ers M a 
Wherefore, the circles deſcribed on SR and ST are to the MWTherefor 


circle deſcribed on RT as the ſquares of SR and ST to the 

t 25. 3. ſquare of RTf. But the ſquares of RS and ST are equal to Co. 1 

g 47- 1. the ſquare of RT's ; therefore the circles deſcribed on N number! 

and ST are equal to the circle deſcribed on RT. eſcribed 

pe to tl 

- | ſcribed C 

1 | the ſquar 
| ROF. VII. THEO KR 


} Cor. * 
al QUIANGULAR parallelograms are to one ano- 3 
9 ther as the products of the numbers proportion. fr 
a al to their ſides. the qua. 
ſeribed © 
Let AC and DF be two equiangular parallelograms, and 
4 let M, N, P and Q, be four numbers, ſuch that AB: 2 
2 M : N; AB: DE:: M: P, and AB:EF::M: Nota. 

* therefore ex quali, BC : : EF::N:Q. The parallelogram Ac er ſigniſie 
is to the parallelogram DF as MN to PQ. = Ws 
Let NP be the lhe of N into P, and the ratio iy tay 
of MN to PQ a C 
will be com- | +; 
pounded of the 
a 10. def. ratios of MN to 
S* NP, and of NP 
to PO. But the | 
ratio of MN to B wht E 


Þ 15. 5. NP is the ſame with that of M to Pb, becenſe MN and NI 
are equimultiples of M and P; and, for the ſame reaſon, tht 
| ratio 
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atio of NP to PQ is the ſame with that of N to Q; there- Book VIII. 
Fre, the ratio of to PQ is compounded of the ratios f- 
[to P, and of N to py Now, the ratio of M to P is the 
Gme with that of the fide AB to the fide DE; and the ratio e by Hyp. 
f N to Q the ſame with that of the fide BC to the fide EF. 
erefore the ratio of MN to PQ is.compounted of the ra- 


ios of AB to DE, and of BC to EF. And the ratio of the 
parallelogram AC to the parallelogram DF is compounded 
he ſame ratios d; therefore, the-parallelogram AC is to d 23,6. 
e parallelogram DF as MN, the product of the num- 
of RT. ers M and N, to ts "ar product of the numbers P and Q. 
e to the Wherefore, &c. Q. E. D. 
. to the ; 
equal to WY Cor. 1. Hence, if GH be to KL as the number M to the 


number N; the ſquare 


eſcribed on GH will = —— K L 


he to the ſquare de- 
cribed on KL as MM the ſquare of the number M to NN 


the ſquare of the number N. 


Cor. 2. If the ſquare on GH be to the ſquare on KL as a 
number to a number, the line GH will-be to the line KL as 
the ſquare root of the firſt number to the ſquare root of the 
econd · number. For, if GH were to KL in any other ratio, 
the ſquare deſcribed on GH would not be to the ſquare de- 
ſcribed on KL in the ratio ſuppoſed. | SR, 


Nota. In the following Prop. the character ör — placed after à num- 
er ſignifies ſomething is to be added to that number, or ſomething ſubtracted 
from it. Thus, 1432.0508+ ſignifies a number greater than 1732.0508, Ec. 
Alſo, it is to be obſerved, that the figure for diſtinctneſs is ſeparated into 2, 
the ſecond being a part of the firſt magnified or drawn on 2 greater ſcale. 
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Book VIII. | | LM, and 
— ae PROP. VIII. THE OR. meeting! 
' | 2 AF. 

See N. HE circumference of a circle exceeds three cular to 
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times the diameter by a part leſs than ons 
ſeventh of the diameter, but greater than ten of the 
parts whereof the diameter contains ſeventy-one. 


Let ALC be a circle, of which the centre is D, and ty 
diameter AC; the circumference is greater than three time 


I 
the diameter AC by a line that is leſs than 7 AC and 


greater than — of AC. 
I 
In the circle apply the ſtraight line CB equal to CD. Bi. 
ſet CB in E, CE in F, and ſo on till there be five biſeQjonz, 


| 


u 
- 
i 
ö 
Cl 
£ 
4 
. 
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| 
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"nd let CL, (repreſented in the 2d figure) be the arch found 
by the fitth biſection. Take the arch CM equal to CL; Jo. 
, L! 


I 


we 4 
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IM, and through C draw OCP touching the circle in C, and Book ow 

meeting DL, DM preduced in O and P. Join (fg. 1.) AB, 

E, AF, and allo DB, DE, DF; draw BG, EH, FK perpen- 

Is three cular to PC, and DQ, DR, Ds perpendicular to AB, AE, 

an oe. Eee | 

1 of he Becauſe the ſtraight line CB is equal to CD, the ſemidia- 

one neter of the circle, the arch CB is the fixth part of the oir- 

f amference a; therefore, CE is the 12th part, CF the 24th * 7+ + 

art; the hal! of CF the 48th; the half of that half the 

and deen, and the half- of the 96th is that to which CL is equal. 

ree tin: CM is equal to CL; and therefore, the arch LM is alſo 

AC on ne 96th part of the circumference, fo that the ſtraight line 
ais the fide of an equilateral poly n of 96 ſides inſcribed 

1 the circle, and OP the ſide of an-equilat-ral polygon of the 

ame number of fides deſcribed about the circle b. Now, be- 


D. Be BD is equal to BC, the angle BDC is equal to the 
iſectjon eagle BCD, and/the angles BGD, BGC are alſo equal, being 


icht angles; and the fide BG is common to hoth the triangles 

\BG, ACG; therefore the baſe DG is equal to the baſe 

Ce, and DG is the half of DC or AD. Therefore, DG © 26. r. 
to DA as 1 to 2; and, by compoſition, AG to AD as 

z to 2: Now, AC is to AD alfo as 2 to1; therefore, the 
«tangle CA, AG is to the ſquare of DA as 6 to 2, or as 
zto1d, But, becauſe the angle ABC is a right angle, the d. 
rectangle CA, AG is equal to the ſquare of Ale; therefore, e 3- 
av ſquare of AB is to the ſquare of AD as 3 to 1, or 

3 2200CCO to Ioo0co9; and therefore, AB is to AD as 
732.058 to 100ct, for the ſquare of 1732. 0508 is leſs than a 3 Te 
coco, and the ſquare of 100 is equal to 1cocozo But 

Qi the half of AP, becauſe DQ is drawn from the centre 
xrpendicular 10 AB, therefore alſo, AQ is to AD as 


LO d00.0254+ to 1000. N | 
| And becauſe the arch CE is che half of the arch CB, the 
| angle CDE is half of the angle CDB S; and the angle DAB g 36: 6. 
3 allo the half of CDB h, therefcre the angles CDE, DAB h 29. 3. 
NC re equal. In the triangles DAQ, EDI, therefore, the 
ngle DAQ is equal to the angle ED H, and the angle AQD 
o the angle DHE, becauſe they are both. right angles ; and 
1 ne ide AD is alſo equal to the fide DE, therefore the tri- 
NP angle DAQ is equal to the triangle ED H, and the fide AQ 
de fide DH. And it has been ſhewn, that AQ is to AD 
17 7305 866.02 547 o 1000, thérel ore allo DH is to AD as 
L]; 10! | | 


7M 866.0274 


1 
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Book VIII. 866.02 54+ to 1090; and, by compoſition, AH to AD 
—Y— 1866.0254+ to 1000. Therefore alſo, the rectangle Ty 


d 7.8, AH is to the ſquare of AD d as 2000 x 1866.0254+ tg 


| oo Xx 1099, that is, as 37320 50.84 to 1000000. Where. 
q fore alſo, the ſquare of AE, which is equal to the rectangle 
288.6. CA, AHe, is to the ſquare of AD as 3132050.8+ 00 
| 1000000, and therefore, AE is to AD as 1931.8516+ tg 
1900, for the ſquare of 1931.8516 as leſs than 375320504, 
Therefore, AR, which is the half of AE, or DK, which i; 
ſhewn to berequal to AR in the ſame manner that DH wy 
proved equal to AQ , 1s to AD as 965.9258+ to 1000, 


ine draw 
mare of 
; equal te 
on, for ! 
quare of 
here fort 
Cas 99 
quare of 
f DL, a 
e exceſs 
„ as 10' 
D the 

2.71927 
Now, 1 
N to D 
Sto LN 
oDC to 
2.71927 
greater ti 
C has 
2.71927 
2.71927 
5 greater 
ore, the 
0 TCCO N 
umſcrib. 
er of th: 
he whole 


he ratio 
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umferen 
10 
* of th 


4 


mee. _—— N ABC is ] 
7 8 Ide is C( 
1 he diam 
4 he ratic 
mm M 4 looo, thy 
# | the diam 
4 Hence again, by compoſition, AK is to AD as 1965 9258 f ert by 1 
'N to 1000, and the rectangle CA, AK, or the ſquare of Al, neter is 
1 to the ſquare of AD as 3931851.6+ to 1000000 d, and Af It rem 


to AD as 1982.8897 + to 1000, for the ſquare of 1982.889] 

is leſs than 3931851.6. : ; 
In the ſame way it will be ſhewn, that the ſtraight line 

drawn from A to the third point of biſection, is to AD & 


1995.7118+ to 1990 ; and therefore, that the ſquare of 5 
g ; 
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ne drawn from A to the fourth point of biſection, is to the Book VIII. 
mare of AD as 3995717.8＋ to 10000500. But DN fig. 2.) 
equal to half the line from A to the fourth point of biſec- 
jon, for L is the fifth point of biſection, and therefore the 
mare of DN is the fourth part of the ſquare of that line; 
herefore, the ſquare of DN 1s to the ſquare of AD, or of 
C as 998929.4 5+ to 1090000. . Therefore, by diviſion, the 


16+ to aare of LN, which is the exceſs of the ſquare of DG, or 
2050.8, f DL, above the ſquare of DN, 1s to the ſquare of CD as 
ich ö fe exceſs of 1000000 above 998929.45+ is to 1900000, that 
a VS BY: as 1070.55— to Ic00000. Therefore alſo, LN has to 


D the ratio of 32.719279— to 100c; for the ſquare of 
2.71927 is greater than 1070.55. . 

Now, ſince DN is to DC as 999.46455+ to 1000; and 
N to DC as 32.71927— to 1c-0; therefore, ex equo, DN 
to LN as 999-464 55+ to 32.71927—. But, as DN to NL, 
oDC to CO; therefore, DC is to CO as 999.46455+ to 
2.719279—. Now, the ratio of 999.4645 5+ to 32.71927— is 
reater than, that of 999.46455 to 32.719271; wherefore | 5: 5. 
C has to CO a greater-ratio than 999.46455 has to 
22.71927, and 9 CO to DC a leſs ratio than 

2,71929 to 999.4645 5. But the ratio of 32.7367 to 1000 
5 greater than the ratio of 32.71929 to 999.46455 ; there- 

ore, the ratio of CO to DC is alſo leſs than that of 32.7367 
01000 e. And g6 times CO is half the perimeter of the cir- m 13. 5. 
umſcribed polygon 3 therefore, the ratio of half the perime- 
er of that polygon to the ſemidiameter DC, or the ratio of 
he whole perimeter to the whole diameter AC, is leſs than 


he ratio of 32.7367 x 96 to loc, or than the ratio of 
3142.7232 to 1000. But the circumference of the circle 
ABC 1s leſs than the perimeter of the polygon of which the 
de 13 CO ; therefore, the circumference of the circle has to 
he diameter a leſs ratio than 3142.7232 has to loo. Now, 
he ratio of 22 to 7 is greater than that of 3142.52432 to 
looo, therefore, the circumference of the circle ABC has to 
the diameter a leſs ratio than 22 has to 7; and therefore, the 
part by which che circumference exceeds three times the dia- 
meter 1s leſs than a ſeventh of the diameter. 

It remains to demonſtrate, that the part by which the cir- 


umference exceeds three times the diameter is greater than 
10 


— of the diameter. 


71 
od, DE. WEL Becauſ 
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| ; Becauſe, as was already ſhewn, the ſquare of AB is to th 
ſquare of AD as 3000000 to 1000000, AB is to ADa 


1732. 509 to 1000 ; for the ſquare of 1732.05 09 is great. 
er than 3c00000. 


P 


or DK, which is equal to AR, is to AD as 965.92 585 — to 
1000, and, by compoſition, AK is to AD as 1965.92 585— to 
1000. 

Hence, the rectangle CA, AK, that is, the ſquare of AF is 
to the ſquare of AD as 3931851.7— to 1000000 ; and there- 


fore, AF to AD as 1982.8898— to 1000, for the ſquare ol 


1932.8898 is greater than 39318 51.7. 
In ike manner it is ſhewn, that the ſtraight line drawn from 
A. to the third point of biſection is to AD as 1995.1 179— 
to 


Therefore, the half of AB, that is, AQ 
or DH is to DA. as 866.0254 5— to 1000, and, by compoj. 
tion, AH to AD as 1866.02545—'to 1000; and therefore 
the rectangle CA, AH, that is, the ſquare of AE. is to the 
ſquare of D as 3732050.9— to 1090000; and therefore, 
allo, AL is to AD as 1931.8519— to 1000; for the ſquare 
of 1931.85 17 15 greater than 3732050.9, Therefore alſo, AR 
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o 1000; and that, therefore, the ſquare o! the line drawn 
from A. to the fourth point of biſection, is to the ſquare of 
AD as 3995717:9— to 1050000. But DN is the half of 
tie ftraight line drawn from A to the fourth point of biſec- 
tion, becauſe L is the fifth point of biſection, and therefore 
the ſquare of DN is the fourth part of the ſquare of the line 
drawn to the point of the fourth biſection; therefore the 
ſquare of DN is to the ſquare of AD, or of DC, as 
998929.475— to looo ο . Wherefore alfo, the exceſs of 
the ſquare of DC or of DL above the ſquare of DN, that is, 
the ſquare of LN is to the ſquare of DC -as the exceſs of 
1:9c000 above 998929.475—, or as 1070.525+ to 10909029; 
and therefore, LN is to DC as 32.718874 to 1oco, ſor the 
fquare of 32.71887 is Teſs than 1070. 52 5. Therefore, LN 
has to DC a greater ratio t than 32.1887 to 1000, and 96 
times LN, or half the perimeter of the inſcribed polygon of, 
g5 fides, has to the ſemidiameter DC a greater ratio than that 


of 32.71887x96 to 1009; therefore alſo, the whole perimeter 
of the polygon has to the whole diameter AC a greater ratio 


than 32-71887X90, or than 3141.012522 has to 1000. Now, 
the circumference of the circle is greater than the perimeter of 
the inſcribed polygon, therefore the circumference of the circle 
has to the diameter a greater ratio than 314x.01252 has to 
1:00. But the, ratio of 314 1.01252 to 1000 is greater than that 


10 N 
oz and to 1. Wherelore, the exceſs of the circumfe- 
71 
rence above three times the diameter is greater than 10 of 
thoſe parts Whereof the diameter contains 71 ; and it has al- 
ready been ſhewn to be leſs than one ſeventh of the dia- 
meter. Therefore, &c. Q. E. D. 


Cor. 1. Hence, tlie diameter of a circle being given, the 
arcumference may be found nearly, by making as 7 to 22, 
o the diameter to a fourth proportional, which will be greater 


a 10 : 
than the circumference. And, if as 1 to 3 and 75 ſo the dia- 


meter to a fourth proportional, this will alſo be nearly equal to 
he circumference, but will be leſs than it. 
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kn—y— Cor. 2. Becauſe the difference between and — is — 
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10 1 

| AT a. 
therefore the lines found by theſe proportions differ by 2 of 
the diameter. Therefore, the difference of either of then 


from the circumference muſt be leſs than the 497th part « 
the diameter. 9 


Cor. 3. The ratio of a circle to the ſquare of irs diame. 
ter 13 nearly that of 11 to 14. For the ratio of the cir. 
cumference to the diameter is that of 22 to 7 nearly, and 
therefore, the ratio of half the circumference to the diame- 
ter, is nearly that of 11 to 7; and dhe ratio of half the dis. 
meter to the whole is that of x to 2; therefore, the ratio com. 
pounded of theſe, that is, of the rectangle under half the 
circumference and half the diameter, to the ſquare of the dia. 
meter is that of 11 to 14, nearly. But the rectangle under 
half the circumference and half the diameter is equal to the 
circle n; therefore, the circle is to the ſquare of the diame- 
ter as I1 to 14 nearly. > 


Cor. 4. It is evident, that the method uſed in this propo- 
ſition for finding the limits of the ratio of the circumference 
to the diameter may be carried to a greater degree of exact. 
neſs, by finding the perimeter of an inſcribed, and a circum- 
ſcribed polygon of a greater number of fides than 96. Thu 
by inſcribing in the circle a polygon of 40960 ſides, and de- 
ſcribing about it another of the ſame number of ſides, it may 
be demonſtrated, that the ratio of the circumference to the 
diameter 15 


leſs than that of 314159266 to 100000009. 


greater than that of 314159265 to 100ccocoo, but 
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F from any point in the circumference of the 

baſe of a cylinder a ſtraight line be drawn per- 
pendicular to the plane of the baſe, it will be 
wholly in the cylindric ſuperficies. 


Let ABCD be a cylinder, of which the baſe is the circle 
AEB, DEC the circle oppoſite to the baſe, and GH the axis; 
from E, any point in the circumference AEB, let EF be 
drawn perpendicular to the plane of the circle AEB; the 
ſtraight line EF is in the ſuperficies of the cylinder. 

Let F be the point in which EF 
meets the plane DFC oppoſite to 
the baſe; join EG and FH; and II 
let AGHD be the reQangle a by the D N 
revolution of which the cylinder | 
ABCD is deſcribed. 

Now, becauſe GH is at right | 
angles to GA, the ſtraight line | 
which by its revolution deſcribes 
the circle AEB, it is at right 
angles to all the ſtraight lines in the | 
plane of that circle which meet it / | 
in G, and it is therefore at right 3 
ingles to the plane of the circle N ( * 
AEB. But EF is at right angles E. 8 
to the ſame plane; therefore, EF 
an) GH are parallel b, and in the ſame plane. And fince the b 6. 7. 
plane through GH and EF cuts the parallel planes AEB, 

JEC in the ſtraight lines EG and FH, EG is parallel to FHe. © 14. 7. 
the figure EGHF is therefore a parallelogram, and it has the 
angle EGH a right angle, therefore it is a rectangle, and is 
equal to the rectangle AH, becauſe ELG is equal to AG. 
Therefore, when in the revolution of the rectangle AH, the 
iraight line AG coincides with EG, the two rectangles AH 
nd EH will coincide, and the ftraight line AD will 4 
| incide 


C ar. def. >. 
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Book VIII. incide with the ſtraight line EF. But AD is alwazs in tie 

N n RF 5 50 o 8 
uperſicies of the cylinder, for it deſcribes that ſuverſicies; 
therefore, ELF is alſo in the ſuperficies of the cylinder 


Therefore, &c. Q. E. D. ? 


PROP. X. THEOR. 


CYLINDER and a parallelepiped having 
equal baſes and altitudes are equal to one ang. 
ther. 


Let ABCD be a cylinder, and EF a parallele piped having 
equal baſes, viz. the circle AGB and the parallelogram ER, 
and having alſo equal altitudes ; the cylinder ABCD is equi! 
to the parallelepiped EF. 


* 0 Qs, 
/ 


| -B . 2 


K . PRN 


d 


If not, let them be unequal; and firit, let the cylinder ':: 
leis than the parallelepiped EF; and from the parallelepipcd 
EF let there be cut off a part EQ_ by a plane PQ parallel to 
NF, equal to the cylinder ABCD. In the circle AGB in. 
ſcribe the polygon AGKBLM that ſhall differ from the circle 
by a ſpace leſs than the parallelogram PH, and cut off from 
the parallelogram FH, a part OR equal to the polygon 
AGKEBLM. The point R will fall between P and N. On 
the polygon AGKBLM let an upright priſm AGBCD be con. 
ſtituted of the ſame altitude with the cylinder, which will 

3 | there! oc 
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es in tlie 
eriicies : 
Funder, 


he priſm AGBC, becauſe its baſe is equal to that of the 
iſm, and its altitude is the ſame. But the priſm AGBC is 
6 than the cylinder ABCD, and the cylinder ABCD is e- 
nal to the parallelepiped EQ, by hypotheſis; therefore, ES 
; les than EQ, and it is alſo greater, which is impoſſible. 
e cylinder ABCD, therefore, is not leſs than the paral- 
lepiped EF; and in the ſame manner it may be ſhewn 
ot to be greater than EF. Therefore they are equal, 
E. D. f 


having 
e and. 


having 
m ER, 


18 equal 


Ar 


—H 


AL PRO P. 


ider be 
lepipcd 
rallel to 
GB in- 
e circle 
{f ſrom 
polygon 
J. On 
be con- 
ch will 
1ereior 


herefore be leſs than the cylinder becauſe ir is within it b; Book VIII 
d if through the point R a plane RS parallel ro NF be 
ade to paſs, It will cat off the parallelepiped ES equal to b g. 8. 
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PROP. XI. THE OR. 


* 


TF a cone and a cylinder have the ſame baſe and 
1 the ſame altitude, the cone is the third part e cone 
the cylinder. * he cone 


Let the cone ABCD, and the cylinder BFK G have th 
ſame baſe, viz. the circle BCD, and the ſame altitude, viz. th 
perpendicular from the point A upon the plane BCD, tle 
cone ABUD is the third part of the cylinder BFKG. 

If not, let the cone ABCD be the third part of anothe 
cylinder LM NO, having the ſame altitude with the cylinde 
BFKG, but let the baſes BCD and LIM be unequal; anc 
ſtrſt, let BCD be greater than LIM. 


Fah 

altit 
n the | 
cribed 
udes v 
ſhall di 


he con 


Let A 
let CD 
ſquares | 
hus con 
rhich is 
miſphere 
lefcribe. 
bale the 
BC, wha 
en ſolic 
iemifph 
lo that t] 
and the 

Upon 
tuted eg 


Then becauſe the circle BCD is greater then the ci 

LIM, a polygon may be inſcribed in BCD, that ſhall dif 

2 4. 5, from it leſs than LIM does, a and which, therefore, will | 
greater than LIM. Let this be the polygon BECiY 
and upon BECFD let there be conſtituted the pyran 
ABECEFD, and the priſm BCFKHG. | 
Becauſe the polygon BECFD is greater than the cr 
LIM, the priſm BCFKHG, is greater than the cylinc 
2 : LMN 
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LMNO, for they have the ſame altitude, but the priſm has Bock VIII. 
e greater baſe. But the pyramid ABECFD is the third 

art of the priſm b BCFKHG, therefore, it is greater than b 35. 7. 
je third part of the cylinder LMNO. Now, the cone 
\BECFD 1s, by hypotheſis, the third part of the cylinder 

MNO, therefore, the pyramid ABECED is greater than 

ie cone ABCD, and it is alſo leſs, becauſe it is inſcribed in 

ge cone, which is impoſſible. Therefore, the cone ABCD 

not leſs than the third: part of the cylinder BFKG : And, 


aſe and 
part q 


have then the ſame manner, by circumſcribing a -polygon about the 
e, viz. eile BCD, it may be ſhewn, that the cone ABCD is not 
CD, rater than the third part of the cylinder BFK G, there- 


f anothe 
; cylinde 
nal; an 


ore, it 15 e to the chird part of that cylinder. Q. E. D. 


8 


Fa hemiſphere and a cone have equal baſes. and 

altitudes, a ſeries of cylinders.may be inſcribed 
n the hemiſphere, and another ſeries may be de- 
cribed about the cone, having all the ſame alti- 
udes with one another, and ſuch that their ſum 
ſhall differ from the ſum of the hemiſphere, and 
he cone by a ſolid leſs than any given ſolid. 
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Let ADB be a ſemicircle, of which the centre is C, and 
let CD be at right angles to AB; let DB and DA be 
quares deſcribed on DC, draw DE and let the figure 
hus conſtraQted revolve about DCG: then, the ſector BUD, 
vhich is the half of the ſemicircle ADB, will deſcribe a hie- 
miſphere having C for its centre a, and the triangle CDE will a 14. def. 
leſeribe a cone, having its vertex at C, and having for its 7. 
dale the circle b deſcribed by DE, — to that deſcribed by » 18. def. 
BC, which is the baſe of the hemiſphere. Let W be any gi- 7 
en ſolid. A ſeries of cylinders may be inſcribed in the 
iemifphere ADB, and another deſcribed about the cone ECL, 
lo that their ſum ſhall differ from the ſum of the hemiſphere 
and the cone, by a ſolid leſs than the ſolid Wi 
the cine Upon the baſe of the hemiſphere let a cylinder be conſti- 
cylindq g uted equal to W, and let its altitude be CX. Divide GD 

LMN | into 
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ylinders 
wal tO t! 
leſs than | 
| \orefore 
and the 
given fol 


Book VIII. into ſuch a number of equal parts, that each of them ſhall h 
es than CX; let theſe be CH, HG, GF and FD. Throug 
the points F, G, H, draw FN, GO, HP parallel to CB, meet 
ing the circle in the points K, Land M; and the ſtraight lin 
CE in the points Q, R and S. From the points K, L, M dn 
Kf, Lg, Mu perpendicular to GO, HP and CB; and from ( 
R and 8, draw Qq, Rr, 5s perpendicular to the fame lines. 
is evident, that the figure being thus gonſtructed, if the whol 
revolve about CD. the rectangles Ff, Gg, Hh will deſcrh 


6 20. def. · cylinders © that will be circumſcribed by the h<miſphen HI 
5 BDA; and that the rectangles DN, Fq, Gr, Hs will alſo de P! 
ſcribe cylinders that will circumſcribe the cone ICE. Noy ſcribed 
it may be demonſtrated, as was done of the priſms inſcribed i ¶ cone, is 
4 33 7. a pyramid d, that he ſum of all the cylinders deſcribed with and alt! 
the hemiſphere, is exceeded by the hemiſphere by a ſolid dc 

than the cylinder generated by the rectangle HB, that is, Tor * 
py | to revol 
A I | D { E miſphere 
i | 5 | tion of t 
4 3 ſc:1bed a 
ul F * K ON N revolutic 
7 the cylix 
11 3 Let L 
þ 9 | 1 q 0 then, be 
4 >, es circles « 

pl H 7 F 8 P to the 
I. » 2 8 now C( 
1 * 5 and the 
KT on 1 
5 118 | with th 
3 a ſolid leſs than W, for the cylinder generated by HB is he rev 
if than W. In the ſame manner, it may be demonſtrated, ti Sether e 
4 the ſum of the cylinders circumſcribing the cone ICE is greal about th 
4 er than the cone by a ſolid leſs than the cylinder generated ſtand up 
#5 the rectangle DN, that is, by a ſolid leſs than W. Then altitude 
4 fore, fipce the ſum cf the cylinders inſcribed in the hem mami 
nn | Phere, together with a ſolid leſs than W, is equal to the | linders 
4 miſphere; and, ſince the ſum of the cylinders deſeribę i We the 
4M about the cone is equal to the cone together with a ſol GP. 4 
| leſs than W; adding equals to equals, the ſum of all thi fore th, 
cylinders, together with a ſolid leſs than W, is equal to the ſu and by 
of the hemiſphere and the cone together with a ſolid | the cyli 


than W. Therefore, the diſference between the whole of th tac lam 


\ | cylinde 
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n ſhall Hyünders and the ſum of the hemiſphere and the cone, is e- Bock Y. 
Throne ual to the difference of two ſolids. which are each of them Eft 


B, mes es than W; but this difference muſt alſo be leſs than W, 
aight ling therefore the difference between the two ſeries of cylinders 
„Man ad the ſum of the hemiſphere and cone is leſs than the 
from Oven ſolid W. Q. E. D. 

e lines. | | 

＋ — Nong. | 
emu HE ſame things being ſuppoſed as in the laſt 


II alſo de 
L. Now 
ſcribed i 
ed withu 
ſolid del 
hat 1s, b 


propoſition, the ſum of all the cylinders in- 
ſcribed in the hemiſphere, and deſcribed about the 
cone, is equal to a cylinder, having the fame baſe 
and altitude with the hemiſphere. 


nn 


Let the figure DC B be conſtructed as before, and ſuppoſed 
to revolve. about CD ; the cylinders inſcribed in the he- 
E miſphere, that is, che cylinders deſcribed by the revolu- 
e tion of the rectangles Hb, Gg, Ff, together with thoſe de- 
ſe ibed about the cone, that is, the cylinders deſcribed by the 
—N rerolution of the rectangles Hs, Gr, Fq, and DN, are equal to 
| the cylinder deſcribed by the revolution of the rectangle DB. 
Let L be the point in which GO meets the circle + DB, 
O ben, becauſe CGL is a right angle if CL be joined, the 
circles deſcribed_ with the diſtances CG and GL are equal 
P to the circle deſcribed with the diltance CLA or GO ; a2. cor. 6. 
now CG is e ual to GR, becauſe CD is equal to DE, 8. 
and therefore allo. the circles deſcribed with the diſtances: 
GR and GL are together equal to the circle deſcribed 
with the diſtance GO, that is, the circles deſcribed by 
the revolution of GR and GL about the point G, are to- 
gether equal to the circle deſcribed by the revolution of GO 
about the ſame point G; therefore alſo, the cylinders that 
ſtand upon the two firſt of theſe circles having the common 
altitude GH, are equal to the cylinder wi ich ftands on the re- 
maining circle, andwhich has the ſame altitude GH. The cy- 
linders deſcribed by the revolution of the re angles Gg and Gr 
are therefore equal to the cylinder deſcribed by the reCtai:gle 
GP. And as the ſame may be ſhewn of all the reſt, there- 
fore the cylinders deſcribed by the. rectangles Hh, Gg, Ff, 
and by the rectangles Hs, Gr, Fq, DN, are together equal to 
the cylinder deſcribed by D, that is, to the cylinder having 
the ſame baſe and alutude with the hemiſphere. Q. E. D. 
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bin. | 1 
PROP XIV. 


4 


"VERY ker is two wirds K. Ve, circum. 
{cribing cylinder. 


Let the figure be conſtructed as in the two laſt propoſitions, 
and if the-hemiſphere deſcribed by BDC be not equal to two 
thirds of the ey kinder deſeribed by BD. let it be greater by 

| the ſolid W. Then, as the cone Heſoribed by CDE is one 
a 10. 8. third of the cylinder 2 deſcribed by BD, — cone and the 
hemiſphere together will exoceſl the cylinder * W. But 


* 4 . 
Y 
2 * 1 * . 7 

433; x7: Dag — B 


5 chat r is equal to the for of all the lt de- 
3. ** ſcribed by the rectangle Hh, Gg, Ff. Hs, Gr, Fq, DN"; 
therefore the hemiſphere and the cone added together cx- 
ceed the ſum of all theſe cylinders by the given ſolid W; 
© 12. 8. hich is abſurd, for it has been ſhewn c, that the hemiſphere 
and the cone together differ from the ſum vf [thercylinders by 
a ſolid leſs than W. The hemiſphere is therefore equal to two 
thirds of the cylinder deſcribed by the rectangle BD; and 
therefore the whole ſphere is equal to two thirds of the cy- 
linder deſcribed by twice the rectangle BD, 5 _ to two 

thirds of the circumſcribing cylinder. Q. E. D. 
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PLANE TRIGONOMET Rx. 


LEMMA I. 


N angle at the centre of a circle is to four 
right angles as the arch on which it ſtands is 
to the whole circumference. 


Let ABC be an angle at the centre of the circle ACF, 
ſtanding on the circumference AC : the angle ABC is to 
four right angles as the arch AC to the whole circumference 
ACF. | 

Produce AB till it meet the circle in E, and draw DBF 
perpendicular to AE. 
Then, becauſe ABC, 
BD are two angles at 
e centre of the circle 
\CF, the angle ABC 
5 to the angle ABD 
s the arch AC to the 
arch AD, (36. 6.); and 
herefore alſo, the angle 
ABC is to four times the 
angle ABD as the arch 
\C to four times the arch 
D (4. 5.)- 


ich AD is equal to the whole eircumference ACF; there- 
U tore, 
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fore, the angle ABC is to four right angles as the arch AC . 
the whole circumference ACF. 


Cor. Equal angles at the centre of different circles ſtand , 
arches which have the ſame 
ratio to their circumferences. 
For, if the angle ABC, at 
the centre of the circles 
ACE; GHK, ſtand on the 
arches AC, GH, AC is to 
the whole circumference of 
the circle ACE, as the angle 
ABC to four right angles; 
and the arch HG is to the 
whole circumference of the 
circle GHK in the ſame ra- 
tio. Therefore, &c. 


DEFINITIONS. 


J. 


IF. two ſtraight lines interſe& one another in the centre of: 
circle, the arch of the circumference intercepted betwee 
them 1s called the meaſure of the angle which they con- 
tain. Thus, the arch AC is the meaſure of the angle 
ABC. 


II. 


If the cirenmference of. a circle be divided into 360 equi 
parts, each of theſe parts is called a degree; and, if a d- 
gree be divided into 60 equal parts, each of theſe 1s called: 

minute; and, if a minute be divided into 60 equal parts, each 
of them is called a ſecond, and fo on. And as many de. 
grees, minutes, ſeconds, &c. as are in any arch, ſo many 
degrees, minutes, ſeconds, &c. is {aid to be in the angle mea. 
ſured by that arch. 


Cor. 1. Any arch is to the whole circumference of which 
it is a part, as the number of degrees, and parts of a degree 


contained in it, is to the . 360. And any angle , t0 
| our 


| 


four right 
gree in tl 


CoR. 2 
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contain tl 
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in each 0 


he ſegt 
extrer 
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angle 
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four right angles as the number of degrees and parts of a de- 
gree in the arch, which is themeaſure of that angle, is to 360. 


Cok. 2. Hence alſo, the arches which meaſure the ſame 
angle, whatever be the radii with which they are deſcribed, 
contain the ſame number of de , and parts of a degree. 
For the number of degrees and parts of a degree contained 
in each of theſe arches has the ſame ratio to the number 360, 
that the angle which they meaſure has to four right angles 
(Cor. Lem. 1.). 

The degrees, minutes, ſeconds, &c. contained in any arch 
or angle, are uſually written as in this example, 49“. 36-. 
24”. 42”; that is, 49 degrees, 36 minutes, 24 ſeconds, and 
12 thirds. | | 


III. 


Two augles which are together equal to two tight angles, or 
two arches which are together equal to a ſemicircle, are 
called the ſupplements of one another. 


IV. 


A ſtraight line CD drawn through C, one of the extremities 
of the arch AC perpen- 
dicular to the diame- 
ter paſſing through the 
other extremity A, is 
called the Sine of the 
arch AC, or of the angle 
ABC, of which AC is F 
the meaſure. 


atre of: 
betwee 
hey con- 
he angle 


60 equil 
if a de. 

alled 
ee 1 Cok. The fine of a qua- 


any de. drant, or of a right angle, ; I 
ſo mani is equal to the radius. 
gle mei. 


W. 
he ſegment DA of the diameter paſſing through A, one 
a degree extremity of the arch AC, between the fine CD, and that 


agle 151088 extremity is called the Yer/ed /ine of the ach AC, or of the 
foul angle ABC. « 
U 2 | VI. 
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28 


A ſtraight line AE touching the circle at A, one extremity 
of the arch AC, and meeting the diameter BC paſſing 
through the other extremity C in E, is called the Tangent 
of the arch AC, or of the angle ABC. 


Cox. The tangent of half a right angle is equal to the n. 
dius. 


* 


VII. 


| The ſtraight line BE between the centre and the extremity 
of the tangent AE, is called the Secant of the arch AC 
or of the angle ABC. 


Cor. to Def. 4. 6. 7. the fine, tangent, and ſecant of an; 
angle ABC, are likewiſe the fine, tangent, and ſecant of us 


ſapplement CBE. | The dif 
It is manifeſt from Def. 4. that CD is the fine of the angle 2 
CBF. Let CB be produced till it meet the circle again in 2 
I; and it is manifeſt, that AE is the tangent, and BE the Jaw”, 
fecant, of the angle ABI or CBF, from def. 8. 7. Taue 
Cor. to Def. 4. 5. G. 7. The ſine, verſed * tangent, and hk 
ſecant of an as, which 1 18 F C 


the meaſure. of any giv 
angle ABC 1s to * 
verſed ſine, tangent and 
ſecant, of any other arch. 
which is the meaſure of 
the ſame angle, as the 
radius of the firſt arch is B 
to the radius of the ſecond, ente "OMD 
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Let AC, MN be meaſures of the angle ABC, according to 
Def. x. CD the ſine, DA the * ſine, AE the tangen WM The fir 
and BE the ſecant of the arch AC, according to def. 4. ä zs ca 
6. 7. and NO the fine, OM the verſed fine, MP the tan: | Thu 
gent, and. BP the ſecant of the arch MN, according to 1 the: 


ſat ſame 
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ſame definitions. Since CD, NO, AE, MP are parallel, 

CD is to ND as the radius CB to the radius NB, and AE 

to MP as AB to BM, and BC or BA to BD as BN or BM 

to BO; and, by converſion, DA to MO as AB to MB. 

' Hence the corollary is manifeſt. And therefore, if tables F 
be conſtructed, exhibiting in numbers the fines, tangents, 

ſecants, and verſed fines of certain angles to a given radius, 

they will exhibit the ratios of the fines, tangents, &c. of 

the ſame angles to any radius whatſoever. 


In ſuck tables, which are called trigonometrical tables, the 
radius is either ſuppoſed 1, or ſome number in the ſeries 
10, I00, 1090, &c. The uſe and conſtruction of theſe 
tables will appear from what follows. 


unt of its VIII. 


The difference between any angle and a right angle, or be- 
he ad tween any arch and a 
again 5 quadrant, is called the 
| BE the complement of that 
angle, or of that arch. 
Thus, if BH be perpen- 
dicular to AB, the angle 
CBH is the complement — 
of the angle ABC, and 7 
the arch HC the com- 
plement of AC; alſo the 
complement of the ob- 
tuſe angle FBC is the 
angle HBC, its exceſs a- | 1 
oy a right angle ; and the complement of the arch FC is 

C. 


rent, and 


* 
' — 
89 © * 


rding to | "a IX. 

tangen 8 The ſine, tangent; or ſecant of the complement of any angle 

lef. 4. is called th coſine, cotangent, or coſecant of that angle. 

the ta; | Thus, let CL or DB, which is equal to CL, be the fine of 

to tie the angle GBH; HK the tangent, and BK the ſecant of the 
laue ' fame angle; CL or BD is the coſine, HK the cotangent, 


and BK the coſecant of the angle ABC. 
U 3 Cor. 
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1 
Cor. 1. The radius is a mean proportional between the tw CBA, ( 
gent and co-tangent of any angle ABC. CE: EG 
tangent C 
For, ſince HK, BA are parallel, the angles HKB, ABC ws 
equal, and KHB, BAE are right angles; therefore tee Cox. 1 
triangles BAE, K HB are ſimilar, and therefore AE ade adjac 
to AB, as BH or BA to HK. the ſecan 
CBA be 
Cos. 2. The radius is a mean proportional between the co CA: CI 
fine and ſecant of any angle ABC. 
CoR. * 
Since CD, AE are parallel, BD is to BC. or BA, as BA u from an) 
BE. poſite ſid 
ſide are t 
PROP. 1 gents of 
oppoſite 
* a right angled plain triangle, as the hypote 1 
j nuſe to either of the tides, ſo the radius to the erpendi 
line of the angle oppoſite to that fide ; z and as ei. each ot 
ther of the ſides is to the other fide, fo is the radius: D. 
to the W of the an gle oppoſite to that ſide, ere fore 
Let ABC be a right angled plane triangle, of which BC i: 
the hypotenuſe. From the centre C, with any radius CD, 
deſcribe the arch DE ;* draw DF at right angles to CE, and, 
from E draw EG touching the circle in E, and meeting CB H] 
in G: DF is the fine, and EG the tangent of the arch DL a 
or of the angle C. | 
The two triangles DFC, BAC are equiangular, becauſe the * 
angles DFC, BAC are | yrs 
right angles, and the angle | 4 FD 
at C is common. There- g * 4 : 
fore, CB: BA:: CD: DF; Ae l 
but CD is the radius, and 10 & 
DE the fine of the angle es 
C (def. 4: )J, therefore e 
CB: BA:: R: fin. C. AR. . 
Alſo, "EL EG touch- 1 
es the circle in E, CE G is 2 
ſtrated, t 


a fight angle, and there- 
fore equal to the angle 
BAC; and ſince the angle at C is common to the triangle 
CBA, 
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CBA, CGE, theſe triangles are equiangular, wherefore 
CE: EG: : CA: AB; but CE is the radius, and EG the 
tangent of the angle C; therefore, CA: AB:: R: tan. C. 


Cor. 1. As the radius to the ſecant of the angle C, ſo the 
gde adjacent to that angle to the hypotenuſe. For CG is 
the ſecant of the angle C (def. 7.), and: the triangles CGE, 
CBA berng equiangular, CA: CB : : CE: CG, that is, 
the co. CA: CB :: R: ſec. C. 


Co. 2. In every triangle, if a perpendicular be drawn 
s BA u from any of the angles on the op- & 
polite fade, . the ſegments of that 
ſide are to one another, as the tan- 
gents of the parts into which the 
oppoſite angle 1s divided by the 
perpendicular. For, if in the 
riangle ABC, AD be drawn 
perpendicular to the baſe BC, 
as ei. each ot the triangles CAD, ABD being right angled, 
> radiuMAD :DC::R: tan. CAD, and AD: DB: R: tan. DAB; 
ide. therefore, ex quo, DC DB: tan. CAD : tan. BAD. 


hypote. 
S to the 


ius CD, .. 
CE, and . , | 
ting Ch HE ſides of a plain triangle are to one another 


ch DL, 


as the fines of the oppoſite ang les. 
cauſe the | 


. 


From A any angle in the triangle ABC, let AD be drawn 
perpendicular to BC. And be- A 
auſe the triangle ABD is right | 
angled at D, AB: AD::R: 
lin. B; and, for the ſame reaſon, 
\C:AD::R: fin. C, and in- 
erſelx, AD:AC:: fin. C: R 
herefore, ex gj perturbate, 
AB: AC:: fin. C: ſin. B. In the 


— \ lame manner, it may be demon- 


5 
rated, that AB: BC :: fin. C: fin. A. Therefore, &c. QE. B. 
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PLANE TR GONOMETRY, 


or LK being the ſine of AB, 

DK is the ſum of the fines 

of the arches AC and AB, 

and CK the difference of g 
their fines: DB alſo is the © 
ſum of the arches AC and 
AB,becauſe AD is equal to 
AC, and BC is theirdiffer- 
ence. Now, in the triangle 
DFC, becauſe FK isperpen- | 
dicular to DC, (cor. prop. 

1.) DK: KC:: tan. DFK: tan. CFK; but tan. DFK=tan. 7 BD, 


becauſe the angle DFK (20. 3.) is the half of DEB, and 
is therefore meaſured by half the arch DB. For tht 


CoR. 1 

l ; FK 15 the 

N FK: KB 

HE ſum of the ſines of any two arches of: 8 

circle, is to the difference of their fines, x; Ts 

the tangent of half the ſum of the arches to the tan. ¶ Mat is, F 

gent of half their difference. hs coll 

fame coſi 

Let AB, AC be two arches of a circle ABCD; let E Hd the tar 
the centre, and AEG the diameter which paſſes through A, 

Draw BF parallel to AG, meeting the circle again in F. Dry Cor. : 

BH and CL perpendicular to AE, and they will be the ſine 0 g0?, t 

of the arches AB and AC; produce CL till it meet the circk to the ra 

again in D 3 join DF, FC, DE, EB, EC. | above D 

Now, {ince EL from the centre is perpendicular to CD, i equal to 

biſects CD in L, and alſo ä that is, t. 

the arch CD in A; D is ſum of t 

therefore equal to the ſine C is to the 

of the arch AC, and BH F /1 RB ference | 


[| 


ſame reaſon, tan. CFK= tan. 4 BC ; and conſequently, 
DK: KC: tan. 2 BD : tan. + BC. But DK is the ſum 0 


the fines of AB and AC; KC the difference of their fines; 
BD is the fum of AB and AC, and BC their difference. 
Therefore, &c. Q. E. DP). 1085 


Con. 
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Cor. 1. Becauſe EL is the coſine of AC, and EH of AB, 
K is the ſum of theſe coſines, and KB their difference, Now, 
FK: KB:: tan. FDK : tan. BDK; and tan. FDK= co-tan. 
DFK, becauſe DFK is the complement of FDK ; therefore, 
al;. KB: : co-tan. DTK tan, BDK ; 
nes, az 
he tan mat is, FK : KB : : co-tan. + DB: tan. + BC, The ſum of 


the coſines of two arches is therefore to the difference of the 
fame coſines, as the co-tangent of half the ſum of the arches 
et E beo the tangent of half their difference, 
ugh A 
Dr Cor. 2. If the two arches AB and AC be together equal 
the ſine to 90?, the tangent of half their ſum, that is, of 459, is equal 
he circk Wi to the radius. And the arch BC being the exceſs of Þc 
above DB, or above 90, the half of the arch BC will be 
Cb, i equal to the exceſs of the half of DC above the half of DB, 
that is, to the exceſs of AC above 459; therefore, when the 
ſum of two arches is 90, the ſum of the fines of thoſe arches 
is to their difference as the radius to the tangent of the dit- 
B ference between either of them and 459, 
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PLANE TRIGONOMETRY. 


PROP. IV. 


HE ſum of the ſides of any plane triangle is tg 

their difference, as the: tangent of half the 
ſum of the angles at the baſe of the triangle, to the 
tangent of half their difference. 


Let ABC be any plain triangle ; 


| p 1 
CA+AB: CA—AB: : tan. — : tan. — 0 
For (Prop. 2.) CA: AB:: ſin. B: ſin. C; 
and therefore, by compoſition and diviſion, 
CA+AB:CA—AB:: fin. B + fin. C: fin. B — fin, C. 
But, by the laſt, fin. B + fin. C : fin. B— fin. C: : 

B+C B-C 


£ : tan. 1 therefore alſo, 


dan. 


CA+AB:CA—AB:: tan. B W Q. E. D 
| 2 2 


A 


B 


. 


N a plane triangle, if the perpendicular drawn to 
the baſe from the oppoſite angle fall within the 
triangle, the baſe is to the ſum of the ſides as the 
difference of the fides to the difference of the ſeg- 
ments of the baſe ; but, if the perpendicular fall 
without the triangle, the baſe is to the ſum of tlic 
ſides as the difference of the ſides to the ſum of the 


ſegments of the baſe. 1 
if 


Let A 
to the bs 

1. Le 
with the 
circle b. 
AB pro 
and CB 
feſt, that 
BE the 
ſides; : 
drawn f1 
pendicul 
equal to 
BG is t 
and DB. 
ments 0 
rectangl 
the rect 
CB: BF 
of the f 
the ſegn 

2, Le 
triangle, 
ſtrated - 
that CB 
now, B( 
and DB 
DB, or 
ments C 
fore, wl 
lar falls 
the baſe 
hdes, as 
hides to 


Cor. 
when tl 
of the 1 
and, wt 
out the 
is leſs o. 


kalls une 
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Let ABC be a plane triangle, and AD the perpendicular 
to the baſe from the oppoſite angle A. 
le is ty 1. Let AD be within the triangle. From A as a centre, 
alf the with the diſtance AC, the greater of the two fides, let a 
„to the diele be deſcribed meetin | 
AB produced in E and F, 
and CB in G. It is mani- 
ſeſt, that FB 1s the ſum, and 
BE the difference of the 
fides; and, ſince AD is 
drawn from the centre per- 
pendicular to CG, CD is 
equal to DG, and therefore, 
C. BG is the difference of DC 
and DB, that is, of the ſeg- 
ments of the baſe. Now, the 
rectangle BG is equal to 
the rectangle FBE (35. 3.); and therefore, 

E. D CB: BF:: BE: BG (16. 6.), that is, the baſe is to the ſam 
phe: of the ſides, as the difference of the ſides to the difference of 

the ſegments of the baſe. 

2, Let AD be without the 
triangle. It will be demon- 
ſtrated as in the laſt caſe, 
that CB : BF:: BE: BG; 
now, BG 1s equal to GD 
and DB, that 1s, to CD and 
DB, or tothe ſum of the ſeg- 
ments of the baſe; there- 
tore, when · the perpendicu- G 
lar falls without the triangle, 
the baſe 1s to the ſum of the 
hides, as the difference of the E 


ſides to the ſum of the ſegments of the baſe. Q. E. D. 


TF 


" 
fY 
. } 
4 
1 
7 


* : 77 


— 


rr 


wn to Cor. The perpendicular AD falls within the triangle, 
in the hen the ſquare of the greater fide AC is leſs than the ſum 
1 of the quares on the other fide, and on the baſe (13. 2.); 

0 and, when the contrary happens, the perpendicular falls with- 
e leg, out the triangle. Therefore, according as the ſquare on AC 
Ar fall s leſs or greater than the ſquares on AB and BC, the triangle 
of the falls under the firſt or ſecond caſe of this propoſitien. 
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angles, to be provided with other methods of calculation; « 


PLANE TRIGONOMETRY. 


SCHOLIU M. 


The foregoing propoſitions contain all that is neceſſary i 
the ſolution of the different queſtions in plane trigonometry 
It 3s, however, uſeful in ſome of the caſes of oblique angled tr 


— account the following propoſitions are added. 


g 


P R O P. VI. 


| | 4 U 
F, as the greater of any two fides of a triangle t E 2 
BC: 


the leſs, ſo the radius to the tangent of a cer 
tain angle; then will the radius be to the tanger 
of the difference between that angle and half 
right angle, as the tangent of half the ſum of the 
angles at the baſe of the triangle to the tangent d 
half their difference. | | 


fic 
Let ABC be a triangle, the fides of which are BC and Cali”) two 
and the baſe AB, and let hird 1 
BC be greater than CA. Let 0 f the 1 
DC be drawn at right angles | dy the 
toe BC, and equal to AC; he rad 
join BD, and becauſe (Pro nclude 
1.) in the right angled tri- 
angle BCD, BC: CD:: R: P p 
ran. CBD, CBD is the angle, Let 
of which the tangent is to he grea 
the radius as CD to BC, that A. B Hagles t. 
is, as CA. to BC, or as the 1 Caſe 
leaſt of the two ſides of the triangle to the greateſt. . 
But BC CD: BC—CD : : tan. 2 (CDB+CBD) : 1 
ngle, 


tan. 2 (CDB—CBD), (Prop. 5. 
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nd alſo, BC CA: BCC A:: tan, 4 (CAB+CBAJ): 
m. 2 (CAB CBA). Therefore, ſince CD CA, 
an. < (CDB+CBD) : tan : : (CDB—CBD): : 


ceſſary t 

nomen r (CAB+CBA) : tan. 3 (CAB—CBA). But, becauſe 
ed tr | 

* ie angles CDB-+CBD= 90, tan. 4 (CDB+CBD) .- 


an. (CDB— ChD): : R: tan. (459—CBD), (2. cor. 
Prop. 3-) 3 therefore, R: tan. (4 3% 03D) 3 
m. + (CAB+CBA) : tan. „ (CAB CBA), and CBD 


angle t already ſhewn to be ſach an angle that ; 
” ce BC: CA:: R: tan. CBD. Therefore, &c. Q. E. D. 
tangen j | / 

half: 


of the 1 RO P. VE 
gent 3 
GUR times the rectangle contained by any two 

| ſides of a triangle, is to the rectangle contained 
y two ſtraight lines, of which one is the baſe or 
hird fide of the triangle increaſed by the difference 
f the two ſides, and the other the baſe diminiſhed 
dy the difference of the ſame ſides, as the ſquare of 
he radius to the ſquare of the fine of half the angle 


ncluded between the two ſides of the triangle. 


and CA 


Let ABC be a triangle, of which AB is the- baſe, and CB 
he greater of the two ſides. From B draw BD at right 
angles to AC. 

Caſe 1. When ACB. is an acute angle, fo that B falls 
athin the triangle. From the centre C, with the diſtance 
B, deſcribe the circle EBF, meeting AC produced in E and 
F. Join BE, BF; and it is evident, that EBF is a right 
angle, and alſo, that the angle EFB is half the angle _ 

en, 
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Then, (13. 2.) AC2+CB?, that is, Caſe 
AC?+CE?=AB?+ 2AC. CD. But, (7. 2.) lar DB 
AC2+CE2?= 2AC.CE+AE2?, therefore, AC. 


2AC.CE+AE2= AB2+ 2AC. CD; and if the rectangle AC. 
2AC. CD be taken from both, 2AC.CE—2AC.CD+AF: AC. C 
SAB 2, and therefore, becauſe 2AC.C 
2AC.CE—2AC.CD= 2AC.ED, 2AC.ED+ AE*=ap M=AB:* 
or 2AC.ED=AB*—AE?*. But (3. 4.) | | AC.C 
AB*—AE*=(AB+AE)(AB—AE), therefore, e 
2AC.ED=(AB+AE)N(AB—AE). 


Now, 

under th 

Again, AC:CE::2ACDE : 2CE.DE, becauſe reckange n f 
that have equal altitudes are as their baſes ; and, for the fame 0 Any p 

reaſon, 4AC.CE : 4CE* :: 2AC.DE : 2CE.DE, or alter. 1 he c 

nately, 4AC.CE : 2AC. DE:: 4CE* :2CE.DE. Now, J E 5 

40EizEF, and 2CE-DE=FE.DE=EB* (cor. 8. 6.) NE. 

therefore, 4A C. CE: 2AC. DE:: EF* : EB. But Cor. 

EF: EB::R:fin. EFB::R: fin. + C, whence, PHY 

EF: EB. R.: (fin. 2. C)), and therefore, AC.C: 

I X 2AC. C! 

4AC. CE: 2AC. DE:: R*: (ſin. 2 C).“ And it was proved, amel 
b 

that 2A C. ED (AB+AE)(AB—AE), therefore Da 


4AG.CE : (AB+AEMAB—AE) : : R* : (fin, +0)". 
Caſe % 


tan ole 
D+AE? 


"SAB\ 
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Caſe 2. Let C be an obtuſe angle, ſo that the perpendicu- 
lar DB falls without the triangle. Then, becauſe 
AC*+ CB*+ 2AC.CD=AB? (12. 2.), or AC*+CE* + ; 
>AC.CD=AB?; and becauſe AC*+CE*= 2AC.CE+AE,, 
>AC.CE+ 2AC.CD+ AE*= AB“. Now, 
;AC.CE+ 2AC.CD= 2AC.ED, therefore 2AC.ED+AE* 
AB. Therefore, it will be demonſtrated as before, that 


AC. CE: (AB+AE)(AB—AE) :: R.. (fin. C); 


Now, 4A C. CE, or 4A C. CB is four times the rectangle 
under the ſides, and AE being the difference of the fides, 
(AB+AE(AB—AE) is the rectangle which has for one 
of its ſides the baſe increaſed by the difference of the two 
ſides of the triangle, and for its other fide, the baſe diminiſhed 
by the ſame difference. Therefore, in any triangle, &c. 

Q. E. D. | | 


Cor. Becauſe BD is a right angle, BC: CD:: R: fin.CBD.; 
now, fin. CBD= coſ. C, therefore, BC : CD:: R: col. C, and. 
AC. CB: 2AC.CD : : R: coſ. C. But, (13. 2.) 

AC.CD=AC*+CB'—APB?, therefore, 
AC. CB: ACT+CB*?—AB*::R: col. C; that is, twice the 
ectangle AG. CB, is to the exceſs of the ſquares of AC and 

B above the ſquare of AB, as radius to the co-fine of the 
Included angle ACB. | 

| PROF. 


295 


m. —— * 


. 


1 
i 
#45 
* 
a 
» 
f 
IJ 

"Y 


— > 2 — —_ _ — — 2 . * 
8 — 2 = = 
TR RET 22 


7 


a 2 5 — — 


* 
* 


— 


PLANE TRIGONOMETRY. I 
| | | ides equ⸗ 

N . e baſe, 

riangle C 


OUR times the rectangle contained by any ty 
ſides of a triangle, is to the rectangle containg 
by two ſtraight lines, of which one is the ſum 9 
thoſe ſides increaſed by the baſe of the triangle, and 
the other the ſum of the ſame ſides diminiſhed hy 
the baſe, as the ſquare of the radius to the ſquare 
of the co-fine of half the angle included betwee 
the two ſides of the triangle. 


The ſame conſtruction being made as in the laſt propoſ 
tion, it is plain, that AF is the ſum, and AE the difference 
of the ſides AC and CB, and alfo, that the angle FEB is lul 
of the angle FCB. Now, if ACB be an acute angle 
AC?+CB?, or AC*+CF*=AB*+ 2AC.CD; add 
2AC.CF to both, and AC*+CF*+ 2AC. CF, that is, 
AF*=AB*+ 2AC.CD+2AC.CF; But 
2AC.CD+ 2AC.CF= 2AC.DF, becauſe CD+CF=DF, 
and therefore, AF*=AB*+ 2AC. DF; and 
2AC.DF= AF*'—AB*= (AF +ABY)(AF —AB), (2. 5.) Con. 

Again, AC : CF : : 2AC.DF : 2CF.DF, and 
4AC.CF : 4CF* : : : 2AC. DF: 2CF. DF; and alternatel;,col. 2 1 
4AC. CF: 2AC.DF :: 4CF* : 2CF.DF ; now, AB+A 
4CF*=EF*, and 2CF.DF=EF.DF=FB)?*, therefore, 
4AC.CF : 2AC.DF: : EF: FB? Bnt 
EF: FB:: R: fin. FEB, and fin. FEB= coſ. EFB, becauſ 
EFB is the complement of FEB, ſo that 


fin. FEB= coſ. 5 ECB; therefore, EF:FB : :R : coſ. ECB, 
and EF* : FB* ;:R* : (coſ. + ECB.) Therefore, 
4AC.CF : 2AC. DF: : R.: (col. ECB)?, or 
4AC.CB: (AF+AB)(AF—AB): :R*: (of. 4 ECB).* 


In the ſame way, when the angle C is obtuſe, it will be 
demonſtrated, that 4AC.CB : (AF+ABY(AF—AB) : : R. 


. (cof. 2 ECB). Now, 4AC.CBi3 is four times the re&ang| 


under the ſides, and AF being the ſum of the fides, 
(AF+AB)(AF—AB) is the rectangle which has one « | 
5 


* ©quo, 


coſ. 
But, coſ. 


Fherefor 
on (ta 


raight | 
riangle, 
gle din 
wo ſtra 
Ingle in 
dther th 
wo, as 1 
df half 
angle. 
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ides equal to the ſum of the ſides of the triangle increaſed by 
e baſe, and 1ts other fide equal to the ſum of the fides of the 
riangle diminiſhed by the baſe. Q. E. D. 
any te : | 
»Ntaine( F oy 
ſum 9 2 
ſhed h 
; ſquare | 
det wee 
3 ; 
C 
propoſ 
difference 
LB is hal | 
ngle D| FS 
d . 
it is, | A 
D, | E 
2. 5.) Cox. Becanſe 4AC. CB: (AF+AB)(AF—AB) :: R*: 
ternatels,ſ( coſ. + ECB)?, and alſo (prop. 7.) 4AC.CB : 
; AB+AEN(AB—AE) : : R: (fin. 3 ECB)“; therefore, 
1 (AFT AB) (AF—AB) :(AB+AE)(AB—AE): : 
, 
coſ. T ECB)“: (fin. 4 ECB)“. 
. ECB, But, col. L ECB: fin, ＋ ECB :: R: tan. I ECB; | 
herefore,(AF+AB)(AF—AB): (AB+AE)(AB—AE):: 
: (tan. ECB)“; that is, the rectangle contained by two 
CB). raight lines, of which one is the ſum of the three ſides of a 
rangle, and the other the ſum of two of the ſides of the tri- 
t will beagle diminiſhed by the third, is to the rectangle contained by 
) : : KN ſtraight lines, of which one is the third fide of the tri- 
angle increaſed by the difference of the other two, and the 
rectange cher the third fide diminiſhed by the difference of the other 
1 wo, as the ſquare of the radius to the ſquare of the tangent 
5 of it ff half the angle included between the two ſides of the tri- 
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LEMMA II. 
F there be two unequal magnitudes, half their 
difference added to half their ſum is equal t 
the greater; and half their difference taken from 
half their ſum is _ to the Jeſs. 


- 


Let AB and BC be two unequal magnitudes, of which A} 
is the greater; ſuppoſe AC biſefedin D, ,and AE equal © to BC, 
It is manifeſt, that AC is the 
ſum, and EB the difference A. — 1 ( 
of the magnitudes. And be- "a 
cauſe AC is biſected in D, AD is equal to DC; but AE i; 
alſo equal to BC, therefore PE is equal to DB, and DE «© 
DB is half the difference of the magnitudes, But AR i 
equal to BD and DA, that is to half the difference added u 
half the ſum ; and BC is equal to the exceſs of DC, half the 
ſum, above DB, hal: the difference. Therefore, &c. Q. E. D 
Cor. Hence, if the ſum and the difference of two magni 


tudes be given, the magnitudes themſelves may be found, 


SOLUTION of the Caſes of Right Angled 
Triangles. 


PROBLEM. 


N a right angled triangle of the three ſides ant 

three angles, any two being given, befides ti 

right angle, and one of thoſe two being a fide, 
is required to find the other three. 


The reaſon of the limitation i in this Prop. to thoſe caſes 
which at leaſt one fide is given, is manifeſt ; for, if the ang 
only be given, the ſides cannot be found, tbut only their n 
tios, which are the ſame with the ratios of the fines of the 0} 
polite angles. 


| 


des and 
ides tit 
, fide, 


ſe caſes ! 
the ang 
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of the 0} 
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It is evident, that when one of the acute angles of a right 
angled triangle 1s given, the other is given, being the com- 
plement of the former to a right angle; and alſo that the ſine 
of any of the acute angles is the co- ſine of the other. 

As this general problem admits of ſeveral caſes, the ſolu- 
tions or rules for calculation, which all depend on the firſt 
Prop. may be conveniently exhibited in the form of a table. 

When two fides of a right angled triangle are given in num- 
bers, the third may be found, either trigonometrically, as in 
the table, or by the 47th of the iſt of the Elem. Thus, be- 
cauſe BC. AB*+ AC", if AB and AC are given, BC is 
found, for it is the ſquare root of AB*+AC*. In the ſame 
manner, if AB and BC are given, AC is found, being the 
ſquare root of BC'— Ag“. 


| Griven.. SOUGHT.) SOLUTION. 


| CB and B, he AC: |R:fin.B:: CB: AC. 1 


hypotenuſe and LET = 
an angle. AB. R: coſ. B:: CB: AB. [1 


Sin. B: R:: AC: BC. 2 
R: tan. C:: AC: AB. 3 


| AC and C; a| BC. 
| ide, and one of 
the acute angles. AB, 


C and BA, hhe C. CB: BA:: R: fin. C. 4 


3 and a Ad. R: coſ. C: CB: Ac. 1 


"AC and AB C. AC: AB; R: tan. C. 
the two ſides. Ch. Coſ. C: R:: AC: CB. a 
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SOLUTION of the Caſes of Oblique Angled 


Triangles. 

Two 
them be 
| the othe 
PROBLEM. 


N any triangle of the three fides and 3 angle 
any three being given, and one of the three be- 
ing a ſide, it is required to find the other three. 


AC: 
fin. B: 
In thi 
being fo 
that ſine 
it may 
ambigui 
angle A 
would b 
two val 


leſs thai 


The reaſon of the reſtriction, that one of the things given 
muſt be a ſide, is evident; becauſe, if the angles only are gi. 
ven, the ſides of the triangle cannot be found, but only ther 
ratios, which are the ſame with the ratios of che fines of the 
oppoſite angles. 

In this problem there are four caſes, in each of which the 
ſolution depends on ſome of the foregoing propoſitions. 


angles t 
lame in 
CASE 1. Iupplem 
Two angles A and B, wy one fide AB, of a triangle ARC, 
being given, to find the other ſides. 
SQLUTION. Two 


being gi 


Becauſe the angles A and B are given, C is alſo given, be. C. 


ing the ſupplement of AB; and, (Prop. 2.) 
Sin. C: fin. A:: AB: BC, alſo A 
Sin. C: fin. B: AB: AC. | 


AB+-. 


Hence, b 


CASE 


PLANE TRIGONOME TRL. 


Two fides AB and AC, and the angle B oppoſite to one of 
them being given, to find the other angles A and C, and alſo 
the other {ide BC. 

ka SOLUTION. 
angles, | 
ree be- AC:AB:: fin. B: fin. C. Alſo, A 180 - B -C; and 
ee. fn. B: fin. A:: AC: CB, by caſe 1. | 


In this caſe, the angle C may have two values; for its ſine 

being found by the proportion above, the angle belonging to 

8s given Bhat fine, may either be that which is found in the tables, or 
are digit may be the ſupplement of it, (Cor. def. 4.). But this 
nly cher ambiguity is removed when AC 1s greater than AB, for the 


s of the angle ACB cannot in that cate be obtuſe, (otherwiſe AB 


would be greater than AC), and therefore the greateſt of the 
hich tle Hrvo values of C is neceſſarily excluded. When AC is 
* leſs than AB, C remains ambiguous, and there are two tri- 
angles that have the ſides AB, AC, and the angle B the 


ſame in both, but the angle oppoſite to AB in the one, is the 


ſupplement-of the angle oppoſite to A; in the other. 


le ABC 
CASE IM. 


Two fides AB and AC, and the angle A between them 
, being given, to find the other angles B and C, and alſo the fide 
wen, be- BC. | 

ICY SOLUTION. 
AB+AC: AB—AG : : tan. 4 (B+C) : tan. + (B-. 


Hence, by the 2d Lemma, B and C are found. 
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Otherwiſe, 


Find an angle E, ſuch that AB: BC: : R: tan. E; then 
R : tan. (45% E) : tan. (B+C) : tan. (Bc). Whence 


Band C are found, as before. 


To find BC. 
Having found B, fn. B: ſin. A:: AC: BC. 


CASE W. 


The three fides AB, BC, AC, being given, to find the 
angles A, B, G. 


SOLUTION 


Take F ſuch that BC : BA+AC : BA—AC :F, then F is 
either the ſum or the difference of BD, DC, the ſegments of 
the baſe, (Prop. If F be greater than BC, F is the ſum, 
and BC the dlterence of BD, DC; but, if F be Iefs than BC, 
BC 1s the ſum, and F the difference of BD and DC. In either 
caſe, the ſum of BD and DC, and their difference being gi- 
ven, BD and DC are found. 

Then, (prop. 1.) CA : CD: R: cot C; 
and BA: BD :: R: coſ. B; where fore C and B are given, 
and conſequently A. | 


Otherwil⸗ 
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Otherwiſe, 


Let D be the difference of the fides AB, AC, then, (prop. 3. 
AB. AC : (BC+D)(BC—D) : : R* : (fin. + BACY, or 
2/ AB.AC : / (BC+D)(BC—D) :; R : fin, + BAC. 


Let S be the ſum of the ſides BA and AC. Then (prop. 8.) 
AB. AC: ($+BC)(S—BC) : : R* : (fin. 4+ BAC)“ or 
/AB.AC : /(S+BCY(S—BC) : : R. cof. 2 BAC. 


Other ſolutions of this caſe might alſo be given from the 
corollaries to the th and 8th propoſitions, but the above are 
ſufficient, 1 . | 

When this caſe is reſolved by either of the two laſt rules, 
or without letting fall a perpendicular, the firft of the two is 
to be uſed when the angle ſought is acute; the ſecond when 
it is obtuſe; and it will always be known whether it is 
acute or obtuſe, by the ſquare of the fide oppolite to it being 
leſs'or greater than the ſquares of /the other two ſides. 
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PLANE TRIGONOMETRY. 


SCHOLIUM. 


In all the calculations performed by the preceding rule, 
tables of fines and tangents are neceſſarily employed, the con. 
ſtruction of which it is therefore proper to explain. Theſe 
tables uſually contain the fines, &c. to every minute of the 
quadrant from 1 to 90, and the firſt thing required to be done 
15 to compute the fine of 1. 


1. In the circle ABC the radius AD being unity, let BC be 
any arch, and CE its half; then, if DG the co-fine of BC be 
known, the co-fine of CE may be found. From E draw EH 
perpendicular to DC, fo that EH may be the fine, and DH 
the co-ſine of the arch CE. Join AB and BC, and let DQ he 
perpendicular to AB, then AB is biſected in Q. Now, the 


4 


triangles DHE, A are equal, the 


angle DAQ being 
equal to the angle EDH, (becauſe each of them is the halt 
of the angle CDB), and the angles DHE, AQD being right 
angles, and alſo the fide AD equal to the ſide DE; therefore 
DH is equal to AQ. And-becauſe ABC is a right angle, 
the rectangle CA, AG is equal to the ſquare of AB, (8. * 


that is, te 
fore, hal! 
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that is, to four times the ſquare of AQ or of DH ; and there- 
fore, half the rectangle DA, AH is equal to the ſquare of 
DH, that is, half the rectangle contained by the radius, and 
the ſum of the radius and the co-fine of an arch, is equal to 
the ſquare of the co- ſine of half that arch. And hence, this 
arithmetical rule, to the co-fine of any arch add the radius or 1, 
the ſquare root of half the ſum is the"co:fine of half the arch. 

2. If therefore the ſtraight line CB be equal to the radius, 
thearch CB will be 609, and DG will be equat to half the radius 
25 was formerly ſhewn (8. 8.), and therefore DH the co-ſine of 
CE or of 30?, will be found by this propoſition. And if CE 
be biſected in F, if to DH x be added, and the fum divided 
by 2, its {quare root, will be equal to DK, the co-fine of 159. 
In the ſame manner is found the co- ſine of 7 30“, of 3, 45/, 
and fo on till, after twelve biſections, the co-fine of 52/. 44 
03/'/. 45“ is found. Now, from the co-fine, the fine of the 
lame arch is found; for, from the ſquare of the radius, that 
is, from 1, take away the ſquare of the co- ſine, the remainder 
$ the ſquare of the fine, and therefore its ſquare root is the 
ine itſelf. Thus, the fine of 52/*. 4”. 03/7. 45 is fonnd. 

3. But it is manifeſt, that the fines of very ſmall arches 
are to one another nearly as the arches themfelves. For it 
has been ſhewn, that the number of the ſides of an equita- 
teral polygon inſcribed in a circle may be fo great, that the 
perimeter of the polygon and the circumference of the circle 
may differ by a line leſs than any given line, or which 
is the ſame, may be nearly to one another in the ratio 
of equality. Therefore their like parts will alſo be near- 
ly in the ratio of equality, fo that the fide of the po- 
lygon will be ta the arch which it ſubtends nearly in the 


ratio of equality; and therefore, half the ſide of the polygon 


to half the arch ſubtended by it, that is to ſay, the fine of any 
very ſmall arch will be to the arch itſelf, nearly in the ratio 
of equality. Therefore, if two arches are both very ſmall, 
the firſt will be to the ſecond as the fine of the firſt to the 
line of the ſecond. Hence, from the fine of 52“. 44/”. 03%“. 
45”/'' being found, the fine of 1“ becomes known; for, as 
52%. 44%. 03. 45/7"! to 17, fo the fine of the former arch 
to the fine of the latter. Thus, the fine of 1' is found 
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4. The fine of 1 being thus found, the fines of 2/, of y 
of any number of minutes are found by the : following Props 
ſition. | 


Cox. 
coſ. B. 


the hal 
te fine of 
Therefc 


cauſe by 


le of 2/ 1 


THEOREM. 


Let AB, AC, AD be three ſuch arches, that BC the dit 
ference of the firſt and ſecond 1s equal to CD the difference 
the ſecond and third; the radius is to the co- ſine of the com. 
mon difference BC as the fine of AC the middle arch, 9 
half the ſum of the fines of AB and AD the extreme arches 

Draw CE to the centre ; let BF, CG, and DH perpendi 
cular to AE, be the fines of the arches AB, AC, AD. Join 
BD, and let it meet CE in I; draw IK perpendicular to AF, 
alſo BL and IM perpendicular to DH. Then, becauſe the 
arch BD is biſected in C, EC will 


eor. R 


1 ＋ ſi 
. 
In like 


coſ. 1 


mber o 
mains 8 
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biſect it in I, and BI will be the 
fine, and EI the co-ſine of BC 
or CD. And, fince BD is bi- 
ſected in I and IM is parallel to 
BL, (2. 6.) LD is alſo biſected 
in M. Now BF is equal to HL, 
therefore, BF+DH=DH+HL= 
DL+2LH=2LM+2LH= 2MH, 


half the far of BF and DH. But 
becauſe the triangles CGE, IKE 
are equiangular, CE: EI:: CG: IK, and it has hain frend 
that EI = cof. BC, and IK = + (BF+DH); therefor 
R. col. BC :: fin. AC: + (Gn. AB+ fin 7 Q. E. D. 


2 65 Con. 
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4 of z Cok. Hence, if che point B coincides with A. 
ig Props | 


the half of any arch, as the fine of half the arch 1 is to half 
de fine of the whole arch. 


the de Therefore, the fine of 1“ being given, and alſo its co- ſine, 
2 cauſe by this Cor. R: coſ. 1/: : ſin. 1“: 2 fin. 2/; and fo the 
arch, ue of 2 is given. To find the fine of 3“; by the preceding 


eor. R: cof. 1/ : : fin. 2“: 2 (ſin. 1/+fin. 3“); therefore, 


.1/+ fin. 3“ is given, and fin. 1' being already known, 
3 is found. 
I like manner, for the fine of 4/, 


; coſ. 1“ :: fin. 3/: : & (fin, 2/+fin. 4); and ſo on for any 


mber of minutes; and as the ratio of R to the co- ſine of 1 
mains always the ſame, the calculation by means of this 
heorem is very eaſy. 

It may be convenient to have the ſame rule otherwiſe ex- 
eſſed, let a, b, c, be three arches that differ by 1“, then, 


: col. 1/ x: ſin, b: > (fin. a+fin. e), and if R = 1, 


(fin. a + fin. c) = col. 1“ x fin. b, and conſequently, 


. c S 2 col. 1 x fan. b — fin. a. 


n ſhewn, 
therefore 
A . D. 


ſe the co-fine of any arch is to the fine as the radius to the 
gent of the arch, the table of tangents may be calculated from 
is proportion. But it muſt be obſerved, that when the tan- 
nts of the arches under 45 are known, the tangents of 
joſe above 45% may be more eaſily found | by another rule. 
For the tangents of the arches * 359 being the co-tan- 
nts of the arches under 45, and the radius being a mean 
oportional between the the tangent and  co-tangent of any 
ch, (x. Cor. def. 9.) if the difference between any arch and 
obe called d, 4 i 1 2: 11 tan. (45 4d). 
Laſtly, The ſecants are calculated by help of Cor. 2. Def. g- 
here it is ſhewn, that the radius is a mean proportional be- 
een the co · ſine and the ſecant of any arch. If therefore, a 
any arch, coſ. a: 1: : 1: ſec. a. 

| The 


Cox, 


coſ. BC : : fin. BC: : 4 fin. BD, or the radius is to the co-line 


In this manner, the table of ſines is 8 Then, "ig 
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5. The preceding Theorem is one of four, which, whe 4to 
arithmetically expreſſed, are frequently uſed in the applicatiu C: EG : 
of trigonometry to the ſolution of the more difficult problem es DH 


Imo, If in the laſt Theorem, the arch ACZA, BC=} R: 
and EC=r, then AD=A +B, and ABEXA—B ; and by what 
has juſt been demonſtrated, FRE or 1:C 
I : coſ. B:: fin. A: 4 fin. (A+B) + & fin. (A—B), 
and therefore, 0 mo col. 
fin, A X coſ. B= fin. (ATB) ＋ 4 ſin. (A—B). 4 25 


249, Becauſe BF IK, DH are parallel, the ſtraight lines Be radius 
and FH are cut proportionally, and therefore FH, the dif 


ference of the ſtraight lines FE and HE, is biſected in K I. fir 
and therefore, as was ſhewn in the laſt Theorem, KE 11. co 
half the ſum of FE and HE, that is, of the co-ſines of th UI. f 
arches AB and AD. But becauſe of the ſimilar triangle * 
EGC, EKI, EC: EI: GE: EK; now, GE is the co- n IV. co 
of AC, therefore, | | | 
R: coſ. BC :: coſ. AC: + cof. AD + + cof. AB, "PAO 
or 1 : coſ. :: eoſ. A : 2 coſ. (A B) + A col. (A—B); il 
2 and thereſore, | | ſu 
coſ. AX coſ. B * coſ. (A+B)+ co. (A—B). 
ztio, Again, the triangles IDM, CEG are equiangular, i fn 
the angles KIM, EID are equal, being each of them righ 
angles and therefore, taking away the angle EIM, the angle 
DIM is equal to the angle EIK, that is, to the angle ECC * £2 
and the angles DMI, CGE are alfo equal, being both right An 


angles, and therefore, the triangles IDM, CGE have the fide 

about their equal angles proporttonals, and ' confequent]y 

EC: CG: : DI: IM; now, IM is half the difference of thi 

co-ſines FE and EH, therefore 0 
R: ſin. AC: fin. BC 4 cal. AB— 4. cok AD, 

or 1: ſin. A: fin. Bi: £ col. (A- B) — c. (AB) 
aud allo, 

fin, Av fin, B = 2 cof; (A-) £-coft (ATB). 
| att 
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ich, whe: 4to, Laſtly, In the ſame triangles ECG, DIM, 
pplicatiui C: EG:: ID: DM; now, DM is half the difference of the 


nes DH and BF, therefore, | | 
R: coſ. AC: : fin. BC : 4 fin, AD— 4 ſin. AB. 


or 1: coſ. A:: ſin. B: 4 fin. (A+B)— 2 ſin. (A—B); 


problems 
X. BCS B 
1 by What 


— B), and therefore, 
col. AX fin, B> 1 fin. (A+B)— + fin. (AB). 


B). 
5 6. If therefore A and B be any two arches whatſoever, 


lines Be radius being ſuppoſed 1; 
e's I. fin. Ave caſ. B=1_"fin: (A+B) +2 fin. (A—B). 
n, KE il U. cof. AX coſ. B & coſ. (AB) ++ cof. (A+B). 


les of th: 


'triangl III. fin. Ax fin. B A coſ. (A-) 4 caf. (A+B). 
he co. . cof. Ax fin. Br 4 fin. (A+B)— £ fin. (A—B). 


* From theſe four Theorems are alſo deduced other four. 
—_ For, by adding the firſt and fourth together, 

| | fin. Ax oof. B+ coſ. Ax fin. B S fin. (ATB). 
). Alſo, by taking the fourth from the firſt, 
gular, f fin, Ax col. B — coſ. AX fin. B = fin. (A—B). 
enmity... Again, adding the ſecond and third, 
the angle 


le ECGM * cof. Ax coſ. B+ fin. A* fin. B=cof. (A-); 


on rgh And, laſtly, ſubtraQting the third from the ſecond, 
the dg | 


quent - + $6, AX coſ. B — fin. Ax ſin, B = co. (A+B). 


, 
\+B); 


E L E- 


B). 
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SPHERICAL TRIGONOMETRY IHA 
$45 | we th 
DEFINITIONS.- \Uadrai 
. E Let A 
Great circle of the ſphere is any circle on the ſuperſiii D paſs 
of the ſphere of which the plane paſſes through th LE 
centre of the ſphere, and of which the centre therefore To th 
the ſame with the centre of the ſphere. . _ | | 
2 = <4" #0} | = | BC as 
| THESES f 5 e the 
1 3 „ eee . Treat Ci! 
The pole of a great circle of the ſphere is a point in the «ll rr 
perficies of the ſphere, from which all ſtraight lines dra by Je | 
to the circumference of the-circle are equal. Are” 
57180 An en ir A nd DE 
| WE „„ 8. L) t 
A ſpherical angle is that which on the ſuperficies of a ſphefite equa 
is contained by two arches of great circles, and is the fan DA, D 
with the inclination of the planes of theſe great circles. me. 
OR. 
ts plan 
IV. phere 


A. ſpherical triangle is a figure upon the ſuperficies of a ſpheſ point b1 
comprehended by three arches of three great circles, ea 
of which is leſs than a ſemicircle. | 


PRO! 


SPHERICAL TRIGONOMETRY. 


off 7. 2. OR 


A NY two great. circles of a W biſect one 
eder 


For, as * have the ſame centre, their common ſedction is 


TR diameter of both, and therefore biſects both. 


PRO P. II. 


HE arch of a great circle between the pole ang 
the circumference of another great circle” is 
wadrant. 


Let ABC be a great circle, and D its pole; if a great circle 
D paſs through D, and meet ABC in C, the arch DC is 
quadrant,  \ 

Let the great circle CD meet 
\BC again in A, and let AC 
de the common ſeRtion of the 
reat circles, which will paſs 
rough E the centre of the 
chere: Join DE, D „DC: 
y def. 2. DA, DC e equal, 
nd AE, EC are alſo equal, 
nd DE is common; therefore 
i L) the angles DEA, DEC 
equal; wherefore the arches 
JA, DC equal, and conſequently each of them is a qua- 


ſuperſici 
rough j 
herefore | 


f a ſphe 
s the ſan 
circles, 


. 
Cor. e circle A RC has two poles, one on each fide of 
ts plane, which are the extremities of a diameter of the 


phere perpendicular to the plane ABC; and no other 


of a ſpheyWoint but theſe two can be a pole of the circle ABC. 


rcles, ea 


PROP. 
N01 
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P R O P. 


F the pole of a gteat circle be the ſame with F ther 


| interfection of other two great circles ; the at the f 
of the firſt mentioned circle intercepted betweerMhe ſeco 
the other two, is the meaſure of the ſpherical ang 
which the ſame two circles make with one ang Let A 
ther. \CBD 1 

fo | EBF; 
Let the great circles BA, CA on the ſuperficies of a ſphere * W 
of which the centre 13 D, interſect one another in A, and Ill be ir 
BC be an arch of another great circle, of which the pole i Thich is 
A; BC is the meaſure of the ſpherical angle BAC. Saf ii 
Join AD, DB, DC; ſince A is \FBF : 
the pole of BC, AB, AC are 4 
quadrants, and the angles ADB, dum the 
ADC are right angles; therefore ne FC] 
(4. def. 7.) the angle CDB is \B 
the inclination of the planes of the Then. 
circles AB, AC, and is (def. 3. bo VP 
Sp. T.) equal to the Poet Lo ap 
angle BAG. AE. D. 5 een e 
CgR. 1. If through che point A, ny poin 
two quadrants AB, AC, be drawn, 4 A 
the point A will be the pole of ; Prop. 2 
the great circle BC, paſſing roy. be ſtrai 
their extrẽmities B, C. BF. 
Join AC, and draw AE, a iraight line to any other poi ges ++ 


E in BC; join DE.: Since AC, AB are quadrants, the angle 

ADB, ADC are right angles, and AD will be perpendio 

lar to the plane of BC: Therefore the angle ADE 1 

right angle, and AD, DC are equalto AD, DE each to each 

4 AE, AC are equal, and A. is the pole of BC, b 
- 


EBF. 
ar to A 
dendicul 
great cir 
ny pol! 

herefor 
l \ CBD. 


ircle A 
PRO! cle A 


C3 
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N F. . 


vith F there be two great circles of a ſphere, of which 
the are the firſt paſſes through the poles of the ſecond, 


bet weerMhbe ſecond alſo paſſes through the poles of the firſt. 
al ang 
ne ano Let ACBD and AEBEF be two circles, the one of which 
\ CBD paſſes through C and D, the poles of the other 
EBF; the circle AEBF paſles through the poles of the 
irele ACBD. | | | 

Let G be the centre of the ſphere ; join CG, GD, which 
ill be in the ſame ſtraight line: Draw AGB the diameter, 
vaich is the common ſec- 
jon of the circles AC B D, 
EBF; and in the plane 
f the circle AEBF draw 
rom the point G the ſtrai ght 
ine EGF perpendicular to 
KB. ; 

Then, becauſe C and Dare 
he polee of the circle AE HF, 

e arch intercepted be- 
een either of them and 
ny point in the circumfe- 


a ſphere 
„ And lg 


e pole i 


G nce AEBF, is a quadrant 
- Prop. 3.), and therefore * 
he ſtraight line CD is perpendicular to the prone of the circle 
BF; wherefore alſo the plane of the circle ACBD, which 
ther Ph afſes through CD, is perpendicular (17. 7.) to the plan 
the ang FBF. And fince GE in the plane A ERBE, is perpendicu- 
. ar to AB, che common ſection of the two planes, it is per- 


tendicular to the plane (2. def. 7.) ACBD. The arch of « 
reat circle, therefore, intercepted between the point E and 
ny point of the circumference ACBD is a quadrant, and 
herefore, (Prop. 3.) the point E is the pole of the circle 
\CBD. For the ſame reaſon, F is the other pole of the 
ircle ABD; and E and F are in the circumference of the 
ircle AEBF. Q. E. D. 


Y PROP 
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uare of 

: IGE is 
FMT TV; FG, A 
3 been | 
jon, ther 
HW 
De ma 
d FG, 
DF, th 
def. S. 
d for th 
cal ang 
erefore 


E. D 


iſoſceles ſpherical triangles the angles at thi 
| baſe are equal. 


Let ABC be a ſpherical triangle, having the fide AB equi 
to the {ide AC; the ſpherical angles ABC and ACB are equi 

Let D be the centre of the ſphere; join DB, DC, DA 
and from A on the ſtraight lines DB, DC, draw the perpen- 
diculars AE, AF ; and from the points E and-F draw in th 
plane DBC the ſtraight lines EG, FG perpendicular to D} 
and DC, meeting one another in G: Join. AG. 

Becauſe DE is at right angles to each of the ſtraight lin 
AE, EG, it is at right angles G 
to the plane AEG; which &©& 
paſſes: through: AE, EG, (4. 
7.); and therefore, every 
plane that paſſes through DE 
is at right angles to the plane 
AEG (1. .); wherefore, the 
plane DBC is at right angles to 
the plane AEG. For the ſame 
reaſon, the plane DBC. is at | 


F the 
equa 


Let A. 
CB equ 
val, 


Let D 


right angles to the plane AFG, - d from 
and therefore AG, the com- culars 
mon ſection of the planes te plan 
AFG, AEG is at right angles (18. 7.) to the plane DBC, andi DB ar 


Then, 
is at 
gles A 
FG, A 
AB m- 


the angles AGE, AGF are conſequently right angles. 

But, fince the arch AB is equal to the arch AC, the angle 
| ADB is equal to the angle ADC. Therefore the triangles 
ADE, ADF, have the angles EDA, FDA equal, as alſo the 
angles AED, AFD, which are right angles; and they have 
the ſide AD common, therefore the other fides are equal, viz: gles A 
AE to*AF, (26: 1.) and DE to DF. Again, becauſe the AC, I 
angles AGE, AGF are right angles, the ſquares on- AG and ph. Tr. 
GE are equal to the ſquare of AE; and the ſquares of ACH. 
and GF to the ſquare of AF. But the ſquares of AE and te o. 
AF are equal, therefore the ſquares of AG and GE are equal" the i 
to the ſquares of AG and GF, and taking away the common e AF 

{quare 
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uare of AG, the remaining ſ{quarzs of GE and GF are equal, 
nd GE is therefore equal to GF. Wherefore, in the trian Tles 
FG, AEG, the fide GF is equal to the fide GE, and AF 
been proved to be equal to AE, and the baſe AG is com- 
s at the on, therefore the angle AFG is equal to the angle AEG 
8. 1.). But the angle AFG is the angle which the plane 
De makes with the plane DBC (4. def. 7.), becauſe FA 
d FG, which are drawn in theſe planes, are at right angles 
AB equi DF, the common ſection of the planes. The angle AFG 
are equi. def. Sp. T.) is therefore equal to the ſpherical angle AC B; 
DC, DAS for the ſame reaſon, the angle AEG is equal to the ſphe- 
e perpenſcal angle ABC. But the angles AFG, AEG are equal. 


aw in theWherefore the ſpherical angles ACB, ABC are alſo equal. 
ar to DB. E. D. 


ught lin | 
| © 8 Ap Ag 


F the angles at the baſe of a ſpherical triangle be 
equal, the triangle is iſoſceles. 


Let ABC be a ſpherical triangle having the angles ABC, 
CB equal to one another; the tides AC and AB are alſo 


ual, 


Let D be the centre of the ſphere; join DB, DC, DA, 


3 d from A on the ſtraight lines DB, DC, draw the perpen- 
cculars AE, AF; and from the points E and F, draw in 
ie plane DBC the ſtraight lines EG, FG perpendicular 

DBC, andi DB and DC, meeting one another in G; join AG. 

8. Then, it may be proved as was done in the laſt Prop. that 

he angle E is at right angles to the plane BCD, and that therefore the 

triangles gles AGE AGE are right angles, and alſo that the angles 

s alſo the FG, AEG-are equal to che angles which the planes DAC, 

hey have AB make with the plane DBC. But becauſe the ſpherical 

qual, viz. les ACB,. ABC are equal, the angles which the planes 

-auſe theſ@AC, DAB make with the plane DBC are equal, (3, def. 

AG and ph. Tr.) and therefore the angles AFG, AEG are alſo 

s of AGval. The triangles AGE, AGF have therefore two angles 

AE and the one equal to two angles of the other, and they have 

are equal" the fide AG common, wherefore they are equal, and the 

common e AF is equal to the fide AE. | 


ſquare * 2 Again, 
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SE 


Again, becauſe the triangles ADF, ADE are right angle 
at F and E, the ſquares of DF and FA are equal to thy 


ſquare of DA, that is, to the 


ſquares of DE and EA ; now, 
the ſquare of AF is equal to 


the ſouere of AE, therefore 
the ſquare of DF is equal to 


the ſquare of DE, and the 


fide DF to the fide DE. 
Therefore in the triangles 
DAF, DAE, becauſe DF 1s 
equal to DE, and DA com- 


mon, and alſo AF equal to 


ALE, the angle ADF is equal 


D 


to the angle ADE; therefore alſo; the arches AC and A} 
which are the meaſures of the angles ADF and ADE ar 


Let £ 
AB, Bl 
Let L 


15 cont 


E B which 1 
therefor 


four qu 


equal to one another; and the triangle ABC is iſoſcele 


E. P. 


a VII. 


NY two ſides of a ſpherical triangle are great 


er than the third. 


Let ABC be a ſpherical 6 
are greater than the third fide A 


Let D be the centre of the 
ſphere ; join DA, DB, DC. 

The. ſolid angle at D is 
contained by three plane 
angles ADB, ADC, BDC; 
(18. 7.) any two of which 
ADB, BDO are greater 
than the third ADC, that 
is, any two ſides AB, BC of 


the ipherical triangle ABC, are g 
Q. E. D. 


gle, any two fides AB, BU 


N a 
ſite 


Let 4 
poſed tc 
Let 
made ec 
and the 
equal, ( 
fore A. 
BC ; br 
er tha 
: therefo1 


reater than the third AC 
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ial to the 


P KU, PE. - VIE 


HE three fides of a ſpherical triangle are leſs 
than a circle. 


Let ABC be a ſpherical triangle as before, the three ſides 
AB, BC, AC are leſs than a circle. 

Let D be the centre of the ſphere : The ſolid angle at-D 
is contained by three plain angles BDA, BDC, ADC, 


1 which together are leſs than four right angles, (20. 7. 
| therefore the fides AB, BC, AC together, will be leſs than 
and Ah pur quadrants, that is leſs than a circle. Q. E. D. 
ADE are; 
iſoſeele⸗ 
P R O P. IX. 
N a ſpherical triangle the greater angle is oppo- 
ſite to the greater ſide; and converſely, 
e great 


Let ABC be a ſpherical triangle, the greater angle A is op- 
| poſed to the greater fide BC. | 
AB. z Let the angle BAD be A 
l made equal to the angle B, 6 
and then BD, DA will be 
equal, (Prop. 6.) and there- 
tore AD, DC are equal to 
BC; but AD, DC are great- 
er than AC, (Prop. 7.), 
cherefore BC is greater than 
Ac, that is, the greater angle | 
As oppoſite to the greater fide BC. The converſe is de- 
monſtrated as Prop. 19. 1. Elem, Q. E. D. 


hird AC 2 


RO P. DJ 
Y 3 PROP, 
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right an 
he leſs t 
„„ bs Ip 


N a ſpherical triangle, according as the ſum ( 
two of the ſides is greater than a femicire] 
equal to it, or lets, the interior angle at f 


F thi 


baſe is greater than the exterior and oppoſſi ma- 
angle at the baſe, equal to it, or leſs; and the ſu rcles 
of the two interior angles at the baſe greater th which 
two right angles, equal to two right angles, or le the tw 
thari two right angles. are the 
angles 
Let ABC be a ſpherical triangle, of which the fi 

AB and BC produce the fide A B and the baſe AC = Let. 
meet again in D; then, the arch ABD is a ſemicircle, a Ae 
the ſpherical angles at A and D are equal, becauſe each ſcribed, 
them is the inclination of the circle ABD to the ci Fa 
ACD. 42 | 
1. If AB, BC be equal ici | . 
n Rey og to a ſemicircle, that 1s, to Al e 

therefore (Prop. 5.) the angle BC of 
D, or the angle A will be e- Let . 
qual to the angle BCD. 8 ED, E. 
2. If AB, BC together D, D 
be greater than a ſemicircle, Sine 
that 1s, greater than ABD, & the cir 
BC will be greaterthan BD; EF wi 
and therefore (Prop. 9.), AC ( 

the angle D, that is, the 7 paſles 
angle A, is greater than the FD, ! 
angle BCD. pole ol 
3- In the ſame manner it is ſhewn, if AB, BC togetlt 4 AC 
be leſs than a ſemicircle, that the angle A is leſs than d tba 

angle BCD. And fince the angles BCD, BCA are equal er: 
two right angles, if the angle A be greater than BCD, A a tre 
ACE together will be greater than two right angles. It F 2 
be equal to BUD, A and AC B together will be equal to n and K 


rig 


ML t 
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right angles; and if A be leſs than BCD, A and ACB will 
be leſs than two right angles. Q. E. D. | 


e ſum 
emicire| 
e at tl 


PRO R. . 


F the angular points of a ſpherical triangle be 
made the poles of three great circles, theſe three 


Mag ircles by their interſections will form a triangle 
ater * which is ſaid to be ſupplemental to the former; and 
i or 1 the two triangles are ſuch, that the ſides of the one 
. 


are the ſupplements of the arches which meaſure the 
angles of the other. 


e ſides 2 
\ C till the 
circle, a 
aſe each 

the cir 


Let ABC be a ſpherical triangle; and from the points A, 
B, and C as poles, let the great circles FE, ED, DF be de- 
ſcribed, interſecting one another in F, D and E; the ſides of 
the triangle FED are the ſupplements of the meaſures of the 
angles A, B, C, viz. FE of the angle BAC, DE of the angle 
ABC, and DF of the angle ACB: And again, AC is the 
ſupplement of the angle DFE, AB of the angle FED, and 
BC of the angle EDF. 

Let AB produced meet DE, EF in G, M; let AC meet 
FD, FE in K, L; and let BC meet | 
FD, DE in N, H. 

Since A is the pole of FE, and 
the circle AC es through A, 
EF will paſs through the pole of 
AC (Prop. 4.), and fince AC 
paſſes through C, the pole of 
FD, FD will paſs through the 
pole of AC; therefore the pole 
of AC 1s in the point F, in which 
the arches DF, EF interſe& each 
other. In the ſame manner, D 


s, to Al 


G 


C togetht 
s than tl 


* equal is the pole of BC, and E the pole 

D, A . of AB. E 

ar 5 And fince F, E are the poles of AL, AM, the arches FL 
1 


and EM are quadrants, and FL, EM together, that is, FE and 
ML together are equal to a ſemicircle, But fince A is as 
Y 4 pole 


. 


rig 
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pole of ML, ML is the meaſure of the angle BAC, (Prop. z) 
conſequently FE is the ſupplement; of the meaſure of the 
angle BAC. In the ſame manner, ED, DF are the ſupple. 
ments of the meaſures of the angles ABC, BCA. 

Since likewiſe CN, BH are quadrants, CN, BH together, 
that is, NH, BC together, are equal to a ſemicircle ; and fince 
D is the pole of NH, NH is the meaſure of the angle FDB, 
therefore the meaſure of the angle FDE is the ſupplement of 
the fide BC. In the ſame manner, it is ſhewn that the mes. 
ſu: es of the angles DEF, EFD are the ſupplements of the 
ſides AB, AC, in the triangle ABC. Q. E. D. 


0 


HE three angles of a ſpherical triangle are 


greater than two right angles, and leſs than 
ſix right angles. 


The meaſures of the angles A, B, C, in the triangle ABC, 
together with the three ſides of the ſupplemental triangle 
DEF, are (Prop 11.) equal 
to three ſemicircles; but the 
three ſides of the triangle 
FDE, are (Prop. 8.) leſs 
than two ſemicircles ; there- 
fore the meaſures of the 
angles A, B, C are greater 
than a ſemicircle; and hence 
the angles A, B, C are great- 
er than two : ight angles. 

And becauſe all the exter- 
nal and internal angles of any 
triangle are equal to fix right 
angles ; therefore, all the internal angles are leſs than fix right 
angles. | 


* 
* 
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arch ( 
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he mea. 
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PROP. XII. 


F to the circumference of a great circle, from a 
[ point which is not the pole of it, arches of great 
cixcles be drawn ; the greateſt of theſe arches is 
that which paſſes through the pole of the firſt men- 
tioned circle, and the ſupplement of it is the leaſt; 
and of the others, that which is nearer to the great- 
eſt is greater than that which is more remote. 


Let ADB be the circumference of a great circle, of which 
the pole is H, and let C be any other point; through C and 
H let the ſemicircle A.CB be drawn meeting the circle ADB 
in A. and B; and let the arches CD, CE, CE alſo be deſcri- 
bed. From C draw CG-perpendicular to AB, and then, be- 
canſe the circle AHCB which paſſes through H, the pole of 


the circle A DB, is at right angles to ADB, CG is perpen- 
dicular to the plane ADB. Join GD, GE, GF , CD, CE, 
CF, CA, CB. 

Of all the ftraight lines drawn from G to the circumference 
ADB, GA is the FIN fa 
greateſt, and GB the + C 
leaſt (J. 3.); and GD /|\ 
which is nearer to GA P24 
ö greater than GE, = 
which is more remote. 
But the triangles CG A | 
CGDare right angled . e 
at G, and they have | 1 
the common ſide CG; D ＋ 
Ar the ſquares | E 
of UG, GA together, that is, the ſquare of CA, is greater 
than the ſquares of CG, GD 0M that is, than oy Sh 
of CD ; therefore CA is greater than CD, and the arch CA 
than the arch CD. In the ſame manner, fince GD is greater 
than GE, and GE than GF. it is ſhewn that CD is great- 
er than CE, and CE than CF, and conſequently, the arch 
CD greater than the arch CE, and the arch CE greater than 
the arch CF. Alfo, becauſe & G is the greateſt, and GB the 
leaſt of ail the lines drawn from G. CA is the greateſt, and 
CB the leaſt of all the lines drawn from C, and therefore the 
arch CA is the greateſt, and CH, its ſupplement, the leaſt of 
all the arches drawn through C. Q. E. D. 


PROP. 
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r= OP. XIV: 


| a right angled ſpherical triangle the ſides ate 
of the ſame affection with the oppoſite angle, 
that is, if the ſides be greater or leſs than quadrant. 


the oppoſite angles will be greater or leſs than right 
angles. 


Let ABC be a ſpherical triangle right angled at A, any 
fide AB, will be of the ſame affection with the oppoſite angle 
ACB. j 

Caſe 1. Let AB be G 
leſs than a quadrant. Let C 
AE be a quadrant, and 
EC an arch of a great 
circle paſſing through E, D 
C. Since A is a right 
angle,and AE aquadrant, 

E 15 the pole of the great 

circle AC, and ECA a - | 
- Tight angle; but ECA 1. 

is greater than BCA, 
therefore BCA is leſs 


than a right angle. 
Q. E. D. 
Caſe 2. Let AB be 


earer than a quadrant, 
— AE * to a 
quadrant, and let a great 
circle paſs through U, E. 
ECA is a right angle as * 
before, and BCA is great- | 
er than ECA, that is, greater than a right angle. 
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FE . 


F the two ſides of a right angled ſpherical tri- 

angle be of the ſame affection, the hypotenuſe 
will be leſs than a quadrant; and if they be of 
different affection, the hypotenuſe will be greater 
than a quadrant, 


Let ABC be a right angled ſpherical triangle, if the two 
ſides AB, AC be of the ſame or of different affection, the 
hypotenuſe BC wall be leſs or greater than a quadrant. 

Caſe 1. Let AB, AC be each leſs than a quadrant. Let 
AE, AG be quadrants; G will be the pole of AB, and E. 
the pole of AC, and EC a quadrant ; but, (Prop. 13.) CE 
is greater than CB, fince CB 1s farther off from CGD than 
CE. In the ſame manner, it is ſhewn that CB, in the tri- 
angle CBD, where the two fides CD, BD are each greater 
than a quadrant, is leſs than CE, that is, leſs than a quadrant. 


Caſe 2. Let AC be leſs, and AB greater than a quadrant ; 
then the hypotenuſe BC will be greater than a quadrant ; for, 
let AE be a quadrant, then E 1s the pole of AC, and EC 
will be a quadrant. But CB is greater than CE (Prop. 13.), 
ſince AC paſſes through the pole of ABD. Q. E. D. 

Cor. 1. Hence, converſely, if the hypotenuſe of a right 
angled triangle be greater or leſs than a quadrant, the fides will 
be of different or the ſame affection. 

Cor. 2. Since (Prop. 14.) the angles of a right angled 
ſpherical triangle have the ſame afleQtion with the oppoſite 
ſides, therefore, according as the hypotenuſe is greater or 
leſs than a quadrant, the angles will be of different or of the 
lame affection. | 
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NOT. UV. 


TN a right angled ſpherical triangle the ſides ar 
[| of the ſame affection with the oppoſite angles, 
that is, if the ſides be greater or leſs than quadrant, 


the oppoſite angles will be greater or leſs than right 
angles. | os 


Let ABC be a ſpherical triangle right angled at A, any R Ig 
fide AB, will be of the ſame affection with the oppoſite angle = 


ACB. hypotet 
Caſe 1. Let AB be GC | © 2 
leſs than a-quadrant. Let C x4 "_ 
AE be a quadrant, and ne oe 
EC an arch of a great of 
circle paſſing through E, 0 * 
C. Since A is a right ra 
angle,and AE aquadrant, och 
E is the pole of the great Caf 
circle AC, and ECA a - _ 7 7 
right angle; but ECA TY 
35 greater than BCA, 1 b 
therefore BCA is leſs 3 , 
_ 3 right angle. 8 
Date 2. Let AB be mou 
greater than a quadrant, 8 c 
make AE equal to aK 1 ol 
quadrant, and let a great FA LY 
circle paſs through C, E. * 5 
ECA is a right angle as 98 10 
before, and BCA is great- me 


er than ECA, that is, greater than a right angle. Q. E. D. 


P R OP. 


Þ 


des ate 
angles, 
idrant, 
1 right 


A, any 


ite angle 


N OP. 


SPHERICAL TRIGONOME TRL. 


r N Of. XV, 


F the two ſides of a right angled ſpherical tri- 

angle be of the ſame affection, the hypotenuſe 
will be leſs than a quadrant; and if they be of 
different affection, the hypotenuſe will be greater 
than a quadrant, 


Let ABC be a right angled ſpherical triangle, if the two 
ſides AB, AC be of the ſame or of different affection, the 
hypotenuſe BC will be leſs or greater than a quadrant. 

Caſe 1. Let AB, AC be each leſs than a quadrant. Let 
AE, AG be quadrants; G will be the pole of AB, and E 
the pole of AC, and EC a quadrant ; but, (Prop. 13.) CE 
is greater than CB, fince CB 1s farther off from CGD than 
CE. In the ſame manner, it is ſhewn that CB, in the tri- 
angle CBD, where the two fides CD, BD are each greater 
than a quadrant, is leſs than CE, that 1s, leſs than a quadrant. 


Caſe 2. Let AC be leſs, and AB greater than a quadrant ; 
then the hypotenuſe BC will be greater than a quadrant ; for, 
let AE be a quadrant, then E 1s the pole of AC, and EC 
will be a quadrant. But CB 1s greater than CE 4 13.0), 
ſince AC paſſes through the pole of ABD. Q. E. D. 

CoR. 1. Hence, converſely, if the hypotenuſe of a right 
angled triangle be greater or leſs than a quadrant, the fides will 
be of different or the ſame affection. 

Cor. 2. Since (Prop. 14.) the angles of a right angled 
ſpherical triangle have the ſame afleftion with the oppoſite 
ſides, therefore, according as the hypotenuſe is greater or 
leſs than a quadrant, the angles will be of different or of the 
ſame affection. | 
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PROP. XVI. 


N any ſpherical triangle, if the perpendicular uy 
on the baſe from the oppoſite angle fall withi 


the triangle, the angles at the baſe are of the ſame 
affection; and if the perpendicular fall without the 


triangle, the angles at the baſe are of different af 
fection. 


Let ABC be a ſpherical triangle, and let the arch CD be 
drawn from C perpendicular to the baſe AB. 

1. Let CD fall within the triangle; then ſince ADC, BDC 
are right angled ſpherical triangles, the angles A, B muſt each 
be of the ſame affection with CD (Prop. 14.). 


0 .G 


2. Let CD fall without the triangle; then (Prop. 14.) 
the angle B 1s of the ſame affeftion with CD; and the 
angle CAD is of the ſame affeQion with CD; therefore the 
angles CAD and B are of the ſame affection, and the angle 
CAB and B of different affections. 

Cor. Hence, it the angles A and B be of the ſame affection, 
the perpendicular will fall within the baſe ; for, if it did not, 
A. and B would be of different affection. And, if the angle 
A. and B be of oppoſite affection, the perpendicular will fal 
without the triangle; for, if it did not, the angles A and! 
would be ef the ſame affection, contrary to the ſuppoſition. 
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SPHERICAL TRIGONOMETRY, 


PROP. XVII. 


F to the baſe of a ſpherical triangle a perpendi- 
cular be drawn from the oppoſite angle, which 
either falls within the triangle, or is the neareſt of 
the two that fall without; the leaſt of the ſegments 
of the baſe is adjacent to the leaſt of the ſides of 
of the triangle, or to the greateſt, according as the 
ſum of the fides is leſs or greater than a femicircle. 


ular up 
| withi 
the ſame 
hout the 
erent af 


Let ABEF be a great circle of a ſphere, H its pole, and 
GHD any circle paſſing through H, which therefore is per- 
pendicular to the circle ABEF. Let A and B be two points 
in the circle AB EF on oppoſite ſides of the point D, and let 
D be nearer to A than to B, and let C be any point in the 
circle GND, between H and D. Through the points A. and 
C, B and C, let the arches A and BC be drawn, and let 
them be produced till they meet the circle ABEF in the 
points E and F, then the arches ACE, BCF are ſemicircles. 
Alſo ACB, ACF, CFE, ECB are four ſpherical triangles 
contained by arches of the ſame circles, and having the fame 
perpendiculars CD and CG. 

1. Now, becauſe CE is near- 
er to the arch CHG,than CB is, 
CE is greater than CB, and 
therefore CE and CA are 
oreater than CB and CA, 
wherefore CB and CA are leſs 
than a\ ſemicircle ; but becauſe 
AN is by ſuppoſition leſs than 
DB, AC is alſo leſs than CB, 
(Prop. 13), and therefore in 
this caſe, viz. when the ꝑꝓerpen- | 
dicular falls within the triangle, and when the ſum of the 
ſides is leſs than a ſemicirele, tlie leaſt ſegment is adjacent to 
the leaſt ſids. ; 

2. Again, in the 
are leſs than aiſemicircle ; for, ſince AC is leſs than CB, AC 
and CF are leſs than BC and CF. Alſo, AC is leſs than CF, 
becauſe it is more remote from CHG than CF. is; therefore 
the leaſt ſegment of the baſe AD is in this caſe alſo adjacent 
to the leaſt ſide. 


1 | 3. But 


n CD b 
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mult each 
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3. But in the triangle FCE the two ſides FC and CE. are 
reater than a ſemicircle; for, ſince FC is greater than CA, 
FC and CE are greater than AC and CE. And becauſe 
AC is leſs than CB, EC is greater than CF, and EC is there. 


mon ſect 
the plan 
angles. 

and in tl 


fore nearer to the perpendicular CH G than CF 1s, wherefore WA AF. 
EG is the leaſt ſegment of the baſe, and is adjacent to the MFE, ( 
greater fide. and AE 

4. In the triangle ECB the two ſides EC, CB are greater phe incli 
than a ſemicircle ; for, ſince by ſuppoſition CB is greater than pherical 
CA, EC and CB are greater than EC and CA. Alſo, EC Wo the ra 
is greater than CB, wherefore in this caſe, alſo, the leaſt ſeg. Nhe oppc 


CoR. 

B is tc 
he tang 
he radn 


ment of the baſe EG is adjacent to the greateſt fide of the 
triangle. Therefore, &c. Q. E. D. 


P R O P. XVIII. 


| | t 

N right angled ſpherical triangles, the fine of Tr.) 
either of the ſides about the right angle, is to Went of 
the radius of the ſphere, as the tangent of the re-. ther ſid 


maining fide is to the tangent of the angle oppolite 
to that ſide. 

Let ABC be a triangle, having the right angle at A ; and 
let AB be either of the ſides, the fine of the ide AB will be 


to the radius, as the tangerrt of the other fide AC to the tan. 
gent of the angle ABC, oppoſite to AC. Let D be the cen. 


N ri 
hy} 
ide is 


tre of the ſphere ; join AD, BD, CD, and let AF be drawn MW Let ti 
perpendicular to BD, which ther o 
therefore will be the ſine of e to the 


e an 1 
Let © 
erpendi 
ypoten 
ie pon 
the pl 
ne EF 
d let 
ill be : 


the arch AB, and from the 
point F, let there be drawn 
in the plane BDC the 
ſtraight line FE at right 
angles to BD, meeting DC 
in E, and let AE be join- 
ed. Since therefore the 
ſtraight line DF is at right D- 
angles to both FA and FE, 


it will alſo be at right angles lane A 
to the plane AEF (4. ).) my pe Pre: 
wherefore the plane ABD, which paſſes through DF e ſtraig 
is perpendicular to the plane AEF (17. 5.), and the plane “e CH 
AEF perpendicular to ABD : But the plane ACD or AED Heles, 


2 arct 


is alſo perpendicular to the ſame ABD: Therefore the com- 
mou 


5 7 SPHERICAL TRIGONOME TRV. 

CE are Wmon ſection, viz. the ſtraight line AE, is at right angles to 

an CA Ine plane ABD, (18. 7.), and EAF, EAD are right 

becauſe angles. Therefore AE is the tangent of the arch AC; 

is there. Mand in the rectilineal triangle AEF, having a right angle at 

herefore MA, AF is to the radius as AE to the tangent of the angle 

t to the MAFE, (1. Pl. Tr.); but AF is the fine of the arch AB, 
and AE the tangent of the arch AC, and the angle AFE is 

greater Nhe inclination of the planes CBD, ABD, (4. def. 7.) or the 

ter than MWpherical angle ABC: Therefore the fine of the arch AB is 

Iſo, EC Mo the radius as the'tangent of the arch AC to the tangent of 

aſt ſep- E oppoſite angle ABC. 2. . 

» of the Cor. And fince by this propoſition the fine of the fide 

B 15 to the radius, as the tangent of the other fide AC to- 
he tangent of the angle ABC oppolite to that ſide ; and as 
he radius is to the co-tangent of the angle ABC, ſo is the 
ngent of the ſame angle ABC to the radius, (2. Cor. def. g 

ſine of Wi. Tr.) by equality, the fine of the fide AB is to the co-tan- 

„ is to Rent of the angle ABC adjacent to it, as the tangent of the 

the re. ther fide AC to the radius. 

»pPolite 

15 „ IEEE. 

A; and WF N right angled ſpherical triangles the fine of the 

> will be hypotenule is to the radius, as the fine of either 

_ bees ide is to the fine of the angle oppoſite to that fide. 

e drawn Let the triangle ABC be right angled at A, and let AC be 


ither of the fides; the fine of the hypotenuſe BC will 
e to the radius as the fine of the arch AC is to the fine of 
e angle ABC. 
Let D be the centre of the ſphere, and let CE be drawn 
erpendicular to DB, which will therefore be the ſme of the 
ypotenuſe BC; and from 
ie point E let there be drawn 
the plane ABD the ſtraight 
ne EF perpendicular to DB 
d let CF be joined: CF 
il be at right angles to the 
lane ABD, as was ſhown in 
| je preceding propoſition of 
2h Dr ſtraight line EA: Where- 


E 


Re re CFD, CFE are right +" M 

S; Fep gles, and CF is the fine of B 

the com- e arch AC; and in the triangle CFE, having the right 
mon | | angle. 
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will alſo paſs through the 


SPHERICAL TRIGONOMZE TRM. 


angle CFE, CE is to the radius, as CF to the fine of the angle 
CEF, (x. Pl. Tr.). But, fince CE, FE are at right angles tg 
DEB, which is the common ſection of the planes CB0 
ABD, the angle CEF is equal to the inclination of these 
planes, (4. def. 7.), that is, to the ſpherical angle ABC. The 
fine, therefore, of the hypotenuſe CB is to the radins as the 
fine of the fide AC is to the fine of the oppoſite angle ABC, 
E. D. 

by = Of theſe three, viz. the hypotenuſe, a fide, and the 
angle oppoſite to that fide, any two being given, the third 
may be found, 


fore quac 
angle Cl 
ment of 


complem 
angle A 


Co. : 


P NOF. X. 


N right angled ſpherical triangles, the co-ſine of 
the hypotenuſe 1s to the radius as the co-tangent ham 

of either of the angles is to the tangent of the re-ngle A 
maining angle. xdius is 
| ” 0 the rai 
Let ABC be a ſpherical triangle, having a right angle aW>iine o 
A, the co-ſine of the hypotenuſe BC will be to the radius CB, as 
the co-tatigent of the angle ABC to the tangent of the angle 


Cor. 


Deſcribe the circle DE, 
of which B is the pole, and F 
let it meet AC in F, and 
the circle BC in E; and 
ſince the circle BD paſſes 
through the. pole B of the 
circle DF, DF will paſs 
through the pole of BD, 
(Prop. 4.). And ſince AC is 
perpendicular to BD, AC 


pole of BD; wherefore, 
the pole of the circle BD. 
is in the point where 
the circles AC, DE inter- 
ſect, that is, in the point F: The arches FA, FD are there- 


fore 
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I E 
the angle ſore quadrants, and likewiſe the arches BD, BE: In the tri- 
angles i angle CEF, right angled at the point E, CE is the comple- 
s CB nent of BC the hypotenuſe of the triangle ABC, EF is the 
of the eomplement of the arch ED, which is the meaſure of the 
C. Tune ABC, and FC the hypotenuſe of the triangle CEF, is 
s as theme complement of AC, and the arch AD, which is the mea- 
le ABC Hire of the angle CFE, is the complement of AB 
But (Prop. 18.) in the triangle CEF, the fine of the fide 
and the E is to the radius, as the tangent of the other fide EF is to 
he thin de tangent of the angle ECE oppoſite to it; that is, in the tri- 
angle ABC, the co-fine of the hypotenuſe BC is to the ra- 
lius as the co-tangent of the angle ABC is to the tangent 
f the angle ACB. O. E. D). 
Cok. 1. Of theſe three, viz. the hypotenuſe and the two 
angles, any two being given, the third will alſo be given. 
ſine of | 33 | 
Cor. 2. And fince by this propoſition the co-fine of the 
tangent ypotenuſe BC is to the radius as the co-tangent of the 
the re- Nagle ABC to the tangent of the angle AC B, and fince the 
xdus is to the co-tangent of ACB, as the tangent of ACB 
o the radius, (Cor. 2. def. 9. Pl. Tr.); therefore ex quo, the 
angle «fine of the hypotenuſe BC is to the co-tangent of the angle 
radius CB, as the co-tangent of the angle ABC to the radius. 
he angle | 
D 
re there- 
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P RO P. XII. 


N right angled ſpherical triangles, the co · ſine of INN rig 
an angle is to the radius, as the tangent of the WM of ei 
fide adjacent to that angle is to the tangent of the ne of t 
hy potenuſe. H Aa! BE de. 


The ſame conſtruction remaining: In the triangle CEf, 
(Prop. 18.) the fine of the fide EF is to the radius, as the 


The far 
ge fine 0) 
ge fide C 
.); tha 
to the 1 
ze of the 


CFE oppoſite to it, that is, in the triangle ABC, the co- 

of the angle ABC 1s to the radius as (the r of the 

hypotenuſe BC to the co-tangent of the fide AB, adjacent 

to ABO, or asYthe tangent: of the fide ABB to the tangent 

of the hypotenuſe, ſince the tangents of two arches are reci. 

H. T7 proportional to their co-tangents, (Cor. 2. def. 
r.) 15 * 18 


Cos. And ſince by this propoſition the co-fine of the angle 
ARC is to the radius, as the tangent of the ſide AB is to the 
tangent of the hypotenyſe BC, and as the radius is to the co- 
tangent of BC, ſo is the tangent of BC to the radius; « 
quo, the co-fine of the angle ABC will be to the co-tan- 
gent of the hypotenuſe BC, as the tangent of the fide Ab, 
adjacent to the angle ABC to the radius, 


F 
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PROP. XXI. 
fine of 
of the 
of the 


N right angled ſpherical triangles, the co-ſine 
of either of the fides is to the radius, as the co- 
ne of the kypotenuſe is to the eo-fine of the other 


de. 


e CET, The ſame conſtrudtion remaining : In the triangle CEF 
„as the Ie fine of the hypotenuſe CF 1s to the radius, as the fine of 
e angle Ie fide CE to the fine of the oppoſite an gle CFE, (Prop, 
; Co-ine p); thatk in the triangle ABC, the co-ige of the fide CA 


t of the to the radins as the co-tine of the hypotenuſe BC to the co- 
adjacent Be of the other fide BA. Q. E. D. 

tangent 

We TEC 

def. g. e 


N right angled ſpherical triangles, the co-fine of 


Pas either of the ſides is to the radius, as the co-line 
o the co· ¶ the angle oppoſite to that fide 1s to the fine of 
dius; Ie other angle. 


e CO-tan- 


ide Ah rne ſame conſtruction remaining : In the triangle CEE, 


fine of the hypotenuſe CF is to the radius as the fine of 
> fide EF is to the fine of the angle ECF oppoſite to it, 
t is, in the triangle ABC, the co- ſine of the fide CA is to 
radius, as the co- ſine of the an 11 oppoſite to it, is 
ie fine of the other angle ACE E. D. 
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SOLUTION of the Caszs of Righ Angled 

SPHERICAL TRIANGLES. 
PROBLEM. 
TN a right angled ſpherical n of the three 
fdes and three angles, any two being given, be. 
ſides the right angle, to find the other three. 

This problem has ſixteen caſes, the ſolutions of which arc 
contained in the following table, where ABC is any ſpherical 
triangle right angled at A. 

| Given. |Soucurt. SOLUTION. | 
11 i: fa. AC, (19), 
BC and B.. AB R: coſ. B:: tan. BC: tan. AB, (21). | 2 
| C. -|R:cof.BC::tan.B:co-t.C,' (20). | 3 
E : tan. AB, (18). 4 
AC and C. BC. coſ. C: R:: tan. AC: tan. BC, (21). 5 
| 5. Is col. AC: ; fin. C: coſ. E, (23). 6 
3 AB. w.Þ tan. AC : R: fin. AB, (18). | 7 
[AC and B. BC. fin. B: fin. AC:: R: fin. BC, (29). | 8 
| | 0. ſcoſ. AC:cof.B::R:fin.C, (23). | 9 
AB. coſ. AC :cof.BC::R: coſ. AB, (22). |16 
AC and BC, B. ſin. BC: ſin. AC:: R: ſin. B, (29). [11 
C. tan. BC: tan. AC:: R: col. C. (21). 12 
I BCC. R: coſ. AB:: col. AC : col. BC, (23). |13 
AB and Ac. B. |fin. AB: R: tan. AC : tan. B, (x). 14 
. aA: : tan. AB: tan. C, (18). [14 
3 AR Aendern (a9 [15 
B and C.] AC. |fin.C: coſ. B:: R: col. AC, (23). [15 
BC. tan. Be co-t. C::R: col. BC, (20). 2 
TABLE 


— 


— 


1gled 


e three 
ren, be- 


hich are 
ſpherical 


Os 
W 
nd 


2 
— 
aa  ESSS| SHES lee le 


20). [16 


SPHERICAL TRIGONOMETRY. 
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TABLE for determining RF gg the 8 found. in the 


_— are hoe than a Quadrant. 


4 P 7 8 —_ 


The TREO or ch rage 15 Jef chan 955. | 


| 


— 


When AC and BC are of the fame affection. 


When B is leſs than 90. 9 T8! 
When BC and B are of the babe aFeQion. 1a] 
| When BC and Bare of che fame affeQtion. | 3] 
When C is leſs than go® 14 
| When AC and C are of the fame affection. 5 
| When AC is lefs than 9% | 6 
3 5 6; 7 
Ambiguous. 8 
Ambiguous 9 
10 


Z 3 


* 
97 m 


When AC is leſs than 9g. II 

When AC and BC are of the ſame affection. 12 

7 ANG | ** 

| When AB and AC are "= the ſame afeetion 13 | 
| When AC is leſs than . "0 M0617 
When AB is leſs than 909%. rr“ 

When C 1s Jeſs than go Ar5 

| When BI than ge. Ry - i; 18 

When B and C are of the ſame affeftion. 16 


23 one 
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| ſought has two values, and may either be equal to a certai 


that have a fide and the angle oppoſite to it the ſame in both 


SPHERICAL TRIGONOMETRY, 
The caſes marked ambiguous are thoſe in which the thing 


angle, or to the ſupplement of that angle. Of theſe there ar 
three, in all of which the things given are a fide, and th 
angle oppoſite to it, and accordingly, it is eaſy to ſhew, tha ine of B 
two right angled ſpherical. triangles may always be found 


but of which the remaining ſides, and the remaining angle 
the one, are the ſupplements of the remTining ſides and the re 
maining angle of the other, each of each. 

Though the affection of the arch or angle found may in: 
the other caſes be determined by the rules in the ſecond of thy 
preceding tables, it may be ufeful to remark, that all thelx 
rules, except two, may be reduced to one, viz. that when t 
thing found by the rules in the firſt table is either a tangent 
@ co-/ine ; and when, of the tangents or co: ſines emplgyed in th 
computation of it, one only belongs to an obtuſe angle, the angl 
required is alſo obtuſe. | | 

Thus, in the 1 5th caſe, when coſ. AB is found, if C be a 
obtuſe angle, becauſe of. coſ. C, AB muſt be obtuſe; and 1 
Cate 16. if either B or C be obtuſe, BC is greater than 90 
but if B and C are either both acute, or bath obtuſe, BC ü 
leſs than go. 144 oof kx 4 

It is evident, that this rule does not apply when that whuc 
is found is the fine of an arch; and this, beſides the three am 
biguous caſes, happens allo in oer tna, viz. the aſt aa / 
11 . «C33 Lad 
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PROP. XXIV. _ 
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. 43 WR eee hh 
IN ſpherical triangles, whether right angled or obe, W 

lique angled, the fines of the ſides are proporhagle / 
tional 'to the ſines of the angles oppoſite to them. 


Firſt, Let ABC be a right angled triangle, having” a right 
angle at A; therefore, (Prop. 19.) the fine of the hypote 
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uſe BC is to the radius (or the fine of the right "_ at A) 


the fine of the ſide AC. 
o the ſine of the angle B. 
and, in like 3 the 
ne of BC is to the fine of 
c angle A, as the fine. of 
\B to the Tas of the angle 
; wherefore (11. 5. ) the fine: 
ff the fide AC is to the: 
ne = 7 B, as the: A. 
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Secondly, Let ABC be ar 1 oblique angled 9 the fine 
f any of the,fides BC, will be to the fine of any of the 
tber two AC, as the ſine of the angle A opp ofire-to BC, is 
o the ſine of the. Bc is to. AR. Throu oo. fleas 
int C, let there be drawn a n arch. of a great circle. 

endicular upon AB; and in the right — triangle BCD, 
Prop. 19.) the ſine of * is to the radius, as the fine of 


cod 
"& * "= 
emer ee EL 


he fine 
' erſion, the radius is to 'the fine of AC as t 
1 Peg le A to the fine f DG: "Therefore; ti by bf 
d or ol ate, the Poe of BC is to the ſine of AC, as N & © 


proporſngle A to the fine of the am gle B. Q. Ev D 
a | 
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D to the fine of the angle B; and in the triangle ADC, 
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iP. {Ro OP. XXV. 


N oblique 1 Fee triangles, a anti 
cular arch being drawn: from any of the:angles 


upon the oppofite ſide, co-fines of the angles at H 
th Ne. piGportional to + the lines of the ſegments © K 
of thèwertical angle. Sis procall. 
bb | the mY 

Let ABC be a triangle; and r be arch CD Fiped del to 
the baſe BA; the co- ſine of the: angle B will be to the co ſine 5 0 
of the angle Xx as the fine of th e angle BCD to the fine 0 tangent. 


the angle ACD. radius tc 
For (Prop. 23.) the co. ſine of the angle B is to the fine oM or DC ; 

the angle BC, as the co- ſine of t he fide CD is to the radius; the fine, 

amd alſo the co-fine of the angle D to the fine of the angle 

ACD in the ſame ratio; theref ore by permutatien, the co. 

fine of-the- angle B is to o che. eo ſine of the 9 A, as the 


bn, BF f B. = 


TY * its: 
A A Ide an 
| There 
wy | 7. N R O. F. bY XXVI. . 
an 15 to th 


: "HE, ome 9 rema ining, the c0- -ſines if the ©. 
- fides\BC, CA, are pi oportional to, the co-finee - 
of BD, DA, theiſegments. of the baſe. „ 


— 


For (Prop. 22.) the co- ſine of BC is to the co-fine 0 
BD, as the co-ſine of DC to tl ie radius, and the co-fine of 
AG tg the co-fine of AD in th e ſame ratio: Wherefore, b. 
permutation, the co-ſines of the fides BC, CA are proportional 
to "is 1 of the — c & the baſe BD, DA. Q.E.D 
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PR O P. XXVII. 


HE fame conſtruction remaining, the ſines of 
BD, DA, the fegments of the baſe are reci- 
procally proportional to the e of B 25 A, 
the angles at the bale, | BIT 
; 1 | | | 
For (Prop. 1800 the 7" of BD is to the b 23 "ike 
tangent of DC to the tangent of the angle B; and alſo, the 
radius to the ſine of AD, as the tangent of A to the tangent 
of. DC; Therefore, ex equo.perturbate, the fine of BD is. to 
the fine of Bir as the Gon. ons of A. to the tangent of B. 


1 " 2 \ | 44 
* 4" :30 c 1 tor, p 17 Je- : 1 99902 
. % 


R O P. XVIII. e 0 
ME W eben redaining,, the a 
of the ſegments of the vertical angle are reci- 
proprocally proportional t o the — of the 
fides. +4 2—0 ff $0. « SS £* 85 


For (Prbp. 20.) the co. ine of the angle BCD, is to the 


5, (e as the tangent of D is to; the tangent of BC ; and 
(Prop. 21. by inverſion), the radius is to the co- ſine of 


85 angle ACD, as the tangent of A to the tangent of CD: 


Therefore, ex ægud perturbats, the co-fine of the angle BCD 


s to-the-co-fine of the angle ACD, as che OE AC 
is to the * of * . . ; 
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PR OP. XXIX. 


F from an angle of a ſpherical triangle there be 

drawn a perpendicular to the oppoſite ſide, or 
baſe, the rectangle contained by the tangents of 
half the ſum, and of half the difference of the ſeg- 
ments of the baſe is equal to the rectangle — {| 
ed by the tangents of half the ſum, and of half the 
RP of the two des of The nee . 


Le ABC be a ſpherical triangle, ad let the arch CD be 
drawn from the angle C at right angles to the baſe AB. 
Becauſe (Prop. 26.), coſ. BC: coſ. AG : : col. BD: co. AD, 
by compoſition and diviſion, 
coſ. BC + coſ. AC: ebſ. BE — coſ. AC:; ; col. BD + cof. AD: 
coſ. BD — coſ. AD. But, (1. Cor. 3. Pl. Trig.), 


col. BC + col. AC : col. BO coſ. AQ : :: cot. 4(BO#AT): | 
tan. (BC—AC); and alſo, col. BD — col. AD: : col. BD— 
cal. AD : : cot. (DTA D): tan. 4 D-), therefrire 
cot. 3 (BC+AC) : tan, 2. » (BC—AC) : : cot. + Dm. 
tan. = (BD-— AP). And becauſe reftangles of the lame alti- 
tude ate as their bales, thetefore, tan. 4. (BC+AC) X 
cot. GOA) tan. 1 (BC+AC). x tan; 4 (BC—AC): : 
tan. (BD+AD) x cot. 4 GDA); : tan. . (BD+AD) x 
tan, © (BD—AD). But tan. (BC TAC) x cot. (BC+AC) 
= R*, (2. Cor. def. 9. Pl. Tr.) and alſo, tan. + (BD+AD) * 


cot. . (BD+AD) = R, therefore (9. 5.) tan. E (BD+AD) x 


tan. . (BD—AD) = tan. (BC+AC) x tan. 5 (BC—AC). 
Q. E. D. 


Cos. 


SPHERICAL TRIGL4NOMETRY. 


Cor. 1. Becauſe the ſides of equal rectangles are reciprocally 
proportional, tan. + (BD+AD) : tan. + (BE+AC) 'F ve 
tan. - (BC—AC) : tan. (BD—- AD). 


Con. 2. Since, when the perpendicular CD falls within the 
triangle, BD+AD=AB, the baſe; and when CD falls with- 
out the trinngle BD—AD=AB, therefore in the firſt caſe, 


the proportion in the laſt corollaty becomes, tan. 3 (AB): 
en. (BC+AC) : S (BC—AC) : tan. (BD—AD) ; 
and in the ſecond caſe, it becomes by inverfion and alterna- 
tion, tan. (AB): tan. (BC TAC) :: tan. * 2 (BC—AC): 
tan. 2. (BD+AD. 


SOLUTION | 
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SOLUTION of the Casxs of Oblique Angled 
SPHERICAL TRIANGLES. 


= 


PROBLEM: 


'N any oblique angled ſpherical triangle, of the 
three ſides and three angles, any three being gi- 
Yea, the other three may be found. 
In this table, the RP VIP Lo: 4k 6 5 * &c. are to the 
caſes 3 in the preceding tables. 


5 


ö 


GIVEN. SOUGHT. | SOLUTION. | 


Qs Let fall the perpendicular CD from 
N the unknown angle not required, 


on AB. 
One! of the : col. A:: tan, AC : tan. AD, 


1 : c. 2 J;therefove BD is known, and 
of , 5 (25. 3 B 2 A are of the fame 
A< I | or different affection, according 
; 1 Two fides | / 1 5 45 E greater or Lo than AD, 
83 : . —— 

AB, A0. — — 
Let fall the perpendicular ry from 
and the in- one of the unknown angles on 


. bar bore AB. - 7 
uded angle , col. A :: tan, AC : tan. , 
e The third (c. 2.); therefore AD is known, 
and col. AD: coſ. BD :: col. AC: 

coſ. BC, (26.); according as the 4 
BC ſegments AD and DB are of the 
"Nu ſame or different affection, AC 
* and CB will be of the ſame or 
9 different affection. | 


| | Twò.I 


— — 


2 A. 


angled 


of the 
ing gi- 


to the 


T wc 


1 GIvEeN. 


| SoUGHT. 


SPHERICAL TRIGONOMETRY. 


SOLUTION. 


— 


Two angle 


A and ACB, 


1 


fection. 


From C the extremity of AC next 
the fide ſought, let fall the per- 
pendicular CD on AB. 
R: coſ. AC:: tan. A 
(c. 3. ); therefore BCD is known, 
and cof. BCD : coſ. ACD : * | 
tan. AC : tan. BC, (28). BC is 
leſs or greater than go, accord- 
ing as the angles A and BCD 
are of the ſame or different af- 


: cot. ACD, 


R: 


Let fall the perpendicular CD from 
one of the given angles on the 


oppoſite fide AB. 


col. AC : 
(. 3.); therefore the angle BCD 
is given, and fin. ACD: | 
CD: : col. A : col. B, (25.); 
B and A are of the ſame or dif- 
ferent affection, according as CD 
falls within or without the tri. 
angle, that is, according as ACB 
is greater or leſs than ACD, 


( 6.) 


fin. 


: tan. A: 


cot. ACD, 


— — 


—B 


G1ven 


& -< 
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| Gn 
Gexx. Soνο rr. SOLUTION. | — 
T N 1 | | 77 
N 8 1 
The angle Ein. BC: fin. AC:: fn. A: ſin. B, | 
1185, | B (24.) The affection of Bis am- | *H 
| appolite to higuous, unlefs it can be deter- 
che other gi-} mined by this rule, that accord. IH 
ven fide | ing as AC+BC is greater or leſs | [ 
AC. chan 180%, A+Bis greater or leſs Two 
| than 180% (10.). . | 
Two fides | | [7 OR 
ä — 
AC and From ACB che angle ſought draw and 
| The an gle | CD perpendicular to AB; then 7 
bod an ange n co. ACD, | fl | - 
6 —_—— (e. 3); and tan. BC : tan. AC : a 
A |} the given | col. ACD : coſ. BCD, (28). pp. 
; ſides ACD+8CD=ACB, and ACB N 
| oppoſite to © — is ambiguous, becauſe of the am- one c 
| biguous fign + or —, IP 
Fr — 
| 3c [Let © fall the 32 CD from | | 
angle C contained e gi- 
. ven ſides upon the ſide AB. ol 
5 gde R : coſ. A: : tan. AC : tan. AD, 
| (e. 3.); col. AC : cof. BC: \ 
' AB. 0b. AD: col. BD, (26.) ef | 
| ABZ=AD+BD, wherefore AB l 
is ambiguous. 


GIVEN. 
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| Gives. | Sovcur. | SOLUTION. 
— — Dao AERTI —O fin: A: : fin. AC: fin. 1 BC, 
| * The fide | (24.); the affection of BC is un- 
11 | ) BC | certain, except when it can be 
. B, | oppoſite to | determined by this rule, that ac- 
am- | 1 the other gi-| cording as A+B i . fe- er or leſs 
ter- Rte ven ang than 180, AC+B wn? \ 
ord- Eco T” A,” "War leſs than 180?, (10 ly x | 
1989!!! — — 
leſs | Two an gles # From the e angle C draw 
3 | CD perpendicular to AB; then | 
| Pug: f " The fide R: coſ. A:: tan. AC : tan. AD, 
— | | AB (c. 3.); tan. B: tan. A:: fm. AD: 
raw and a ſide adjacent to | fin. BD. BD is ambiguous, and 
hen 9 the given | therefore AB = AD BD may 
— 1 [Ac angles have four values, {ame of which 
: 1 A, B. | will be excluded by this condi- 
8.) oppaſite to tion, that AB mult be legs than 
CB % 218090. | 
am- one of tb em- . km(wq ᷓẽq km. ¼ęĩð́?v y —.— 
| ox 2 From the angle required, C, draw 
8 B. 7 CD perpendicular to AB. A, 
om | 2 : col A:: tan. A: cot. AC, 
vos | The third | 3-), coſ. A: col.B : : fin. ACD: 
| ſin. BCD, (25.). The affection 
D 10 angle | of BCD. is uncertain, and there- 
5 | | fore ACB= ACD TBC D has 
3  ACB. | four values, fome of which may 
AB | - | be excluded by the condition, | 
| that ACB is leſs than 180. 
3 From rs of the angles not re- 
uired, draw CD endicular 
The three | 0 AB, Find an 24 E ſuch that 
In oc. LAB : tan. n. 
' |] ne of the] tan. 4 1 (AC—BC 3-1 ; Ez 
| then, if AB be Boe ep EA , 
2 AB, AG, angles AB is the ſum, - E the diffe- 
, ad | rence of AD and DB; but if 
A. AB be leſs than E, E is the ſum, 
BC and AB the difference of AD, 
b ; DB, (29.). In either caſe, AD 
and DB are Known, and 
ET a tan. AC: tan. AD::R: coſ. A. 
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| The three 1 One of the] be a, b, c, and to be the fides of | 


G1veEN. Soveur. + — SoL.uTION. 1 
1 1 fe a e the I of the 
three given angles, A, B, C, to 


= WE ans a ſpherical triangle. Find, by the 
angles fides ¶ laſt caſe, the angle of this triangle 
oppoſite to the ſide a, and it 
A. B, C. BC. {| will be the ſupplement of the 
| fide of the given trian gle oppoſite 
to the angle A, that 1s, of BC, 
1 . ); and therefore BC is found. 


; 
, 


In the foregoing table the 1 are 8 kor aſcertaining 
the affection of the arch or angle found, whenever it can N 
done : Moſt of theſe rules are contained in this one rule, which 

is of general application, viz. that when the thing found 5 7s ei- 
2 a tangent or a conſine, and of the tangents or co. ſines em- 
ployed in the computation of it, either one or three belong to ob- 
tuſe angles, the angle found is alſo obtuſe. This rule is parti- 
cularly to be attended to in caſes 5. and 9. where it removes 
part of the ambiguity. 

It may be neceſſary to remark with reſpe& to the 11th 
caſe, that the ſegments of the baſe computed there are thoſe 
cut off by the neareſt perpendicular; and alſo, that when 
the ſum of the ſides is leſs than 1809, the leaſt ſegment is ad- 
Jacent to the leaſt fide of the triangle ; otherwiſe to the great- 
eſt ( 17.) 
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FIRST BOOK OF THE ELEMENTS, 


DEFINITIONS. 


I. 


E the definitions a few changes have been made, of which Book J. 


it is neceſſary that an account ſhould be given. One of 
theſe changes reſpects the firſt definition, that of a point, 
which Euclid has ſaid to be, That which has no parts, or 
© which has no magnitude.” Now, it has been objeQed to 
this definition, that it contains only a negative, and that it is 
not convertible, as every definition ought certainly to be. 
That it is not convertible 1s evident, for though every point 
3 unextended, or without magnitude, yet every thing unex- 
tended, or without magnitude, is not a point. To this it is im- 
poſſible to reply, and therefore it becomes neceſſary to change 
the definition altogether, which is accordingly done here, a 
point being defined to be, that which has pos 4 but not mag- 
nitude, Here the — part includes all that is eſſential 
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Book I. to a point, and the negative part excludes every thing that 


* 


is not eſſential to it. I am indebted for this definition to a 
friend, by whoſe judicious and learned remarks I have often 
profited. 


IE. 


After the ſecond definition Euclid has introduced the fol- 
lowing, * the extremities of a line are points.” 

Now this is certainly not a definition, but an inference 
from the definitions of a point and-of a line. For that which 
terminates a lint can have no breadth, as the line in which it is 
has none, and it can have no length, as it would not then be 
a termination, but a part of that which it is ſuppoſed to ter- 
minate. The termination of a line can therefore have no 
magnitude, and having neceſſarily poſition, it is a point. But 
as it is plain, that in all this we are drawing a conſequence 
from two definitions already laid down, and not giving a new 
definition, I have taken the liberty of putting it down as a cor- 
rollary to the ſecond definition, and have added, that the inter- 


ſectious of one line with another are points, as this affords a good 


:lluftration of the nature of a point, and is an inference exactly 
of the ſame kind with the preceding. The ſame thing near- 
ly has been done with the fourth definition, where that which 
Euclid gave as a ſeparate definition, is made a corollary to the 
fourth, becauſe it is in fact an inference deduced from compa- 
ring the definitions of a ſuperficies and a line. 

As it is impoſſible to explain the relation of a ſuperficies, a 
line and a point to one another, and to the ſolid in which 
they all originate, better than Dr Simſon has done, I fhall 
here add, with very little change, the illuſtration given by that 
excellent Geometer. 

It is neceſſary to conſider a ſolid, that is, a magnitude which 
has length, breadth and thickneſs, in order to underſtand 
aright the definitions of a point, line and ſuperficies; for theſe 
all ariſe from a ſolid, and exiſt in it: The boundary, or boun- 
daries which contain a ſolid are called ſuperficies, or the boun- 
dary which is common to two ſolids which are contiguous, or 
which divides one ſolid into two contiguous parts, is called a 
ſuperficies: Thus, if BCGE be one of the boundaries which 
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contain the ſolid ABC DEF CH, or which is the common Book J. 


boundary of this ſolid, and the ſolid BRLCHFHNMG, and is 
therefore in the one as well as the other ſolid, it is called a ſu- 

erficies, and has no thickneſs : For if it have any, this thick - 
neſs muſt either be a part of the thickneſs of the ſolid AG, 
or the ſolid BM, or a part of the thickneſs of each of them. 
It cannot be a part of the thickneis of the ſolid BM; becauſe, 
if this ſolid be removed from the ſolid AG, the ſuperſicies 
BCGF, the boundary of the ſolid AG, remains ſtill the fame 
as it was, Nor can it be a part of the thickneſs of the ſolid 
AG; becauſe, if this be removed from the ſolid BM, the ſu- 
perficies BCGF, the boundary of the fold BM, does never- 
theleſs remain; therefore the ſuperficies BCGF has no thick - 
neſs, but only length and breadth. | 

„Ihe boundary of a ſuperſicies is called a line; or a line is 
the common boundary of two ſuperficies that are contiguous, or 
it is that which; divides one ſuperficies into two contiguous 
parts; Thus, if-BC be one of the boundaries which contain the 
ſuperſicics ABCD, or which is the common boundary of this 
ſaperficies, and of the ſuperficies KB CL which is contiguous 
to it, this boundary BC is called a line, and has no breadth : 
For, if it have any, this 
muſt be part either of the H_ G M. 
breadth of the fſ{uperkicies | 55 
ABCD, or of the ſuper- 
ficies KBCL, or part of each 
of them. It is not part of 
the breadth of the ſuper- 
ficies KBCL; for, if this 


ſuperficies be removed from D ET L 
the ſuperficies ABCD, the | 7 


line which is the boun- 
dary of the ſuperſicies 
ABCD remains the fame 
23 it was, Nor can the 
breadth that BC. is ſuppoſed to have, be a part of the breadth 
of the ſuperficies ABCD ; becauſe, if this be removed from 
the Le JE KBCL, the line BC, which is the boundary of 
the ſuperficies KBCL, does neyerth:leſs remain: Therefore 
the ine BC has no breadth. | And becauſe the line BC is in 
2 ſuperſicies, and that a, ſuperficies has no thickneſs, as was 
© ERNIE + fa ſhewn; 


K 


ö 
* 
. 6 
11 
T7 


bj 
a 


"FS 


- = 
2 F* 


= 2 


2 
— — CC — — — 


TT. ws 

— * N 1 
' - - - o - 
2 * — — 


1 


PD. 


=— i ou So — * =— 


i 
i 
| 


NOT E S. 


{Book I. ſhewn ; therefore a line has neither breadth nor thickness, 
—"V— but only length. | 


The boundary of a line is called a point, or a point is the 
common boundary or extremity of two lines that are conti. 
guous : Thus, if B be the extremity of the line AB, or the 
common extremity of the two lines AB, KB, this extremity 
is called a point, and has no length: For, if it have any, thi; 
length muſt either be part 
of the length of the line H G M 
AB, or of the line KB. It | 3 
is not part of the length of | 
KB; for, if the line KB be | 
removedfrom AB, the point E — 
B which is the extremity N | _ 
of the line AB remains the 0 | | 


fame as it was: Nor is it 5 L 
part of the length of the 7 
line AB; for, if AB be re- 

moved from the hne KB, 

the point B, which is the A B K 


extremity of the hne KB, | 
does nevertheleſs remain: Therefore the point B has nc 
length : And becauſe 'a point is in a line, and a line h: 
neither breadth nor thickneſs, therefore a point has no length 
breadth, nor thickneſs. And in this manner the definition 
of a point, line, and ſuperficies are to be underſtood.” 


III. 


Euclid has defined a ſtraight line to be a line which (as w: 
tranſlate it), © lies evenly between its extreme points.” Thi 
definition is obviouſly faulty, the wordevenly ſtanding as mud 
in need of an explanation as the word ſtraight, which it is in 
tended to define. In the original, however, it muſt be con 
feſſed, that this inaccuracy is at leaſt leſs ſtriking than in on 
tranſlation; for the word which we render evenly is cb 
equally, and is accordingly tranſlated ex quo, and equalite 
by Gregory and Commandine. The definition, e wag 1 
that a ſtraight line is one which lies equally between its ex 
treme points; and if by this we unlerſtand a line that lie 
AED. |: 5 betwee 
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between its extreme points ſo as to be related exactly alike Book I. 


to the ſpace on the one fide of it, and to the ſpace on 
the other, we have a definition that 1s perhaps a little 
too metaphyſical, but which certainly contains in it the 
eſſential character of a ſtraight line. That Euclid took the 
definition in this ſenſe, however, is not certain, becauſe he 
has not attempted to deduce from it any property whatſoever 
of a ſtraight line, and indeed, it ſhould ſeem not eaſy to do fo, 
without employing ſome reaſonings of a more metaphyſical 
kind than he has any where admitted into his elements. To 
ſupply the defects of his definition, he has therefore introdu- 
ced the Axiom, that two ſtraight lines cannot incloſe a ſpace, 
on which Axiom it is, and not on his definition of a ſtraight 
line, that his demonſtrations are founded. As this manner of 
proceeding is certainly not ſo regular and ſcientific as that of 
laying down a definition, from which the properties of the 
thing defined may be logically deduced, I have ſubſtituted an- 
other definition of a ſtraight line in the room of Euclid's. 
The definition of a ſtraight line given here is taken from 
Boſcovich, in his Notes on the Philoſophical Poem of Pro- 
feſſor Stay. In one of theſe he ſays, * Ream lineam 
rectæ congruere totam toti in infinitum productam ſi bina 
puncta unius bins alterius congruant, patet ex ipſa admo- 
dum clara rectitudinis idea quam habemus.*' (Supple- 
mentum in lib. 3. 6 550.) Now, that which Mr Boſcovich 
would conſider as an inference from our idea of ſtraightneſs, 
ſeems itſelf to be the eflence of that idea, and to afford 
the beſt criterion for judging whether any given line be 
ſtraight or not. From this definition the Axiom above 
mentioned, viz. That two ſtraight lines cannot incloſe a 
ſpace, follows as a neceflary conſequence. For, if two lines 
incloſe a ſpace, they muſt interſe& one another in two points, 
and yet in the intermediate part muſt not coincide, and there- 
fore by the definition they are not ſtraight lines. It follows 
in the ſame way, that two ſtraight lines cannot have a com- 
mon ſegment, or cannot coincide in part, without coinciding 
altogether. | | f 
Since laying down the definition of a ſtraight line, as in 
the text, I have been favoured by Dr Reid of Glaſgow with 
the peruſal of a MS. containing many excellent oblervations 
on the firſt Book of Euclid, ſuch as might be expected from 
Aa 4 A 
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Book I. a philoſopher diſtinguiſhed for the accuracy as well as the 


extent of his Knowledge. He there defines a ſtraight line nearly 


as has been done here, viz. © A ſtraight line is that which can. 
not meet another ſtraight line in more points than one, 
„ otherwife they perfectly coincide, and are one and the 
„% fame.“ Dr Reid alſo contends, that this muſt have been 
Euclid's own definition; becauſe in the firſt propofition of the 
eleventh Book, that author argues, that two ſtraight lines 
% cannot have a common ſegment, for this reaſon, that a 
&« ſtraight line does not meet a ſtraight line in more points 
„than ons, otherwife they coincide.” Whether this a- 
mounts to a proof of the definition having been actually Eu- 
chd's, I will not take upon me to decide; but it certainly 
proves that it is a definition which the writings of that geo- 
meter ought long fince to have ſuggeſteckto his commentators; 
and it reminds me, that 1 might have learnt from theſe 
writings what I have-acknowledged above as derived from « 
remoter ſource. | 

There is another characteriſtic, and obvious property of 
ſtraight lines, by which I have often thought that they might 
be very conveniently defined, viz that the poſition of the 
whole of a ſtraight line is determined by the poſition of two 
of its points, in ſo much that, when two points of a ſtraight 
line continue fixed, the line itſelf cannot change its poſition. 
It might therefore be ſaid; that a ſtraight line is one in which, 
if the pofition of two points be determined, the - poſition of 
the whole line is determined. But this definition, though it 
amounts in fact juſt to the ſame thing with the former, is ra- 
ther more abſtract than it, and is not ſo eaſily made the foun- 
dation of reaſoning ; ſo that, after endeavouring.as much as 


poffible to accommodate it to the underſtanding of beginners, 
I have found it beſt to lay it aſide, and to adopt the definition 


given 1n the text. 


V. 


The definition of a plane is given from Dr Simſon, Euclid's 
being liable to the ſame objections with his definition of a 
{traight line, for he ſays, that © a plane fuperficies is one which 
lies evenly between its extreme lines.” The defects of this 


definition ares completely removed in that which Dr Sim- 
| | 107 
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ſon has given.. Another deſinition different from both might Book I. 
— — 


have been adopted, viz. That thoſe ſuperfioies are called plane, 
which are ſuch, that if three points of the one coincide 
with three points of the other, the whole of the one muſt 
coincide with the whole of the other. This definition, as it 
reſembles that of a ſtraight line, already given, migh, per- 
haps have been introduced with ſome advantage; but as the 
purpoſes of demonſtration cannot be better anſwered than by 
that in the text, it has been thought beſt to make no farther 
alteration. | | 


VI. 


In Euclid, the general definition of a plane angle is placed 
before that of a rectilineal angle, and is meant to comprehend 
thoſe angles which are formed by the meeting of other lines 
than ſtraight lines. A plane angle is ſaid to : * the inclina- 
tion of two lines to one another which meet together, but are 
not in the ſame direction.“ This definition is omitted here, be- 
cauſe that the angles formed by the meeting of curve lines, 
though they may become the ſubject of geometrical inveſti- 
gation, certainly do not belong to the Elements; for the 
angles that muſt firſt be confidered are thoſe made by the in- 
terſection of ſtraight lines with one another. The angles 
formed by the contact or interſection of 2 ſtraight line and a 
circle, or of two circles, or two curves of any Lind with one 
another, could produce nothing but perplexity to beginners, 
and cannot poſſibly be underſtood till the properties of recti- 
lineal angles have been fully explained. On this ground, 
without eonteſting the arguments which Proclus uſes in de- 
tence of this definition, I have omitted it. Whatever is nos 
uſeful, ſhould, in explaining the elements of a ſcience, be Kept 
out of fight altogether ; for, if it does not aſſiſt che progreſs 
ef the underſtanding, jt will certainly retard it. 
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NOTE S. 


AXIOMS. 


Among the Axioms there have been made only two alter. 
ations. The 1oth Axiom in Euclid is, that * two ſtraight lines 
cannot incloſe a ſpace; which having become a corollary 
to our definition of a ſtraight line, ceaſes of courſe to be ranked 
with ſelf-evident propoſitions. It is therefore removed from 
among the Axioms, and that which was before the 11th is ac- 
counted the 10th. 

The 12th Axiom of Euclid is, that If a ſtraight line 
meets two ſtraight lines, ſo as to make the two interior 
* angles on the ſame fide of it taken together leſs than two 
* right angles, theſe ſtraight lines being continually produced, 
« ſhall at length meet upon that fide on which are the angles 
* which are leſs than two right angles. Inſtead of this propoſi- 
tion, which, though true, is by no means ſelf-evident ; another 
that appeared more obvious, and better entitled to be account. 
ed an Axiom, has been introduced, viz. * that two ſtraight line; 
cannot be drawn through the ſame point parallel to the ſame 
* ſtraight line, without coinciding with one another.” On this 
ſubject, however, a fuller explanation is neceſſary, for which 
ſee the note on the 29th Prop. 


PROP. IV. and VIII. B. I. 


The fourth and eighth propoſitions of the firſt book are the 


foundation of all that follows with reſpe& to the compari on 
| of 


of triar 
thod ol 
the oth 
objecti 
poſe or 
anothe 
his El 
denc 
* pend 
meant 
only te 
of mot 
for, I 1 
could 
thod is 
and of 
and of 
as the) 
reaſon 
bliſhec 
1f ſtill 
ed as 
an 1de 
may | 
poſtul. 
there 
be con 
be con 
equal 
triang 
be col 
aſſert 
ly kn. 


to exi 


alter. 
t lines 
'ollary 
anked 
| from 
is ac- 


t line 
1terior 
n two 
duced, 
angles 
-opoh- 
nother 
count. 
t lines 
> ſame 
In this 
which 


re the 
arl on 
of 


Un. 


355 


of triangles. They are demonſtrated by what is called tha me- Book J. 


thod of ſuprapoſition, that is, by laying the one triangle upon 
the other, and proving that they muſt coincide. To this ſome 
objections have been made, as if it were ungeometrical to ſup- 
pole one figure to be removed from its place and applied to 
another figure. The laying,” ſays Mr Thomas Simpſon in 
his Elements, * of one figure upon another, whatever evi- 
* dence it may afford, is a mechanical conſideration, and de- 
* pends on no poſtulate.” It is not clear what Mr Simpſon 
meant here by the word mechanical; but he probably intended 
only to ſay, that the method of ſuprapoſition involves the idea 
of motion, which belongs rather to mechanics than geometry ; 
for, I think it is impoſſible that ſuch a Geometer as he was 
could mean to aſſert, that the evidence derived from this me- 
thod is like that which ariſes from the uſe of inſtruments, 
and of the ſame kind with what is furniſhed by experience 
and obſervation. The demonſtrations of the fourth and eighth, 
as they are given by Euclid, are as certainly a proceſs of pure 
reaſoning, depending ſolely on the idea of equality, as eſta- 
bliſhed in the 8th Axiom, as any thing in geometry. But, 
if {till the removal of the triangle from its place be confider- 
ed as creating a difficulty, and as inelegant, becauſe it involves 
an idea, that of motion, not eſſential to geometry, this defect 
may be entirely remedied, provided that, to Euclid's three 


poſtulates, we be allowed to add the following, viz. That i, 


there be two equal ſtraight lines, and if any figure whatſoever 
be conſlituted on the one, a figure every way equal to it may 
be conſtituted on the other. Thus, if AB and DE be two 
equal ſtraight lines, and A.BC a 6 J 7 on the baſe AB, a 
triangle DEF every way equal to ABC may be ſuppoſed to 
be conſtirnted on DE as a baſe. By this it is not meant to 
aſſert that the method of deſcribing the triangle DEF is actual- 
ly known, but merely that the triangle DEF may be conceived 
to exiſt in all reſpects equal to the triangle ABC. Now, there 
is no truth whatſoever that is better entitled than this to be 
ranked among the Poſtulates or A xioms of geometry; for the 
ſtraight lines AB and DE being every way equal, there can 
be nothing belonging to the one that may not allo belong to 
the other. | * 

On the ſtrength of this poſtulate the fourth Prop. is thus de- 
monſtrated, | | e = 
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If ABC, DEF be two triangles, ſuch that the two fides 
AB and AC of the one are equal to the two ED, DF of the 


D 


B . 
other, and the angle BAC, contained by the ſides AB, AC 
of the one, equal to the angle EDF, contained by the fides 
ED, DF of the other; the triangles ABC and EDF are every 
way equal. | 

On AB let a triangle be conſtituted every way equal to 
the triangle DEF; then, if this triangle coincide with the 
triangle ABC, it is evident that the propoſition is true, for it 
is equal to DEF by hypotheſis, and to ABC, becauſe it co- 
incides with it ; wherefore ABC, DEF are equal to one ano- 
ther. But if it does not coincide with ABC, let it have the 
poſition ABG; and firſt, let G not fall on AC; then the 
angle BAG is not equal to the angle BAC. But the angle 
BAG is equal to the angle EDF, therefore EDF and ABC 
are not equal, and they are alſo equal by hypotheſis, which is 
impoſſible. Therefore the point G muſt fall upon AC; now, if 
it fall upon AC but not at C, then AG is not equal to AC; 
but AG is equal to DF, therefore DF and AC are not equal, 
and they are alſo equal by ſuppoſition, which is impoſſible. 
Therefore G muſt coincide with C, and the triangle AGB 
with the triangle ACB. But AGB is every way equal to 
DEF, therefore ACB and DEF are alſo every way equal. 


C. B. 25 


In the ſame manner may the 8th be demonſtrated, and even 
with more facility, ſo that theſe two fundamental 'Theorems 
may be proved without having recourſe to the method of 
ſuprapoſition. Such demonſtrations, it muſt, however, be ac- 
knowledged, treſpaſs againſt a rule which Euclid has uni- 
formly adhered to throughout the Elements, except where 
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ic was forced by neceſſity to depart from it. This rule is, Book I. 


that nothing is ever ſuppoſed to be done, the manner of doin 
which has not been already taught, and the conſtruction de- 
rived either directly from the three poſtulates laid down in 
the beginning, or from ſome problems already reduced to 
thoſe poſtulates. Now, this rule is not effential to geometri- 
cal demonſtration, where, for the purpoſe of diſcovering the 
properties of figures, we are certainly at hberty to ſuppoſe 
any figure to be conſtrued, or any line to be drawn. the ex- 
iſtenee of which does not involve an impoſſibility. The on- 
ly uſe, therefore, of Euchd's rule is to guard againſt the intro- 
duction of impoſſible hypotheſes, or the taking for granted 
that a thing may exiſt which in fact implies a contradic- 
tion; from ſuch ſuppoſitions, falſe concluſions might, no 
doubt, be deduced, and this rule is therefore uſeful as far 
as it anſwers the purpoſe of excluding them. But the 
foregoing poſtulatum eould never lead to ſuppoſe the ac- 
tual exiſtence- of any thing that is impoſſible; for it ny 
ſuppoſes the exiſtence of & figure equal and fimilar to one al- 
ready exiſting, but in a different part of ſpace from it, or, to 
pet more preciſely, having one of its fides in an aſſigned 
pofition, Unleſs therefore there be an impoſſibility in the 
exiſtence of the one of theſe figures, there can be none in 
that of the other. This new poſtulate might, therefore, it 
ſhould ſeem, be introduced with good effect into the Elements 
of Geometry ; but to have adopted it here would have led 
us too far from the text of Euchd, and it is ſufficient for the 
preſent purpoſe to have pointed it out. 


P NON. 


Dr Simſon has very properly changed the enunciation of 
this propoſition, Which, as it ſtands in the original, is con ſider- 
ably embarraſſed and obſcure. His enunciation, with very 
little variation, is retained here. 


P.K-D' FP; 3M. 
It is eſſential to the truth of this propoſition, that the 
ſtraight lines drawn to the point within the triangle be drawn 


from the two extremities of the baſe ; for, if they be or ribs 
| om 


"A 


a. 
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ours 


Book I. from other points of the baſe, their ſum may exceed the ſun 


of the fides of the triangle in any ratio that is leſs than that 
of two to one, This is demonſtrated by Pappus Alexan- 
drinus in the zd Book of his Mathematical Collections, 
but the demonſtration is of a Kind that does not belong to 
this place. If it be required fimply to ſhew, that in certain 
caſes the ſum of the two lines drawn to the point within the 
triangle may exceed the ſum of the fides of the triangle, the 
demonſtration is eaſy, and is given nearly as follows by Pap- 
pus, and alſo by Proclus, in the 4th Book of his Commentary 
on Euclid. 

Let ABC be a triangle, having the angle at A a right angle; 
let D be any point in AB; join CD, then CD will be great- 
er than AC, becauſe in the 
triangle ACD, the angle CAD c 
3s greater than the angle ADC. | 
From DC cut off DE equal to 
AC; biſect AE in F, and join 
BF; BF and FD are greater 
than BC and CA. 

Becauſe CF is equal to FE, A 
CF and FB are equal to EF 
and FB, but CF and FB are greater than BC, therefore EF 
and FB are greater than BC. To EF and FB add ED, and 
to BC add AC, which is equal to ED by conſtruction, and 
BF and FD will be greater than BC and CA. Q. E. D. 


It is evident, that if the angle BAC be obruſe, the ſame 
reaſoning may be applied. | 


This propoſition is a ſufficient vindication of Euclid for 
having demonſtrated the 21ſt propoſition, which ſome affect to 
conſider as ſelf-evident ; for it proves, that the circumſlance 
on which the truth of that propoſition depends is not obvious, 
nor that which at firſt fight it is ſuppoſed to be, viz. that of the 
one triangle being included within the other, For this reaſon 
I cannot agree with M. Clairault, that Euclid demonſtrated this 
propoſition only to avoid the cavils of the Sophiſts. But! 


muſt, at the ſame time, obſerve, that what the former has ſaid 
on the ſubject has certainly been miſunderſtood, and in one re- 
ſpect, unjuſtly cenſured by Dr Simſon. The exact tranſlation 
of his words is as follows: „If Euclid has taken the trouble 
to demonſtrate, that a triangle included within another has 
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« the ſum of its ſides leſs than the ſum of the ſides of the tri- Book I. 


« angle in which it is included, we are not to be ſurpriſed. 
That geometer had to do with thoſe obſtinate Sophiſts, who 
« made a point of refuſing their aſſent to the moſt evident 
« truths,” &c. (Elemens de Geometrie par M. Clairault. 
Pref.) Coca 

Dr Simſon ſuppoſes M. Clairault to mean by the pro- 
poſition which he enunciates here, that when one triangle 
is included in another, the ſum of the two fides of the in- 
cluded triangle is neceſſarily leſs than the ſum of the two 
fides of the triangle in which it 1s included, whether they 
be on the ſame baſe or not. Now, this is not only not Eu- 
clid's propoſition, as Dr Simſon remarks, but it is not true, 
and is directly contrary to what has juſt been demonſtrated 
from Proclus. But, the fact ſeems to be, that M. Clairault's 
meaning 1s entirely different, and that he intends to ſpeak not 
of two of the ſides of a triangle, but of all the three, fo that 
his propoſition is, that when one triangle is included within 
« another, the ſum of all the three ſides of the included tri- 
angle is leſs than the ſum of all the three ſides of the other,” 
and this is without doubt true, though, I think, by no means 
ſelf-evident. It muſt be acknowledged allo, that it is not ex- 
atly Euclid's propoſition, which, however, it comprehends 
under it, and 1s the general theorem, of which the other 1s on- 
ly a particular caſe. Therefore, though M. Clairault may be 
blamed for maintaining that ro be an Axiom which requires de- 
monſtration, yet he ought not to be accuſed of miſtaking in 
this inſtance a falſe propoſition for a true one. 


PN. 


Thomas Simpſon in his Elements has objected to Euclid's 
demonſtration of this propoſition, becauſe it contains no proof, 
that the two circles made uſe of in the conſtruction of the 
Problem muſt cut one another; and Dr Simſon, on the other 
hand, always unwilling to acknowledge the ſmalleſt blemiſh 
in the works of Euclid, contends, that the demonſtration is 
perfect. The truth, however, certainly is, that the demon- 
ſtration admits of ſome improvement; for the limitation that 
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Book L ig made in the enunciation of any Problem ought always to 


be ſhewn to be neceſſarily connected with the conſtruction of 
it, and this is what Euchd has neglected to do in the preſent 
The defect may eaſily be ſupplied, and Dr Simſon 
himſelf has done it in effect in his note on this propoſition, 
though he denies it to be neceſſary. 

Becauſe. that of 

the three ſtraight 
lines DF, FG, GH, 
any two are greater 
than the third, by 
hypotheſis, FD is 


GH, that is, than 
FH, and therefore 
the circle deſcribed 
from the centre F 
with the diſtance | 
FD muſt meet the DB 2 
line FE between F C 

and H; and for the x 

like reaſon, the circle _ 

deſcribed from the centre G at the diſtance GH, muſt meet 
DG between D and G, and therefore, the one of theſe circles 
cannot be wholly within the other. Neither can the one be 
wholly without the other, becauſe DF and GH are greater 
than FG; the two circles muſt therefore interſect one ano- 
ther, 


P.K Q P. -AXIV. 


The ſubject of parallel lines is one of the moſt difficult in 


the Elements of Geometry. It has accordingly been treated 


of in a great variety of different ways, of which, perhaps, 
there is none that can be ſaid to have given entire ſatisfaction. 
The difficulty conſiſts in converting the 25th and 28th of 
Euclid, or in demonſtrating, that parallel ſtraight lines, or 
ſuch as do not meet one another, when they meet a third line, 
make the alternate angles with it equal, ar which comes 8 
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the ſame, are equally inclined to it, and make the exterior Book! J. 


angle equal to the interior and oppoſite. In order to demon- 


ſtrate this propoſition, Euclid aſſumed it as an Axiom, that 


ifa ſtraight line meet two ſtraight ines, ſo as to make the 
interior angles on the ſame ſide of it leſs than two right 


* angles, theſe ſtraight lines being continually produced, will 


* at Iength meet on the fide on which the angles are that are 
* lefs than two right angles.“ This propoſition, however, is 
not ſelf evident, and ought the leſs to be received without 
proof, that, as Proclus has obſerved, the converſe of it is 
a propoſition that confeſſedly requires to be demonſtrated. 
For the converſe of it is, that two ſtraight lines which 
meet one another make the interior angles, with any third 
line, leſs than two right angles; or, in other words, that the 
two interior angles of any triangle are leſs than two right 
angles, which is the 17th of the Firſt Book of the Elements; 
and it ſhould ſeem, that a propoſition can never rightly be 
taken for an Axiom, of which the converſe requires a demon- 
ſtration. 

This defect in Euclid is, therefore, abundantly evident, but 
tue manner of correcting it is by no means obvious, as will 
appear from a review of the methods chiefly employed for 
that purpoſe. | 

Theſe have been of three ſorts: 1. A new definition of paral- 
lel lines: 2. A new manner of reaſoning on the properties 
of ſtraight lines without any new Axiom: 3. The intro- 
duction of a new Axiom, leſs exceptionable than Euclid's. 


1. One of the definitions that has been ſubſtituted for Eu- 
clid*s is, that ſtraight lines are parallel, which preſerve always 
the ſame diſtance from one another, by the word diſtance be- 
ing underſtood, a perpendicular drawn to one of the lines from 
an y point whatever in the other. If theſe perpendiculars be 
every where of the fame length, the ſtraight lines are called 


parallel. This is the definition given by Wolfins, by Boſ- 


covich, and by Thomas Simpſon, in the firſt edition of his 
Elements. It is, however, a very faulty definition, for it 


conceals an Axiom in it, and takes for granted a property of 
ſtraight lines, that ought either to be laid down as ſelf eV1- 
dent, or demonſtrated, if poſſible, as a Theorem. IA if 
| om 
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| Book I. from the three points A, B, and C of the ſtraight line AC, 


LA perpendiculars AD, BE, CF be 


drawn all equal to one another, it 
is implied in the defirgtion, that 
the points D, E and F are in the 
ſame ſtraight line, which, though it 
be true, it was not the buſineſs of 
the definition to inform us of. Two 
perpendiculars, as AD and CF, are alone ſufficient to deter- 
mine the poſition of the ſtraight line DF, and therefore the 
definition onght to be, © that two ſtraight lines are parallel, 
e when there are two points in the one, from which the per- 


«© pendicalars drawn to the other are equal, and on the ſame 


« fide of it.“ 
This is the definition of parallels which M. D'Alembert 
ſeems to prefer to all others; but he acknowledges, and very 
juſtly, that it ſtill remains a matter of difficulty to demon- 
ſtrate, that all the perpendiculars drawn from the one of theſe 
lines to the other are equal. ( Encyclopedie, Art. Parallele. ) 
Another definition that has been given of parallels is, that 
they are lines which make equal angles with a third line, to- 
ward the ſame parts, or ſuch as make the exterior angle e- 
qual to the interior and oppoſite. Varignon, Bezout, and ſe- 
veral other mathemaricians have adopted this definition, which, 
it maſt be acknowledged, 13 a perfectly good one, 1f it be un- 
derſtood by it, that the _ | 
two lines, called parallel, 
are ſach as make equal 
angles wich a certain 


thud line, but not with A, _ 


any line that falls upon 
C : * D 
| IP, 


them. For, if this laſt is 
ſuppoſed, we, in ſact, in- 
volve a Theorem in the 
definition, viz. That if 
AB and CD make equal 
angles with GH, they will 


do ſo alſo with any other line whatſoever, which is a pro- 
pofition to be proved. But, the definition, when thus ex- 
plained, has no advantage whatever above Euclid's; and it 
itill remains to demonſtrate, 1. That ſtraight lines which are 
equally inclined to a certain line that falls upon them, muſt be 
equally inclined to all the others that fall upon them ; and al- 
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ſo, 2. That ſtraight lines which do not meet when produ- Book I. 


ced, muſt make equal angles with every line that falls upon 
them. On the whole, therefore, we may conclude, that of 
the three definitions that may be given of parallels, Euclid's, 
and the other two juſt mentioned, no one, as to the object of 
facilitating the demonſtration of the properties of ſuch lines, 
has any advantage above the reſt. 3 

Next, with reſpe& to thoſe who have ſought to demonſtrate 
the properties of parallel lines by help of any of the prece- 
ding definitions, without any new Axiom, all their attempts, 
as far as I know, have been unſucceſsful. Of theſe I ſhall, 
however, mention only two, the one the moſt ancient, and 
the other the moſt recent of which I have any information. 

The firſt is by Ptolemy the aſtronomer, who, as Proclus 
informs us, wrote an entire Book in proof of the propo- 
fition which Euclid has confidered as an Axiom, concern- 
ing the meeting of ſuch lines, as make with another line the 
interior angles leſs than two right angles. Proclus has pre- 
ſerved an account of this work, in the fourth book of his 
Commentaries, from which it appears, that Ptolemy had en- 
deavoured to give his demonſtrations without introducing any 
new Axiom; and it is remarkable, that he reaſons there ex- 
atly on the principle which the moderns have diſtinguiſhed 
by the name of the /uicient reaſon. To prove, that if two 
parallel ſtraight lines, AB and CD, be cut by a third line EF, 
in G and H, the two interior angles AGH, CHG will be 
equal to two right angles, he reaſans thus: If the angles 
AGH, CHG be not equal to two right angles, let them, if 
poſſible, be greater than two right angles; then, becauſe the 
lines AG and CH are not more parallel than the lines BG and 
DH, the angles BGH, DH@ are alſo greater than two right 
angles. Therefore, the four angles AGH, CHG, BGH, 
DHG are greater than four right angles; and they are alſo 
equal to four right angles, which is abſurd. In the fame man- 
ner it is ſhewn, that the angles AGH, CHG cannot be leſs 
than two right angles, Therefore they are equal to two right 
angles. 

Proetes objects to this reaſoning, and it certainly cannot be 
admitted as concluſive. For why are we to ſuppoſe that the 


interior angles which the parallels make with the line cut- 
ting them, are either in every caſe greater than two right 
angles 
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Book I, angles, or in every caſe leſs than two right angles! ? #6 any 


thing that we are yet ſuppoſed to know, they may be ſome. 
times greater than two right angles, and ſometimes leſs, and 
therefore we are not entitled to conclude, becauſe the angles 
AGH, CHCG are greater than two right angles, that n en 
the angles BGH, DHG are alſo neceſſarily greater than two 
right angles. It may ſafely be aſſerted, therefore, that Pto- 
lemy has not ſucceeded 1n his attempt to demonſtrate the pro- 
perties of parallel lines without the aſſiſtance of a new Axiom. 
The other attempt to demonſtrate the fame propoſition with- 
out the aſſiſtance of a new Axiom is, by a modern geometer, 
Franceſchinis, Profeſſor of Mathematics in the Univerſity of 
Bologna, in an eſſay, which he entitles, La Teoria delle pa- 
rallele rigoroſamente dimoſtrata, printed in his Opuſcoli Mat he. 
matic, at Baſſano in 1787. 
The difficulty is there reduced to a propoſition nearly the 
fame with this, That if © 
BE make an acute angle 
with BD, and if DE. be 
perpendicular to BD at any 
point, BE and DE, if 
produced, will meet. To 
demonſtrate this, it 1s 
ſuppoſed, that BO, BC 
are two parts taken in 
BE, of which BC is great- 
er than BO, and that 
the perpendiculars „ 42 < — 
CL are drawn to BD; then F N L D 
ſaall BL be greater than 
BN. For, if not, that is, 
if the perpendicular CL falls either at N, or between B and 
N, as at F; in the firſt of theſe caſes the angle CNB is equal 
to the angle ON B, becauſe they are both right angles, which 
is impoſſible; and, in the ſecond, the two angles CFN, CNF, 
of the triangle CNF, exceed two right angles. Therefore, 
adds our author, fnce, as BC increaſes, BL alſo increaſes, and 
fince BC may be increaſed without limit, ſo BL may become 
greater than any given line, and therefore may be greater than 
BD; wherefore, ſince the perpendiculars to BD from points 
beyond D meet * the 3 from D neceſſarily 
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Now, though at firſt ſight this reaſoning may appear ſound, it Book I. 
8 8 1g may appe 1. : 


will be found, on examination, to be entirely inconclufive. For, 
unleſs it be proved, that whatever multiple BC is of BO, the 
ſame is BL of BN, the indefinite increaſe of BC does not ne- 
ceflarily imply the indefinite increaſe of BE, or that BL may 
be made to exceed BD. On the contrary, BL may always 
increaſe, and yet may do ſo in ſuch a manner as never to ex- 
ceed BD : In order that the demonſtration ſhould be conclu- 
ſive, 1t would be neceſſary to ſhew, that when BC increaſes 
by a part equal to BO, BL increaſes always by a part equal 
to BN ; but to do this will be found to require the knowledge 
of thoſe very properties of parallel lines that we are ſeeking 
to demonſtrate. 5 

The foregoing propoſition, therefore, is not demonſtrated; 
if it were, the doctrine of parallel lines would be ſubject to no 


farther difficulty, as will appear from the demonſtration of Cla- 


vius. a 


Clavius is one of the geometers who has treated moſt 
fully of this ſubject, but it may be doubted, whether he con- 
ſidered his demonſtration as being founded on a new Axiom, 
or not. The propoſition that ſerves as the foundation of his 
reaſoning he certainly does not lay down entirely as ſelf 
evident, for he offers a ſort of metaphyſical proof of it, by 
which he endeavours to connect it with Euchd's definition of 
a ſtraight line. In this he is not ſucceſsful, and, by what he ſays 
at the concluſion of the whole, he appears to have been wil- 
ling to wave this proof, and to conſider the ſaid propoſition as 
an Axiom; for he ſays, © Quamvis autem, conceſſo principio 
* noſtro optime a nobis demon/lratum fit tertium decimum hoc 
«* Axroma, ( ſc. Huclidis,)“ &c.; where he certainly ſpeaks 
of the principle of his demonſtration as a thing taken for 
granted. It is this, That a line of which the points are all 
* equidiſtant from a certain ſtraight line in the ſame plane 
« with it, is itſelf a ſtraight line.” From this propoſition, 
which, however, ought not in ſtrictneſs to be held an Axiom, 
it follows, that if two equal perpendiculars be drawn to any 
ſtraight line on the ſame fide of it, the ſtraight line joining 
their extremities will be equidiſtant from the former line. 
For, if not, it is plain from it, that two ſtraight lines may 


comprehend a ſpace. 


Bb 3 Hence, 


1 


Hence, if through the extremities C and D of two per. 


— pendiculars, AC and BD, to the ſame ſtraight line AB, a 


ſtraight line CD be drawn, CD ſhall make right angles with 
the perpendiculars AC and BD. 

For, if AB be biſeQed in E, and EF be drawn perpendi- 
cular to AB meeting CD in F; and if AF, BF be drawn, 
becauſe the fides AE, 2 
EF of the triangle AEF C F 
are equal to the ſides — m 
BE, EF of the triangle 
BEF, and becauſe they 
contain the equal angles 
XEF, BEF, each of 
which is a right angle, 
therefore the baſe AF 
is equal to the baſe BF, | | 
and the angle EFA to the angle EFB, as alſo the angle 
EAF to the angle EBF. Now, ſince the whole angle CAE 
is equal to the whole DBE, and the part EAF to the part 
EBF, therefore the remainder FAC is equal to the remain- 
der FBD. Therefore, fince AC is equal to BD, and AF to 
BF; and, fince the angles CAF, DBF are alſo equal, the tri- 
angles ACF, BDF are equal, the angle ACF to the angle 
BDF, and the angle AFC to the angle BFD. Now, it has 
been ſhewn, that the angle A FE is equal to the angle BFE, 
therefore the whole angle CFE is equal to the whole angle 
DFE, and therefore CFE, DFE. are each of them right 
angles. But, becauſe AC and EF are equal perpendiculars 
drawn to the line AE, and CF paſſes through their extremi- 
ties, the angles ACF, CFE will be ſhewn to be equal, in the 
fame way that the angles ACF and FDB have juſt been 
ihewn to be equal. But CFE is a right angle, therefore ACF 
ks oy a Tight angle. For the ſame reafon BDC 1s a right 

81 0 , 

Hence, laſtly, the demonſtration of Euclid's 12th Axiom, 
VZ. that when a ſtraight line, falling on two other ftraight lines, 
makes the internal angles, on the ſame ſide of it, leſs than two 
right angles, the two lines will meet, if continually produced 


towards that fide on which the two angles are that are leſs 
than two right angles, 1 2 
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Let AC. and BD be two ſtraight lines, on which AB Book l. 


falls and makes 
the angles CAB, 
ABD leſs than 
two ri 0, - 
AC and BD will 
meet, if produ- 
ced on the ſide 
of C and D. 

Firſt, let ABD 
be a right angle, 
and therefore 
CAB an acute 
angle. In AC 
take any point E, 1 | 
and draw EF perpendiculat to AB; alſo, let AL be a multiple 
of AF ſuch as to exceed AB, and let AM be the ſame mul- 
tiple of AE that AL is of AF. Take FG equal to AF, 
and EK equal to EA, produce FE to H, ſo that EH may be 
equal to EF, and join HK; join alſo LM. 


Becauſe AE is equal to EK, FE to EH, and the angle 
AEF to the angle KEH, the triangles AFE, KHE are equal, 
the baſe HK to the baſe AF, and the angle EHK to the angle 
AFE. But AFE is a right angle, wherefore EHK is alſo a 
right angle, and HK being equal to AF, that is, to FG, KGF 
is a right angle, by the laft propoſition, and KG a perpen- 
dicular to AB; and, as the ſame may be proved of all the 
lines joining the correſponding points of diviſion in AB and 
AC, it is true alſo of LM; and therefore LM is perpendicu- 
lar to LA. But BD is alſo perpendicular to LA, therefore 
LM and BD are parallel, and the whole. of the line LM i- 
therefore on the ſame fide of BD, namely, on the fide of it 
oppoſite to A, therefore the line MA, that is, AC, muit cut 
the line BD. 


Next, Let the angles BAC and ABD, which the two 
lines make with the third line, be neither of them right angles. 
Through A draw HAF making the angle BAF equal to the 
angle EBD, and make AG perpendicular to BD; and, be- 
cauſe the angles BAC, ABD are leſs than two right angles, 
and the angles EBD, ABD equal to. two right angles, the 
. B b 4 angles 
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Book I. angles EBD and ABD are together greater than the angle: 


CAB, ABD, and ta- NY 
king away the angle 
ABD, there remains 
the angle EBD great- 
er than the angle 
BAC; but EBD is 
equal to BAF, there- 
greater 
than BAC, and AC 
falls between AF and 
BD. Now, becauſe the 
angle EBD is equal to 
the angle BAF, BD 
is parallel to AF; and 
becauſe AG is at 
right angles to BD, it is alſo at right angles to AF; for, if 
not, the angle GAF will either be acute or obtuſe, but it is 


'not acute, for then, by the laſt caſe, the ſtraight lines AC and 


BD would meet toward C and D, which is abſurd, for AF 
and BD are parallel. Neither is the angle GAF obtuſe, 
for the angle HAG would then be acute, and the ſtraight 
lines AH and GB would meet, if produced toward B and H. 
Since the angle GAF, therefore, is a right angle, the angle 
GAC is leſs than a right angle, and therefore, by the laſt caſe, 


AC and GD will meet, it produced continually toward C 
and D. . E. P. 5 


It is thus that Clavius demonſtrates | Euclid's Axiom, and, 


ol confequence, the whole*doQrine of parallel lines, in a man- 


ner altogether unexceptionable, if the principle be taken for 


granted, * that a line, of which the points are all equidiſtant 


from a certain ſtraight line, in the ſame plane with it, is it- 
* ſelf a ſtraight line.” A demonſtration, not very different 
trom the preceding, is given by Dr Simſon in the ſecond, 


and the ſubſequent editions of his Euclid. In his. firſt edi- 


tion he followed a method which he admits not to be ſtrict- 
17 demonſtrative, grounded on this, than when two ſtraight 
lines cut one another, they may be produced till their di- 
ſtance become greater than any given line, a principle which 


i Proclus has ao employed for the ſame purpoſe. © In his other 
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demonſtration he differs from Clavius, firſt, as to the prin- Book J. 


ciple which he takes for granted; which is, “that a ſtraight 
« line cannot firſt come nearer to another ſtraight line, and 
then go farther from it without meeting it;“ where, by 
coming nearer, is underſtood, according to a previous definition, 
the diminution of the perpendiculars drawn from the one line 
upon the other; and the contrary by going farther off. This 
Axiom is, no doubt, more readily aſſented to than that of Cla- 
vius, and muſt be regarded as the more fundamental propoſi- 
tion of the two, though there be, in fact, no great difference 
between them. It is evident how it may be employed to 
demonſtrate Clavius's firſt Theorem, viz. That if the perpen- 
diculars drawn upon one ſtraight line from two points in ano- 
ther be equal, all the perpendiculars drawn to the irſt of 
theſe lines from the points of the ſecond are equal to one 
another. For otherwiſe the perpendiculars muſt firit in- 
creaſe and then decreaſe, which, by the Axiom, is impoſſible. 
After this the demonſtration proceeds in the ſame manner 
with that which has juſt been given, except that in ſome parts 
the proof is rendered direct where Clavius has it indirect, as 
in the ſecond caſe” of the laſt propoſition. On the whole, 
however, the two demonſtrations are ſo nearly alike, that as 
the one of them has been fully explained, the other does not 
require a particular confideration. 

Theſe, then, are ſome of the moſt remarkable demonitra- 
tions of the properties of parallel lines, that have been given, 
lo far as I know, by ancient or modern geometers. I ſhall 
mention only one more, which I cannot help regarding as ſu- 
perior in ſimplicity and neatneſs to any of them. It is that 
which is given by Mr Thomas Simpſon, in the ſecond edition 
of his Elements, which is very different from that of ihe firſt 
edition, where he lays down the faulty definition of parallel 
lines that was already taken notice of. The Axiom employ- 
ed by Simpſon is eſſentially the ſame with that which was 
laſt mentioned, but it is preſented in a ſimpler form. It is, 
that © if two points in a ſtraight line are poſited at unegqua} 


« diſtances from another ſtraight line in the ſame plane, tLoſe 
„two lines being indefinitely produced on the fide of the 
«+ leaſt diſtance will meet one another.” 

By help of this Axiom it is eaſy to prove, that if two ſtraight 
lines AB, CD be parallel; the perpendiculars to the one, ter mi- 
nated by the other, are all equal, and are #lo perpendicular 


to 
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Book I. to both the parallels. That they are equal is evident, other. 


wiſe the lines would meet by the Axiom: That they are per. 
pendicular to both is demonſtrated thus: 


If AC and BD, which are perpendicular to AB, and equal to 
one another, be not alſo perpendi- 
cular to CD, from C let CE be C DN D 
drawn at right angles to BD. | 
Then, becauſe AB and CE are 
both perpendicular to BD, they 
are parallel, and therefore, the A B 
perpendiculars AC and BE are ; 
equal. But AC is equal to BD, (by hypotheſis), therefore 


BE and BD are equal, which is impoſſible; BD is therefore 
at right angles to CD. 


Hence the propoſition, that “ if a ftraight line fall on two 
parallel lines, it makes the alternate angles equal,” is eaſily 
derived, Let FH 
and GE. be perpen- 
dicular to CD, then 8 EM SR B 


— 


lel to one another, | 
and allo at right | 


angles to AB, and L — 
therefore FG and C F G D 
HE are equal to one | 


another, by the laſt | 

propoſition. Wherefore in the triangles EFG, EFH, the ſides 
HE and EF are equal to the fides GF and F E, each to each, 
and alſo the third fide HF to the third fide EG, therefore 


the angle HEF 1s equal co the angle EFG, and they are al- 
ternate angles. Q. E. D. 


This method of treating the doctrine of parallel Iines is ex- 
tremely plain and conciſe, and perhaps does not admit of any 
improvement, except that of putting the Axiom on which it 
is founded into a more ſimple form: It might, for example, 
be expreſſed thus: If two ſtraight lines interſect one ano- 
ther, and if from any two points of the one, perpendicu- 
lars be drawn to the other; the perpendicular that is near- 
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« er to the point of interſection is leſs than that which is more Book I. 
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« remote.“ 

The demonſtration founded on this Axiom, and conducted 
in the manner juſt explained, I am diſpoſed to think prefer- 
able to any that has yet been given. If I have not followed 
this method, it is becauſe I wiſhed to preſerve the text of Eu- 
clid with che leaſt alteration poſſible. I therefore aſſumed as 
an Axiom, a propoſition chat is not perhaps ſo obvious a pro- 
perty of ſtraight lines as that which has juſt been ſtated, but 
which is certainly much more ſo than Enclid's, and one which 
I know from experience that beginners find no difficulty in 
comprehending, or in admitting to be true. By means of it 
the 29th, and alſo what was formerly the 12th Axiom, are de- 
monſtrated without changing any thing in the ſeries of Eu- 
clid's propoſitions. - 

From the detail that has juſt been given, it is evident, that 
to demonſtrate the properties of parallel lines without having 
recourſe to ſome Axiom, or which 1s the ſame thing, without 
aſſuming ſome property of ſtraight lines, not contained in the 
definition of a ſtraight line, is ſtill a deſideratum in elementa- 
ry geometry. And, if we conſider how much {kill and in- 
genuity have in the courſe of many ages been applied to 
this inveſtigation; and alſo reflect, that the thing ſought 
for belongs to the very rudiments of the ſcience, and there- 
fore, if it exiſts at all, can be at no great diſtance, we ſhall 
be inclined to conſider the diſcovery of it, as a problem in 
geometry never likely to be reſolved. At the ſame time, 
it appears extraordinary, that the definition of a ſtraight line, 
if it is complete, ſhould not lead us to the knowledge of every 
property of ſuch a line, without the aſſumption of any thing 
not contained in it. Why ought not the propoſition, for inſtance, 
that has been juſt ſtated as an Axiom, that © it two ſtraight lines 
« interſe& one another, and if from any two points in the one 
« perpendiculars be drawn to the other, the perpendicular 
« nearer to the point of interſeQion will be leſs than that 
which is more remote,” to be capable of demonſtration, or 
of being deduced from the definition of a ſtraight line? It 
there be nothing obſcure or imperfect in our notions of a 
ſtraight line, of a perpendicular, or of the interſection of two 
ſtraight lines, from whence can it poſſibly ariſe that we are 
unable to demonſtrate this propoſition? It was no way won- 
derful, that, when Euchd gave his vague and obſcure defi- 
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Book I. nition of a ſtraight line, he ſhould not be able to demon. 


ſtrate even the moſt ſimple property of rectilineal figures, 
without the aſſumption of the Axiom, that two ſtraight 
lines cannot incloſe a ſpace. But, when the defects of this 
definition ſeem to be wholly corrected, we might . certain] 
expect to be able to derive all the properties of ſtraight lines 
directly from that definition, and yet the fact is, that we are 
not at all aſſiſted by it, in the caſe before us. I confels this 
is not eafily accounted for; but there are two conſiderations, 
which, though they may not contain the ſolution of the para- 
dox, will perhaps ſerve to render it lefs wonderful. 

The firſt is, that the definition given of an angle is certainly 
imperfect. An angle is the inclination of two lines; now, the 
word inclination is not much better underſtood than the word 
angle, ſo that we have here the very ſame defect that there 
is in Euclid's definition of a ſtraight line. It is, at the ſame 
time, diſſicult to conceive any way in which this definition 
can be amended; and it is, perhaps, on account of its imper- 
feclion that we are obliged to aſſume ſome property ot the lines 
ſubtending an angle, or of two lines making angles with a 
third line, as an Axiom; juſt as the imperfect definition of a 
ſtraight line muſt be aſſiſted by the aſſumption, that two ſtraight 
lines cannot incloſe a ſpace. 

It muſt farther be remarked, that whatever be the ſource 
of this difficulty, it is not the only one of the kind that we 
meet with in the Elements of Geometry. A ſecond inſtance 
occurs, where a certain relatioa between the lengths of 
itraight, and curve lines is aſſumed as an Axiom, without 
being logically deduced from our ideas, either of ſtraight- 
neſs, or of curvature. This is the Axiom on which Archi- 
medes, and all the geometers after him have founded the com- 
pariſon of the lengths of curves with the lengths of ſtraight 
lines, and is the ſame which is placed here at the beginning of 
the 8th Book. It would be in vain, I believe, that one would 
{eek to give a rigorous demonſtration of that propoſition, yet 
it is of a nature purely elementary, though more complex, 
without doubt, than that which we have been conſidering. 
There 1s a third propoſition of this fort, felative to ſurfaces, 
which is alſo laid down by Archimedes, for the foundation of 
the compariſon of curve ſuperficies with plane figures, and of 
which no demonſtration is given. Theſe are the only three 
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properties of geometrical magnitudes in the whole ſcience, 


that are taken for granted without being deduced from the 
definitions; that it is impoſſible to demonſtrate any of them, 
is what no one will take upon him to affirm ; but the many 
and powerful efforts made for that purpoſe, which they have 
already withſtood, ought to deter any one from throwing a- 
way much of his time in ſearching after ſuch demonltra- 


tions. 


BOOK II. PRO P. VII. 


HE demonſtration of this propoſition uſually occaſions Book II. 
ſome difficulty to beginners, and on that account ano- 
ther is added, which is ſomewhat ſhorter, 


PROP. A and B, 


Theſe Theorems are added on account of their great uſe in 
geometry, and their cloſe connection with the other propoſi- 
tions which are the ſubje& of this Book. Prop. A is an ex- 
tenſion of the gth and 10th. 


BOOK III. 


— — 


— — — — — - 
— —— — — 
— h 
- _ 2 — 


— 


— 


— . —— ͤ— — — — — 


F.nok V. 


— —— 


one muſt then coincide with the whole of the other. 
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BOOK ill. 


DEFINITIONS. 


HE definition which Euclid makes the firſt of this Book 

is that of equal circles, which he defines to be thoſe 

« of which the diameters are equal.” This is rejected from 

among the definitions, as being a Theorem, the truth of 

which is proved by ſappoſing the circles applied to one ano- 

ther, ſo that their centres may coincide, for the whole of the 

The 

converſe, viz. That circles which are equal have equal dia- 
meters, 1s proved in the ſame way. 

The definition of the angle of a ſegment 1s alſo omitted, 
becauſe it is not a rectilineal angle, but one underſtood to be 
contained between a ſtraight line and a portion of the cir- 
cumference of a circle, For the ſame reaſon, no notice i; 
taken in the 16th propoſition of the angle comprehended be- 
tween the ſemicircle and diameter, which is ſaid by Euclid to 
be greater than any acute rectilineal angle. The reaſon for 
theſe omiſſions has already been aſſigned in the notes on the 
fifth definition of the firſt Book. 


ö 


HE ſubject of proportion has been treated ſo differently 
by thoſe who have written on elementary geometry, 
and the method which Euclid has followed has been ſo often, 
and fo inconfiderately cenſured, that in theſe notes it will not 
perhaps be more neceſſary to account for the changes that ! 
have made, than for thoſe that I have not made. The changes 
are but few, and relate to the language, not to the eſſence of the 
demonſtrations ; 
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demonſtrations ; they will be explained after ſome of the de- Book V. 


finitions have been particularly conſidered. 


D E F. III. 


The definition of ratio given here has been greatly extol- 
led by ſome authors; but whatever value it may have in the 
eyes of a metaphyſician, it has but little in thoſe of a geome- 
ter, becauſe nothing concerning the properties of ratios can 
be dedaced from it. Dr Barrow has very judiciouſly remark- 
ed concerning it, That Euclid had probably no other deſign 
in making this definition, than to give a general ſummary 
idea of ratio to beginners by premiſing this metaphyſical 
definition, to the more accurate definitions of ratios that are 
equal to one another, or one of which is greater or leſs than 
* the other: I call it a metaphyſical, for it is not properly a 
* mathematical definition, fince nothing in mathematics de- 
* pends on it, or is deduced, nor, as I judge, can be deduced 
from it.” (Barrow's Lectures, lect. 3.) Dr Simſon thinks 
the definition has been added by ſome unſkilful editor, but 
there is no ground for that ſuppoſition, other than what ariſes 
from the definition being of no uſe; we may, however, well 
enough imagine, that a certain idea of order and method in- 
duced Euclid to give ſome general definition of ratio, before 
he uſed the term in the definition of equal ratios. 


—_ 


DEF; "IV: 


This definition is a little altered in the expreſſion ; Euclid 
has it, that © magnitudes are ſaid to have a ratio to one ano- 
© ther, when the leſs can be multiplied ſo as to exceed the 
« greater.” | 


F. 


One of the chief obſtacles to the ready underſtanding of 
the 5th Book of Euclid is the difficulty that moſt people * 
— 0 
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Book V. of reconciling the idea of proportion which they have 


already acquired, with the account of it that is given in this 
definition. Our firſt ideas of proportion, or of proportionali. 
ty, are got by trying to compare together the magnitude 
of external bodies; and, though they he at firſt abundantly 
vague and incorrect, they are uſually rendered tolerably pre- 
ciſe by the ſtudy of arithmetic ; and we then learn to diſtin. 
guiſh a particular relation, in point of magnitude, which being 
in any caſe the ſame between two things that it is between 
2 two, we ſay of all the four, that they are proportion- 

The ſimpleſt form in which this relation can appear is, when 
the firſt contains the ſecond the ſame number of times that 
the third contains the fourth; or, as we may expreſs it, when 
the firſt is the ſame multiple of the ſecond that the third 1s of 
the fourth, From this fimilitude of relations between the 
firſt two and the ſecond two, we call them proportionals, or 
lay, that the firſt is to the ſecond as the third to the 
fourth. 

Proceeding to generaliſe this idea, and taking number in 
the firſt place for the ſubject of compariſon, we ſoon come to 
fix on this as the general notion of proportional numbers, that 
when there are four numbers, ſuch that the quotient ariling 
from dividing, according to the common rules of arithmetic, 
the firſt by the ſecond, is the ſame with the quotient that ari- 
{es from dividing, in like manner, the third by the fourth, 
theſe numbers are proportionals, or, we ſay that the ſirſt is to 
the ſecond as the third to the fourth. 

N ow, as the operation of arithmetical diviſion applies as readi- 
ly to any two magnitudes, of the ſame kind, as it does to two 
numbers, the notion of proportion thus obtained may be conſi- 
dered as perfectly general. For, in arithmetic, atter finding 
how often the divitor is contained in the dividend, we multiply 
the remainder by 10, or 100, or L900, or any power, as it is 
called, of 10, and procced to enquire how oft the diviſor is 
contained in this new dividend; and, if there be any remain- 
der, we go on to multiply it. by 10, 100, &c. as before, and 
to divide the product by the original diviſor, and ſo on, the 
diviſion ſometimes terminating, by no remainder being left, 
and ſometimes going on ad infinitum, in conſequence of a re- 
mainder being left at each operation. Now, this proceſs 
may eaſily be imitated with any two magnitudes A. and B, 
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providing they be of the ſame kind, or ſuch that the one Bock V. 


can be multiplied ſo as to exceed the other. For, ſuppoſe that 
B is the leaſt of the two; take B out of A as oft as it can be 
found, and let the quotient be noted, and alſo the remainder, 
if there be any ; multiply this remainder by 10, or 100, &c. 
ſo as to exceed B, and let B be taken as oft as it can be found 
out of the quantity produced by this multiplication, and let 
the quotient be noted, and alſo the remainder, if there be any. 
Proceed with this remainder as before, and ſo on continually ; 
and it is evident, that we have an operation that applies to all 
magnitudes whatſoever, and that may be performed with re- 
ſpect to any two lines, any two plane figures, or any two ſolids, 
&c. 

Now, when we have two magnitudes and two others, and 
find that the firſt divided by the ſecond, according to this me- 
thod, gives the very ſame ſeries of quotients that the third 
does when divided by the fourth, we ſay of theſe magnitudes, 
as we did of the numbers above deſcribed, that the firſt is to 
the ſecond as the third to the fourth. There are only two 
more circumſtances to be taken notice of as neceſſary to give 
to this idea of proportion, the utmoſt generality of which it 1s 
capable. | 

Firſt, it is known from arithmetic, that the multiplication 
of the ſucceſſive remainders each of them by 10, is equi- 
valent to multiplying the quantity to be divided by the pro- 
duct of all thoſe tens; ſo that multiplying, for inſtance, the 
firſt remainder by 10, the ſecond by 10, and the third by 10, 
is the ſame thing, with reſpe& to the quotient, as if the quanti- 
ty to be divided had been at firſt multiplied by 1000; and 
therefore, our ſtandard of the proportionality of numbers may 
be expreſſed thus : If the firſt multiplied any number of times 
by 10, and then divided by the ſecond, gives the ſame quo- 
tient as when the third is multiplied as often by 10 and then 
divided by the fourth, the four magnitudes are proportionals. 

Again, it is evident, that there is no neceſſity in theſe mul- 
tiplications for confining ourſelves to 10, or the powers of 10, 
and that we do ſo, in arithmetic, only for the convemency 
of the decimal notation'; we may therefore uſe' any num- 
bers whatſoever, providing we uſe the ſame in both caſes. 
Hence, we have this definition of proportionals, wheh there 
are four magnitudes, and any multiple whatſoever of the 
firſt, when divided by the ſecond, gives the ſame quotient 
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Book V. with the like multiple of the third when divided by the 
fourth, the four magnitudes are proportionals, or the firſt ha 
the ſame ratio to the ſecond that the third has to the fourth, 

We are now arrived very near to Euchd's definition ; for 
let A, B, C, D be four proportionals, according to the defini. 
tion juſt given, and 7: any number; and let the multiple of 
A. by m, that is mA, be divided by B; and, firſt, let the 
quotient be the number exactly, then alſo, when 1 i; 
divided by D, the quotient will be 2 exactly. But, when 
mA divided by B gives z for the quotient, mA = ug by the 
nature of divifion, ſo that when mA=#nB, mC = nD, which 
15 one of the conditions of Euclid's definition. 

Again, when mA. is divided by B, let the diviſion not be 

exactly performed, but let » be the quotient as far as it can be 
expreſſed in whole numbers, then mA 2B; and, for the 
ſame reaſon, mC , which is another of the conditions of 
Euchd's definition. 

Laſtly, Let us ſuppoſe, that mA. does not contain B ſo often 
as there are units in #, then A will be leſs than aB; but 
becauſe, by hypotheſis, C does not contain D oftener than 
MA contains B, C will not contain D ſo often as there 
are units in x, and therefore m < nD. Therefore, we cal 
A, B, C, D proportionals, when they are ſuch, that if 
mA > nB, mC > D; if mA = nB, dg D; and if 
mA. <nB, C D, m ande being any numbers whatſo- 
ever. Now, this is exactly the criterion of proportionality 
eſtabliſhed by Euclid in the 5th definition, and is derived here 
by generalifing the common and moſt familiar idea of propor- 
tion. | | 

It appears from this, that the condition of A containin 
B, whether with or without a remainder, as often as 6 
contains D, with or without a remainder, and of this being 
the caſe whatever value be aſſigned to the number m, includes 
in it all the three conditions that are mentioned in Euclid's 
definition; and hence, that definition may be expreſſed a 
little more ſimply by ſaying, that four magnitudes are pro- 
portionals, when any multiple of the firſt contains the ſecond, 
(with or without remainder), as oft as the ſame multiple of 
the third contains the fourth. But, though this definition is cer- 
tainly, in the ex more fimple than Euclid's, it is not, 
as will be found on trial, ſo eaſily applied to the purpoſe of 
demonſtration. The three conditions which Euchd brings 
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together in his definition, though they ſomewhat embarraſs the Book v. 


expreſſion of it, have the advantage of rendering the demon- 
ſtrations more ſimple than they would otherwiſe be, by avoiding 
all difcuſſion about the magnitude of the remainder left, after 
B is taken out of mA as Mn it can be found. All the at- 
tempts, indeed, to demonſirate the properties of proportion- 
als rigorouſly, by means of other definitions than Endiid's, either 
that I have made myſelf, or that I have ſeen others make, 
have only ſerved to convince me of the excellence of the me- 
thod followed by the Greek geometer, and of his ſingular 
ſucceſs in generalifing the idea of porportion. 

The great objection to the other methods is, that if they 
are meant to be rigorous, they require two demonſtrations to 
every propoſition, one when the diviſion of A into parts 
equal to B can be exactly performed, the other when it can- 
not be exactly performed, whatever value be aſſigned to , 
or when A. and B are what 1s called incommenſurable ; and 
this laſt caſe will in general be found to require an indirect 
demonſtration, or a reductio ad abſurdum. | 

M. D'Alembert, ſpeaking of the doctrine of proportion, 
in a diſcourſe that contains many excellent obſervations, but 
in which he has overlooked Euclid's manner of treating this 
ſubje& entirely, has the following remark : On ne peut de- 
4 montrer que de cette maniere, (la réduction a Vabſurde) la 
« plupart des propoſitions qui regardent les incommenſura- 
4 bles. L'idee de Vinfini entre au moins implicitement dans 
« la notion de ces ſortes des quantites; et comme nous n'a- 
« vons qu'une idee negative te infini on ne peut demontrer 
directement, et a priori, tout ce qui concerne l'infini mathe- 
« matique.” (Encyclopedie. Mot, Geometrie.) 

This remark ſets in a ſtrong and juſt light the difficulty of 
demonſtrating the propoſitions that regard the proportion of 
incommenſurable itudes, without having recourſe to the 
reductio ad abſurdum , but it is ſurpriſing that M. D'Alem- 
dert, a geometer no leſs learned than profound, ſhould have 
neglected to make mention of Euclid's method, the only one 
in which the difficulty he ſtates ſo ſtrongly is completely over- 
come. It is overcome by the introduction of the idea of in- 
definitude, (if 1 may be permitted to uſe the word), inſtead of 
the idea of infinity; for mz and u, the multiphers employed, 
are ſuppoſed to be indefinite, or to admit of all poſſible va- 
laes, and it is by the ſkilful uſe of this condition that the ne- 

Cc 2 _ _ ceſſity 


* 


. 

Book V. ceſſity of indirect demonſtrations is avoided, In the whole 
of geometry, I know not that any happier invention is to be 
found; and it is worth remarking, that Euclid appears in an- 
other of his works to have availed ' himſelf of the idea of 
indefinitude . with the ſame ſucceſs, viz. in his books of 
Poriſms, which, have been reftored by Dr Simfſon, and in 
which the whole analyſis turned on that idea, as IJ have ſhewn 
at length, in the third volume of the TranſaQions of the 
Royal Society of Edinburgh. The inveſtigations: of thoſe 
propoſitions were founded entirely on the principle of certain 
magnitudes admitting of innumerable values; and the me- 
thods of reaſoning concerning them feem to have been ex- 
tremely ſimilar to thoſe employed in the fifth of the Ele. 
ments. It is curious to remark this analogy between the dif. 
ferent works of the ſame author; and to conſider, that the 
Kill, in the conduct of this very refined and ingenious me- 
thod, which Euclid had acquired in treating the properties 
of proportionals, may have enabled him to ſucceed ſo well in 
treating the ſtill more difficult ſubje& of Poriſms. _ 

With ſuch an opinion of Euclid's manner of treating pro- 
portion, as I have now expreſſed, it was impoſſible that I 
ſhould attempt to change any thing in the principle of his de- 
monſtrations. I have only ſought to improve the language 
of them, by introducing a conciſe mode of expreſſion, of 
the ſame nature with that which we uſe in arithmetic, and 
in algebra. Ordinary W COnVeN's the ideas of the dif- 
ferent operations ſuppoſed to be performed in theſe demon- 
ſtrations ſo ſlowly, and breaks them down into ſo many parts, 
that they make not a ſufficient impreſſion on the underſtand- 
ing. This, indeed, will generally happen when the things 
treated of are not repreſented to the ſenſes by Diagrams, as 
they cannot be when we reafon concerning magnitude in 
general, as in this part of the Elements. Here we onght 
certainly to adopt the language of arithmetic or algebra, 
which, by its ſhortneſs, and the rapidity with which it 
places objects before us, makes up in the beſt manner poſ- 

_ fible for being merely a conventional language, and uling 
ſymbols that have no reſemblance to the things expreſſed by 
them. Such a language, therefore, I have endeavoured to 
introduce here; and, I am convinced, that if it ſhall be found 
an improvement, it is the only one of which the fifth of Eu- 
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cid will admit. In other reſpects I have followed Dr Sim- Book V. 


whole ſon's edition, to the accuracy of which it would be difficult to 


s to be make any addition. 
in an. In one thing I muſt obſerve, that the doftiine of proportion, 
idea of as laid down here, is meant to be more general than in Euclid's 
ks of — It is intended to include the properties of propor- 
and in tional numbers as well as of all magnitudes. Euclid has not this 
j 175 deſign, for he has given a definition of proportional numbers in 
dune mne ſeventh Book, very different from that of proportional 
f choſe magnitudes in the fifth ; and it is not eaſy to juſtify the logic 
certain Wf this manner of proceeding ; for we can never ſpeak of two 
he me- ¶ numbers and two magnitudes both having the ſame ratios, 
en en. unleſs the word ratio have in both cafes the ſame ſigniſi- 
e Ele. cation. All the propoſitions about proportionals here given 
the dif. are therefore understood to be applicable to numbers; and 
uh 35 xccordingly, in the eighth Book, the propoſition that proves 


equiangular parallelograms to be in a ratio com pounded of 
the ratios of the numbers proportional to their ſides, is de- 
monſtrated by help of the propoſitions of the fifth Book. 

On account of this, the word quantity, rather than magni- 
ude, ought in ſtrictneſs to have been uſed in the enunciation 
ff theſe propoſitions, becauſe we employ the word quantity 
o denote, not only things extended, to which alone we give 
he name of magnitudes, but alſo numbers. It wall be fa 
ent, however, to remark, that all the propoſitions reſpecting 
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ic, and ne ratios of magnitudes relate equally to all things of which 
the dif- nultiples can be taken, that is, to all that is uſually expreſſed 
demon- dy the word quantity in its moſt extended fignification, ta- 
Jy Farts, ing care always to obſerve, that ratio takes place only among 
erſtand- Nike quantities. (See Def. 4.) 

things 
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ler poſ- The definition of compound ratio was firſt given accurate- 
d uling by Dr Simſon; for, though Euchd uſed the term, he did fo 
fled by rithout defining 1 it. I have placed this definition before thoſe 
ured to f duplicate and triplicate ratio, as it is in fact more general, 
e found Ind as the relation of all the three definitions is 5 ſeen 
Ys © 5 PR” 
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Book V. when they are ranged in this order, and expraſſed in the man. It 1 
; ner done here; duplicate ratio being called a ratio compound. I 28th a: 
ed of two equal ratios, and 132 of three equal ratios, &c. © form tl 
It was juſtly obſerved by Dr Simſon, that the expreſſion, I therefo! 
compound ratio is introduced merely to prevent circumlocution, I uſeful, 
and for the ſake principally of enuneiating thoſe pr ons beſt wa 
with conciſeneſs that are demonſtrated by reaſomng ex quo, er. T. 
that is, by reaſoning from the 22d or 23d of this Book. This « To a 
will be evident to,any one who confiders carefully the Prop. Ea giv 
of this, or the 23d of the 6th Book. « ſimil. 
; more ir 
that 
« 15 cor 
« and 2 
ment 
. . problen 
« ſtrai 
40 be 
a 
ad vanta 
eaſily r« 
| The 
DEFINITION II. 3 
Bock vl. Tu definition is changed from that af reciprocal figural « Se! 
Ln which was of na uſe, to one that correſponds to the pe prop 
language uſed in the 14th and x5th propoſitions, and in other ., paral 
parts of geametry. | x 1 4 the v 
* ven 1 
| . « rectil 
PR OP. XXVII. XXVIII. XXIX. problen 
| | ſtance, 
As conſiderable liberty has been taken with theſe propoſiy _ line, 
tions, it is neceſſary that the reaſons for doing ſo ſhould be ex. 8 


plained. In the firſt place, when the enunciations are tranl 
lated literally from the Greek, they June very harſhly, an 
are, in fact, extremely obſcure. Ih phraſe of applying tt 
a ſtraight line, a parallelogram deficient, or 9 by and 
ther parallelogram, is ſo elliptical and fo little analogous tc 
ordinary language, that there could be no doubt of the prc 
priety of at leaſt changing the enunciations, 
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It next occurred, that the problems themſelves in the Book VI. 
28th and 29th propoſitions are propoſed in a more general 
form than is neceflary in an elementary work, and that, 
therefore, to take thoſe caſes of them that are the moſt 
uſeful, as they happen to be the moſt ſimple, muſt be the 
beſt way of accommodating them to the capacity of a learn- 
er. The problem which Euclid propoſes in the 28th is, 
« To a given ſtraight line to apply a parallelogram equal to 
a given rectilineal figure, and deficient by a parallelogram 
« fimilar to a given parallelogram;“ which alſo might be 
more intelligibly enunciared thus: To cut a given line, ſo 
that the parallelogram that has in it a given angle, and that 
is contained under one &* the ſegments of the given line, 
and a ſtraight line which has a given ratio to the other ſeg- 
„ment, may be equal to a given ſpace;” inſtead of which 
problem I have ſubſtituted this other; © to divide a given 
« ſtraight line ſo that the rectangle under its ſegments may 
be equal to a given ſpace.” In the actual ſolution of pro- 
blems, the greater generality of the former propoſition is an 
advantage more apparent than real, and 1s fully compenſated 
by the ſimplicity of the latter, to which, alſo, it is always 
eaſily reducible. 

The ſame may be ſaid of the 29th, which Euclid enunci- 
ates thus: To a given ſtraight line to apply a parallelo- 
« gram equal to a given rectilineal figure, exceeding by a pa- 
« rallelogram fimilar to a given parallelogram.” This might 
be propoſed otherwiſe ; * to produce a given line, ſo that the 
« parallelogram having in it a given angle, and contained b 
« the whole line produced, and a ſtraight line that has a gi- 
ven ratio to the part produced, may be equal to a given 
« rectilineal figure.” Inſtead of this, is given the following 
problem, more fimple, and, as was obſerved in the former in- 
ſtance, very little leſs general: To produce a given ſtraight 
line, ſo that the rectangle contained by the 1egments, be- 
« tween the extremities of the given line, and the point to 


« which it is produced, may be equal to a given ſpace.” 
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PROP. A, B, C, Ce. 


There are eight propoſitions added to this Book, on ac- 
count of their utility and their connection with this part of 
tbe elements. The firſt four of them are in Dr Simſon's 
edition, and among theſe Prop. A is given immediately after 
the third, being, in fact, a ſecond caſe of that propoſition, and 
capable of being included with it, in one enunciation. Prop. D 
is remarkable for being a theorem of Ptolemy the aſtrono- 
mer, in his Meyaay Euvrati, and the foundation of the conſtruc. 
tion of his trigonometrical tables. Prop. E is the ſimpleſt 
caſe of the former; it is alſo uſeful in trigonometry, and, 
under another form, was the gyth, or, in ſome editions, the 
94th of Euclid's Data. The propoſitions F and G are very 
uſeful properties of the circle, and are taken from the Loct 
Plani of Apollonius. Prop, H is a very remarkable proper- 
ty of the triangle, | | Fr 


BO OK VI. 


|| Book VII. The reaſon for departing from Euclid in the geometry of 
—— ſclids has been already explained in the Preface, ſo that it 
| only remains to make a few remarks on ſome particular de- 
| finitions and theorems, FR 


DEF. VIII. and PROP. XX. 


Solid angles, which are defined here in the ſame manner as 
in Euclid, are magnitudes of a very peculiar kind, and may 
be remarked for not admitting of that accurate compariſon, 
one with another, which is common in the other ſubje&s of 

| | geometry. 
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geometry. It cannot, for example, be ſaid of one ſolid angle, Book VII. 


that it is the half, or the double of another ſolid angle, nor 
did any geometer ever think of propoſing the problem of bi- 
ſecting a given ſolid angle. In a word, no multiple or ſub- 
multiple of ſuch an angle can be taken, and we have nv way 
of expounding, even in the ſimpleſt caſes, the ratio which one 
of them bears to another. F 
1n this reſpe&, therefore, a ſolid angle differs from every 
other magnitude that is the ſubject of mathematical reaſon- 
ing, all of which have this common property, that multiples 
and ſubmultiples of them may be found. It is not our buſi- 
nefs here to enquire into the reaſon of this anomaly, but it is 
plain, that on account of it, our knowledge of the nature and 
the properties of ſuch angles can never be very far extended, 
and that our reaſonings concerning them, muſt be chiefly con- 
fined to the relations of the plane angles, by which they are 
contained. One of the moſt remarkable of thoſe relations is 
that which is demonſtrated in the 2oth of this Book, and which 
15, that all the plane angles which contain any ſolid angle muſt 
together be leſs than four right angles. This propoſition is 
the 211t of the 11th of Euclid. | 
This propoſition, however, is ſubject to a reſtriction in cer- 
tain caſes, which, I believe, was firſt obſerved by M. le Sage 
of Geneva, in a communication to the Academy of Sciences 
of Paris in 1756. When the ſection of the pyramid formed 
by the planes that contain the ſolid angle, is a figure that has 
none of its angles exterior, ſuch as a trian gle, a parallelo- 
, &c. the truth of the propoſition juſt enunciated cannot 
be queſtioned. But, when the aforeſaid ſection is a figure like 
that which is annexed, viz. 
ABDC, having ſome of its A 
angles, ſuch as BDC, exte- 
rior, or, as they are ſome- 
times called, re-entering 
angles, the propoſition is not 
neceſſarily true; and it 1s 
plain, that in ſuch caſes the 
demonſtration which we 
have given, and which B | GC 
is the ſame with Euclid's, 
will no longer apply. Indeed, it were eaſy to ſhew, that on 
baſes of this Kind, by multiplying the number of ſides, * 
| | angles 
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angles may be formed, ſuch that the plane angles which con- 
tam them ſhall exceed four right angles by any quantity aſ- 
ſigned. An illuſtration of this from the properties of the 
ſphere is perhaps the ſimpleſt of all others. Suppoſe. that, 
on the ſurface of a * there is deſcribed a figure, 
bounded by any number of arches of great circles Be, 2 
angles with one another, on oppoſite hdes alternately, the 
plane angles at the centre of the ſphere that ſtand on theſe 
arches may evidently exceed four right angles, and that, too, 
by multiplying and extending the arches, in any aſſigned ra- 
tio. Now, theſe plane angles contain a ſolid angle at the centre 
of the ſphere, according to the definition of a ſolid angle. 

We are to underſtand the propoſition in the text, therefore, 
to be true only of thoſe ſolid angles in which the inclination 
of the plane angles are all the ſame way, or all directed to- 
ward the interior of the figure. To diſtinguiſh this claſs of 
ſolid angles from that to which the propoſition does not ap- 
ply, it is perhaps beſt to make uſe of this criterion, that they 
are ſuch, that when any two points whatſoever are taken in 
the planes that contain the ſolid angle, the ſtraight line join- 
ing thoſe points falls wholly within the ſolid angle; or thus, 
they are ſuch, that a ſtraight line cannot meet the planes which 
contain them in more than two points. It is thus, too, that I 
would diſtinguiſh a plane fi that has none of its angles 
exterior, by | 87305 that it is a rectilineal figure, ſuch that a 
ſtraight line cannot meet the boundary of it in more than two 
points. 

We diſtinguiſh, therefore, ſolid angles into two ſpecies, one 
m which the bounding planes can be interſected by a ſtraight 
line only in two points; and another where the bounding 
planes may be interſected by a ſtraight line in more than two 
points; to the firſt of theſe the propelition 1 in the text applies, 
to the ſecond it does not. 

Whether Euclid meant entirely to exclude the confiders- 
tion of figures of the latter Kind, in all that he has faid-of ſo- 
lids, and of ſolid angles, it is not now eaſy to determine: It is 
certain, that his definitions involve no ſuch excluſion; and 


as the introduction of any limitation would conſiderably em- 


barraſs theſe definitions, and render them difficult to be un- 
derſtood by a beginner, I have left it out, reſerving to this 
place the full explanation of the difficulty. 1 cannot con- 
clude this note without remarking, with the hiſtorian of the 


Academy, 


ramid DABC is divided into 


NOTES 


Academy, that it is extremely fin 2 that not one of all Book VII. 
* —— 


thoſe who had read or explained Euchd before M. le Sage, 
appears to have been ſenſible of this miſtake. ( Memoires de 
P Acad. des Sciences 1756, Hiſt. p. 77.) A circumſtance that 
renders this ſtill more ſingular is, that another miſtake of Eu- 
alid on the ſame fubjeR, and perhaps of all other geometers, 
eſcaped M. le Sage alſo, and was firſt diſcovered by Dr Sim- 
fon, as will appear in the following note. | 


DET. wd EEQOP.-XST, 


Theſe relate to ſimilar and equal ſolids, a ſubject on which 
miſtakes have prevailed not unlike to that which has juſt 
been mentioned, The equality of ſolids, it is natural to ex- 
pect, muſt be proved like the equality of plane figures, by 
ſhewing that they may be made to coincide, or to occupy the 
ſame ſpace. But, though it be true that all ſolids which can 
be ſhewn to coincide are equal and fimilar, yet it does not hold 
converſely, that all ſolids which are equal and fimilar can be 
made to coincide. Though this affertion will, perhaps, at 
os ea a paradox, yet the proof of it is extremely 

e. 

2 ABC be an iſoſceles triangle, of which the equal fides 
are AB and AC; from A draw AE perpendicular to the 
baſe BC, and BC will be biſected 
in E. From E draw ED per- 
pendicular to the plane ABC, 
and from D, any point in it, draw 
DA, DB, DC to thethree angles 
of the triangle ABC. The py- 


two pyramids DABE, DACE, 
which, though no one will diſ- 
pute their equality, cannot be fo 
applied to one another as to co- 
incide. For, though the triangles 
ABE, ACE are equal, BE 1 way 
mg equal to CE, EA common 


to both, and the angles AEB, AEC equal, becauſe they are 


right 
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Book VII. right angles, yet if theſe two triangles be applied to one ano- 


——— 


ther, ſo,as to coincide, the ſolid DACE will, nevertheleſs, as 

is evident, fall without the ſolid DABE, for the two ſolids 
will be on the oppoſite ſides of the plane ABE. In the ſame 
way, though all the planes of the pyramid DA BE may eaſi- 
ly be ſhewn to be equal to thoſe of the pyramid DACE, 
each to each; yet will the pyramids themſelves never eoin- 


c1d-, though the equal planes be applied to one another, be- 


cauſe they are on the oppoſite ſides of thoſe planes. 

It may be ſaid, then, on what ground do we conclude the 
pyramids to be equal ? The anſwer is, becauſe their conſtruc- 
tion 15 entirely the ſame, and the conditions that determine 
the magnitude of the one, identical with thoſe that determine 
the magnitude of the other. For the magnitude of the py- 
ramid DABE 1s determined by the magnitude of the tri- 
angle ABE, the length of the line ED, andi the poſition 
of ED, in reſpe& of the plane ABE; three circumſtances 
that are preciſely the ſame in the two pyramids, ſo that there 
13 Rothing that can determine one of them to be greater than 
another, 

This reaſoning appears perkectly concluſive and fatisfaQtory, 
and it ſeems alſo very certain, that there is no other principle 
on which the relation of the ſolids DABE, DACE to one 
another, can be determined. Neither is this a caſe that oc- 

curs rarely ; it is one, that in the compariſon of magnitudes 
having three dimenſions, preſents itſelf continually; for, though 
two plane figures that are equal and fimilar can always be 
made to coincide, yet, with regard to ſolids that are equal 


and hmilar, if they have not a certain regularity in their 


conſtruction, there will be found juſt as many caſes in 
which they cannot, as in which they can coincide. Even 
figures deſcribed on ſurfaces, if they are not plane ſurfa- 
ces, may be equal and fimilar without the , poſſibility of co- 


inciding., Thus, in the figure deſcribed on the ſurface of a 


ſphere, called a {ſpherical triangle, if we ſuppoſe it to be iſoſ- 

celes, and; a perpendicular to be drawn from the vertex on the 
batt, it will not be doubted, that it is thus divided into two 
right, angled ſpherical triangles equal and fimilar to one ano- 
ther, and which, nevertheleſs, cannot be ſo laid on one another, 
2340 agree.. The ſame. holds ! in innumerable other inſtances, 
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and therefore i it 15 evident, that the Axioms at preſent Amit- Book vn. 


ted into Geometry are not ſufficient for the compariſon of 
all geometrical magnitudes, and that there is a principle, more 
general, and fundamental than that of the equality of coinci- 
ding figures, which ought to be introduced. What this principle 
is has alſo appeared very clearly in the courſe of theſe remarks ; 
and it is indeed no other than the principle ſo celebrated in 
the philoſophy of Leibnitz, under the name of THE SUFFICIENT 
REASON. For it was ſhewn, that the pyramids DABE and 
DACE are concluded to be equal, becauſe each of them is 
determined to be of a certain magnitude, rather than of any 
other, by conditions that are the ſame in both, ſo that there is 
no REASON for the one being greater than the other. This 
Axiom may be rendered general by ſaying, That things of 
which the magnitude 1s determined by conditions that are ex- 
actly the ſame, are equal to one another; or, it might be ex- 
preſſed thus: Two magnitudes A and B are equal, when there 
is no reaſon that A ſhould exceed B, rather than that B ſhould 
exceed A. Either of theſe will ſerve as the fundamental prin- 
ciple for comparing geometrical magnitudes of every Kind; 
they will apply in thoſe caſes where the coincidence of mag- 
nitudes with one another has no place; and they will apply 
with great readinels, to the caſes in which a coincidence may 
take place, ſuch as in the ꝗth, the 8th, or the 26th of the Firlt 
Book of the Elements. 


The only objection to this Axiom is, that it is ſomewhat of 


a metaphyſical kind, and belongs to the doQrine of the / 
fictent reaſon, which is looked on with a ſuſpicious eye by 
ſome philoſophers, 
ſuch reaſoning may be applied with the greateſt ſafety to 
thoſe objects with the nature of which we are perfectly ac- 
quainted, and of which we have complete definitions, as .in 
pure mathematics. In phyſical queſtions, the ſame principle 
cannot be applied with equal ſafety, becauſe in ſuch caſes we 
have ſeldom a complete definition of the things we reaſon 
about, or one that includes in it all their properties. 


reaſoning on a principle of this fort, he was led to a falſe cou- 
cluſion, becauſe he knew nothing of the rotation of the earth 
on its axis, which places the particles of that body, though at 
equal diſtances from the centre, in circumſtances very diſferent 
from one another. But, concerning thoſe things that are the 

creatures 


But this is no ſolid objection; for 


Thus, 


when Archimedes proved the ſpherical figure of the earth, by 
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Book VII. creatures of the mind altogether, like the objects of mathe- are c 
matical inveſtigation, there can be no danger of being miſled with 

by the principle of the ſufficient reaſon, which at the ſame For t 

time furniſhes us with the only fingle Axiom, by help of that 

which we can compare together geometrical quantities, whe- be ac 

ther they be of one, of two, or of three dimenſions. | ſolids 

From the remarks juſt made, it neceſſarily follows, that ſome and « 
demonſtrations relating to the compariſon of ſolids that have He h 

hitherto been reckoned unexceptionable, are not concluſive, were 


at leaſt, not ſo generally ſo, as the enunciations import. Such ed by 
is the Prop. C, which Dr Simſon has introduced into the 11th that 
of Euclid, with a view of ſupplying the defects of Euchd's ted, t 
method. The propoſition is, that ©& ſolid figures contained by Th 
the ſame number of equal and fimilar planes, alike fituated, tion 
and having none of their ſolid angles contained by more than le Sag 
three plane angles, are equal and ſimilar to one another.” Dr vatior 
Simſon proves the truth of this propoſition by placing the ſo- ¶ it 1s f 
lids on the ſame baſe, and ſo making them to coincide. This, © nicati, 
however, cannot always be done with ſolids that are fimilar have 
and equal, as has been ſhewn, ſo that the propoſition is neceſ- ther, x 
ſarily limited in its extent, and that limitation ought not to be © Whole 
underſtood as implied in the words, alike fituated. For witha 
this phraſe is applied to plane figures, in which, when they Wh 
are ſimilar and equal, a coincidence may always be ſuppoſed ; ¶ fituate 
and it certainly {ignifies in that caſe nothing but that the ſides order, 
are placed in the ſame order, and that the angles they make | of the 
with one another, are directed the ſame way with reſpect to | mark z 
the figure in each; that is, if any angle is exterior, or re- en- 


tering in the one, it is the ſame in the other, and fo on. It Le 
is in the ſame way that it ſhould be underſtood when applied ABC 
to ſolids. DE 55 
z equal t 
For the ſame reaſon, the 21ſt propoſition of the ſeventh and let 
Book of theſe Elements is not demonſtrated in its full extent. EB, E( 
This, however, does not affect the ſubſequent reaſoning, be- line EI 
cauſe the caſe which is demonſtrated is lu dcient for the proof I angles 
of the propoſitions that follow. - in Gn t 
| and DB 


Another remark concerning the geometry of ſolids is, that || fore the 
Euclid, and the mathematicians who followed him, were in | EA is « 
the wrong, when they held, that thoſe ſolids are equal which EBA, F 
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are contained under the ſame number of equal and ſimilar planes, Book VII. 


without adding, that the planes muſt be ſimilarly fituated. 
For this remark. we are indebted to Dr Simſon, who has ſhewn, 
that unleſs the condition, of the planes being ſimilarly fituated, 
be added, the propoſition is falſe, in ſo much that innumerable 
ſolids may exiſt, contained by the ſame number of ſimilar 
and equal planes, that ' ſhall be all unequal to one another. 
He has proved the fame with reſpe& to ſolid angles, which 
were before held to be equal when they were contain- 
ed by the ſame number of equal plane angles; for he ſhews 
that there, too, unleſs the plane angles be ſimilarly ſitua- 
ted, the ſolid angles may be unequal. 

This remark was publiſhed by Dr Simſon, in the firſt edi- 
tion of his Euchd, in 1756, on the very ſame year when M. 


| le Sage communicated to the Academy of Sciences the obſer- 


vation on the ſame ſubje&t mentioned in the laſt note; and 
it is ſingular, that theſe two geometers, without any commu- 
nication with one another, ould, almoſt at the ſame time, 
have made two diſcoveries ſo nearly connected with one ano- 
ther, and yet, that neither of them {ſhould have perceived the 
whole of the truth, ſo that the diſcovery of each is incomplete 
without that of the other. 

When we ſpeak of the planes of two ſolids being ſimilarly 
ſituated, it is always meant, that the planes are in the ſame 
order, and their inclinations directed the ſame way in reſpect 
of the ſolid. Dr Simſon has proved the truth of his re- 
mark as follows: 


« Let there be any plane rectilineal figure, as the triangle 
ABC, and from a point D within it, draw the ſtraight line 
DE at right angles to the plane ABC; in DE take DE, DF 
equal to one another, upon the oppoſite ſides of the plane, 
and let G be any point in EF; join DA, DB, DC; EA 
EB, EC; FA, FB, FC; GA, GB, GC: Becauſe the ftraight 
line EDF is at right angles to the plane ABC, it makes right 
angles with DA, DB, DC, which it meets in that plane; and 
in the triangles EDB, FDB, ED and DB are equal to FD 
and DB, each to each, and they contain right angles; there- 
fore the baſe EB is equal to the baſe FB; in the ſame manner 
EA is equal to FA, and EC to FC: And in the triangles 
EBA; FBA, EB, BA are equal to FB, BA, and the baſe 
EA is equal to the baſe FA; wherefore the angle EBA is 


equal 


* 
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Book VII. equal to the angle FBA, and the trian gle EBA equal to the 


G, and their baſes 0 FF 
the ſtraight lines AB, R 


triangle FBA, and the other angles equal to the other angles; 
therefore theſe tri- SF: £22 þ 

angles are fimilar : i 

In the ſame manner 
the triangle EBC is 
ſimilar to the tri- 
angle FBC, and the 
triangle EAC to 
FAC; therefore 
there are two ſolid 
figures, each of which 
is contained by ſix 
triangles, one of them 
by three triangles, 
the common vertex 
of which 1s the point 


BC, CA, and by three other triangles the common vertex 
of which is the point E, and their baſes the ſame lines AB, 
BC, CA: The other ſolid is contained by the ſame three tri- 
angles, the common vertex of which is G, and their baſes AB, 
BC, CA ; and by three other triangles, of which the com- 
mon vertex is the point F, and their baſes the ſame ſtraight 
lines AB, BC, CA : Now the three triangles GAB, GBC, 
GCA are common to both ſolids, and the three others EAB, 
EBC, ECA of the firſt ſolid have been ſhown equal and fi- 
milar to the three others FAB, FBC, FCA of the other ſo- 
lid, each to each; therefore, theſe two ſolids are contained by 
the ſame number of equal and ſimilar planes: But that they 
are not equal is manifeſt, becauſe the firſt of them is contained 
in the other: Therefore it is not univerſally true, that ſolids 
are equal which are contained by the ſame number of equal 
and ſimilar planes.“ 17 5 | | 


« Cor. From this it appears, that two unequal ſolid angles 
may be contained by the ſame number of equal plane angles.” 
« For the ſolid angle at B, which is contained by the four 
plane angles EBA, EBC, GBA, GBC is not equal to the ſo- 
lid angle at the ſame point B, which is contained by the four 
plane angles FBA, FBC, GBA, GBC; for ths laſt W 
2 e 
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the other: And each of them is contained by four plane Book VII. 


angles, which are equal to one another, each to each, or are 
the ſelf ſame, as has been proved: And indeed, there may 
be innumerable ſolid angles all unequal to one another, which 
are each of them contained by plane angles that are equal to 
one another, each to each: It is hkewiſe manifeſt, that the 
before mentioned ſolids are not fimilar, ſince their ſolid angles 
are not all equal.“ 


FRO F. . 


The principal departure from the method of Euclid, intro- 
duced into this Book, reſpects the pyramid; in treating of 
which, the method of exhauſtions is firſt employed, as in this 
propoſition. The demonſtration uſed here has the advantage 
of applying very generally to all the ſolids which require that 
method, and which can be treated of in the Elements; and it 
has alſo a very cloſe and evident affinity to the methods uſed 
in the higher geometry. 


BOOK VIII. 


4 | HE object of this Book being to compare with one ano- Book VIII. 
ther, and with the parallele piped, the ſolids that depend 


on the circle, it is neceſſary to begin with the quadrature of 
that figure, or the compariſon of the ſpace contained within 
it with rectilineal figures. The firſt eight propoſitions relate 
entirely to this ſubjeQ, and contain the rules both for finding 
the length of the circumference nearly, and alſo the ſpace 
contained within it, and in demonſtrating them, I have 
followed partly the method of Thomas Simpſon, in his Ele- 
ments, and that of Archimedes, in his Dimen/to cir- 


culi. As the foundation of the propoſition for finding the 
D d length 
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Book VIII. Jength of the circumference, an Axiom is prefixed to the be- 
— 


ginning of this Book, the ſame in effect with that which Ar- 
chimedes employs as the baſis of his inveſtigation, though 
ſomewhat more conciſely expreſſed. I have already taken 
notice of this Axiom, in the notes on parallel lines, (p. 372.) 
as a propoſition which it has been found impoſſible to de- 
monſtrate, though it certainly might be expected to follow 


neceſſarily from the ideas of a ſtraight, and a curve line. 


Another thing remarkable concerning this Axiom 1s, that 
in the ſimpleſt caſe of it, when the figures are rectilineal, 
it admits of demonſtration ; for it then coincides with the 
20th and 21ſt of the firft of Euchd, in the former of which it 
is ſhewn, that any two ſides of a triangle are greater than the 
third, and in the latter, that of two triangtes which have the 
ſame baſe, that which is within the other, has the ſum of its fides 
the leaſt. But when, inſtead of two fides of a triangle, we 
have a curve AEB, and a ſtraight line | 

AB terminated in the fame points 

A and B, it then ceaſes to be poflible 

to prove, that AEB is greater than 

AB; as alſo, that any curve line 
which includes AEB, and 1s ter- A 
minated in A and B, is greater than 
AEB; and the truth of both theſe propoſitions muſt be taken 
for granted. At leaſt, after Archimedes has conſidered them 
as Axioms, we may reaſonably deſpair of ever ſeeing them 
demonſtrated. Here, therefore, we find ourſelves under the 
neceſſity of taking for granted a general propoſition, after 
having demonſtrated the fimpleſt cafe of it. For all this, the 
trouble taken, to demonſtrate that caſe, ought not to be confi- 
dered as ſuperfluous, for we are thereby prepared to admit the 
general Axiom, and have the ſatis faction of obſerving its per- 
fect agreement with truths, previouſly demonſtrated. It is 
probably from the circumſtance of a curve line having no 
definition, but one which is merely negative, viz. that it is a 
line of which no part is a ftraight line, that the impoſſibility 
of demonſtrating this propoſition takes its riſe. 
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Fer 


The demonſtrations of the 5th and 6th propoſitions require 
the method of exhauſtions, that 1s to fay, they prove a certain 
property to belong to the circle, becauſe it belongs to the rec- 
tilineal figures inſcribed in it, or deſcribed about it according 
to a certain law, in the caſe when thoſe figures approach to 
the circle fo nearly as not to fall ſhort of it, or to exceed it 
by any aſſignable difference. This principle is general, and is 
the only one by which we can poſſibly compare curvelineal, 
with rectilineal ſpaces, or the length of curve lines with the 
length of ſtraight lines, whether we follow the methods of the 
ancient or of the modern geometers. It 1s, therefore, a great 
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injuſtice to the latter methods to repreſent them as ſtanding 


on a foundation leſs ſecure than the former; they ſtand in 
reality on the ſame, and the only difference is, that the ap- 
plication of the principle, common to them both, is more ge- 
neral and expeditious in the one caſe than in the other. 
This identity of principle, and affinity of the methods 
uſed in the elementary and the higher mathematics, it ſeems 
the more neceſſary to obſerve, that ſome learned mathe- 
maticiaus have appeared not to be ſufficiently aware of it, 
and have even endeavoured to demonſtrate the contrary. An 
inſtance of this is to be met with in the preface of the 
valuable edition of the works of Archimedes, lately print- 
ed at Oxford. In that preface, Torelli, the learned com- 
mentator, whoſe labours have done fo much to elucidate 
the writings of the Greek geometer, but who is ſo unwilling 
to acknowledge the merit of the modern analyſis, undertakes 
to prove, that it is impoſſible from the relation which the rec- 
tilineal figures inſcribed in, and circumſcribed about, a given 
curve, have to one another, to conclude any thing concerning 
the properties of the curvelineal ſpace. itſelf, except in certain 
circumſtances which he has not preciſely deſcribed. With 
this view he attempts to ſhew, that if we are to reaſon from 

D d. 2 the 


DT EZ. 


Book VIIL th relation which certain rectilineal figures belonging to the 
w—Y— circle have to one another, notwithſtanding that thoſe figures 


may approach ſo near to the circular ſpaces within which 
they are inſcribed, as not to differ from them by any aſſign- 
able magnitude, we ſhall be led into error, and thall ſeem to 
prove, that the circle is to the ſquare of its diameter exaQ- 
ly as 3 to 4. Now, as this 1s a concluſion which the dif. 
coveries of Archimedes himſelf, prove ſo clearly to be falſe, 
Torelli argues, that the principle from which it is deduced 
muſt be falſe alſo; and in this he would no doubt be 
right, if lus former concluſion had been fairly drawn. But the 
truth is, that a very groſs paralogiſm is to be found in that 
part of his reaſoning, where he makes a tranſition from 
the ratios of the ſmall rectangles, inſcribed in the circular 
ſpaces, to the ratios of the ſums of thoſe rectangles, or 
of the whole rectilineal figures. In doing this, he takes 
for granted a propolition which, it is wonderful, that one who 
had ſtudied geometry 1n the ſchool of Archimedes, ſhould for 
a moment have ſuppoſed to be true. The propoſition taken 
in the ſimpleſt view of it is this: If A, B, C, D, E, F, be 
any number of magnitudes, and a, b, c, d, e, f, as many 


others; and if A: B:: a: b, 


. 


G 
E: F:: e: f, then the ſum of A, C and E. 
will be to the ſum of B, D and F, as the ſum of a, c and e, 
to the ſum of b, d and f; or A+C+E : B+U+F : : a+c+e : 
b+d +f. Now, this propoſition, which Torelli ſuppoſes to be 
perfectly general, is not true, except in two caſes, viz. either 
firſt, when A:C::a:c, and | 
A: E:: a: e; and conſequently, 
PD: : 0:6 a9 | 
B: F:: b: f; or, ſecondly, when all 
the ratios of A to B, C to D, E to F, &c. are equal to one 
another. To demonſtrate this, let us ſuppoſe that there are 
four magnitudes, and four others, | | 
thus, A: B:: a: b, and 
C: D:: c: d, then we cannot have 


AAC: B+D : : a+c : b+d, unleſs either, A: C:: a: c, and 


B: D:: b: d; or A: C:: b: d, and conſequently a: b:: 
51 | | 
2 Take 


N D.:1 ES 


Take a magnitude K, ſuch that a: : : A: K, and anather Book VIIL. 
a — 


L, ſuch that b: d:: B: L; and ſuppoſe 
it true, that A+C: BYD: : a+c: b+d. 
Then, becauſe by inverſion, K: A: 

c : a, and, by hypotheſis, A: B:: a: b, 
and alſo B:L::b:d, ex equo, K:L: 
c:d; and conſequently, K:L::C:D. 


K, A, B. I. 
c, & b, d 


— 


Again, becauſe A: K :: a: e, by addition, 
ATK: K:: arc: c; and, for the ſame reaſon, 
B+L : L:: bad: d, or, by inverſion, 
L: BL:: d: bed. And, ſince it has been 
ſhewn, that K:L::c: d; therefore, ex quo, 


ATK, K, L, B+L. 
arc, c, d, b+d. 


ATK: BL:: a+c: W but by hypotheſis, 
AC: B+D :: a+c : b+d, therefore 
ATK: A+C::B+L: B+D. 


Now, firſt, let K and C be ſuppoſed equal, then, it is evi- 
dent, that L and D are alſo equal; and therefore, ſince by 
conſtruction a: c:: A: K, we have alſo a: G:: A: C; and, 
for the ſame reaſon, b: d:: B: D, and theſe analogies form 
the firſt of the two conditions, of which one is affirmed above 
to be always eſſential to the truth of Torelli's propoſition. 


Next, if K be greater than C, then, ſince 

ATK: A+C: BTI. B+D, by diviſion, 
ATK: K—-C: : Bee: L—D. But, as was ſhewn, 
K: L:: C: D, by converſion and alternation, 
K—C : K 1 22 L, therefore, ex &quo, 

ATK: K:: BL: 82 and, Laſtly, by diviſion, 
A: K:: B: L, or A: B:: K: L, that is, 
A: B:: C: D. 


- Wherefore, in this caſe the ratio of A to B is equal to that 


of C to D, and conſequently, the ratio of a to b equal to ep” 
0 
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Book VIII of c to d. The ſame may be ſhewn, if K is leſs than C; there. 


fore. in every caſe thete are conditions neceſſary to the truth 
of Torelli's propoſition, which he does not take into account 
and which, as is eaſily ſhewn, do not belong to the magni- 
tudes to which he applies it. 

In coniequence of this, the concluſion that is meant to be 
eſtabliſhed reſpecting the circle falls entirely to the ground, 
and with it the more general inference that was aimed againſt 
the modern analyſis, 7 

It will not, I hope, be imagined, that I have taken notice 
of theſe circumſtances with any deſign to leſſen the reputation 
of the learned Italian, who has in ſo many reſpeQs deſerved 
well of the mathematical ſciences, or to detract from the va- 
lue of a poſthumous work, which, by its elegance and correct- 
neſs, does ſo much honour to the Engliſh editors. But 1 would 
warn the ſtudent againſt that ſpirit of party, which ſeeks to 
introduce itſelf even into the inveſtigations of geometry, and 
to perſuade us, that elegance, and even truth, are qualities 
poſſeſſed exclufively by the ancient methods of demonſtration. 
The high tone in which Torelli cenſures the modern mathe- 
matics, is the more calculated to produce an opinion of this 
kind, that it is aſſumed by one who had ſtudied the writings 
of Archimedes with ſo much diligence ; and therefore, the ob- 
ſervations, that have been made above, may be uſeful, by 
teaching us to liſten with caution to his deciſions. 


Pp R O P. VII. 


This propoſition is the foundation of the application of 
arichmetic to geometry, and may be ſaid to be the truth that 
connects together theſe two branches of the mathematics, 
though, in Ae deaf treatiſes, I think, it has for the moſt 
part been omitted. In np cafe do we compute, in numbers, 
the area of any figure, or even calculate the length of a 
Ede of a triangle, from the other parts which determine it 
being given, without having recourſe to this Theorem. If, 
for inſtance, from having two ſides of a right angled triangle 
as ABC expreſſed in numbers, we would compute the _— 
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there. of the remaining fide BC, we maſt make uſe of this propo- Book VIIL 


truth ſition, as well as of the 47th of 


| 
— | 


20UNt, the firſt Book. If, for inſtance, B | 
gn AB=6, and AC=8, and, if it be | 
required to find BC ; then, ſince 
to be AB is to AC as 6 to 8, the 
ound, of AB will be to the 
gainſt ſquare of AC, bythis propoſition, | 
as 6X6 to 8x8, or as 36 to 64, | 
10tice and therefore, alſo the ſam of the | 
agen ſquares on AB and AC will be | 
erved to the ſquare of AB as 100 to | 
e Va- 36. But the ſquares of AB and AC are equal te- the ſquare | 
rrect- of BC; therefore, the ſquare of BC is to the ſquare of AB as | 
vould 100 to 36, and therefore, by the ſecond corollary, BC is to | 
ks to BA as 10 to 6. It is the ſame in other caſes; and, though 
'3 and the ſteps may not all be taken ſo regularly as is dore here, 
ities they are nevertheleſs as certainly implied, 
ation. 
athe- | 
f this 
tings PROP. VIAL | 
E ob- py TORR OT IE | 
, by This enunciation is the ſame with that of the third of the | 
Dimen/io Circuli of Archimedes but the? demonſtration is | 
different, though it proceeds, like that of the Greek geome- | 
ter, by the continual biſection of the 6th part of the circum- *Y 
ference. In this propoſition a. particular notation is uſed, by | 
putting the ſign + after number, to denote that ſomething 
is to be added to it, and the ſign —, to denote the contrary. 
Thus, when it is ſaid, that AQ is to AD as 866.02 54+ to 1000, 
n of this ſignifies, that AQ is to AD as a number greater than 
that 866.02 54 is to 1000, and it is the {ame thing with ſaying, that 
atice AQ has to AD a greater ratio than 866.0254 to 1000, In 
e- the ſame manner, when it is demonſtrated in the ſecond part 
bers of the propoſition, that LN is to CD as 32.71927— to 10co, 
7 it is meant, that LN is to CD as a number leſs than 32. 71929 
ie it to 1000, or that LN has to CD a leſs ratio than that of 
If, 32.71927 to 1000. : ; 
ngle The advantage that reſults from this mode of expreſſion is, 
ngth that when we are to reaſon about the ſums or differences of 
of two lines, of which the ratio is thus expreſſed, it can be done 


by 
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Book VIII. by the ſimple addition or diviſion of proportionals, without 


any new propoſition. Thus, when it is ſhewn that AQ, or 
which is the ſame, DH is to DA as 866.02 544 to 1000, it is 
evident from the 18th of the 5th, that DH and DA toge- 
ther, thas is, AH is to DA as 1866.0254+to 1000 ; whereas, 
if it had been faid that DH is to DA in a greater ratio than 
866.0254 to 1000, a ſeparate propoſition, or lemma, muſt have 
been introduced, for the exprefs purpoſe of proving that HA 
has to DA a greater ratio than 1866.0254 to 1000. 

It muſt alſo be attended to, 1n reading this propoſition, that 
the ſecond figure 1s a part of the firſt, repreſented on a larger 
ſcale, for the ſake of rendering the ſmall diviſions of the cir- 
cumference; and the lines belonging to them, more diſtin. 
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Book VIII. by the ſimple addition or diviſion of proportionals, without 


any new propoſition. Thus, when it is ſhewn that AQ, or 
which is the ſame, DH is to DA as 866.0254-+ to 1000, it is 
evident from the 18th of the 5th, that DH and DA toge- 
ther, thas is, AH is to DA as 1866.02 54+ to 1009; whereas, 
if it had been ſaid that DH is to DA in a greater ratio than 
866.02 54 to 1000, a ſeparate propoſition, or lemma, muſt have 
been introduced, for the exprefs purpoſe of proving that HA 
has to DA a greater ratio than 1866.0254 to 1000. 

It muſt alſo he attended to, in reading this propoſition, that 
the ſecond figure is a part of the firſt, repreſented on a larger 
ſcale, for the ſake of rendering the ſmall divifions of the cir- 
cumference; and the lines belonging to them, more diſtin. 
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